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ADVERTISEMENT 


THE EDITOR. 


HE Analytical Inftitutions of the very learned Italian Lady, Maria 
Gaetana Agnefi, Profeflor of the Mathematicks and Philofophy in 
the Univerfity of Bologna, which were publifhed in two Volumes, 
Quarto, in the year 1748, are well known and juftly valued on the 


Continent; and there cannot perhaps be a better recommendation of 


_ them in this Ifland, than that they were tranflated into Englith by that 


eminent judge of Mathematical Learning, the late Reverend Fobx 
Colfon, M. A. F.R.5. and Lucafian Profeffor of the Mathematicks in 


| the Univerfity of Cambridge. ‘That learned and ingenious man, who 


had obliged his Country with an Englifh Tranflation of Sir Isaac 
NewtTon’s Fluxions, together with a Comment on that profound work, 
in the year 1736, —and was well acquainted with what appeared on the 
fame fubject, in the courfe of fourteen years afterward, in the writings 


of thofe very ingenious men, Emerfon, Mac Laurin, and Simpfon,— 


| found, after all, the Analytical Inffitutions of Agnefi to be fo excellent, 


that he was at the pains of learning the Italian Language, at an advanced 
age, for the fole purpofe of tranflating that work into Englifh; that the 
Britih Youth might have the benefit of it as well as the Youth of Italy. 

This 
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This great defign he lived to accomplifh; and had a&ually tranfcribed 
a fair copy of his Tranflation for the prefs, and begun to draw up propofals 
for printing it by fubfcription. And, in order to render it more eafy and 
ufeful to the Ladies of this Country, (if indeed they can be prevailed upon 
by his perfuafion and encouragement, to fhow to the world, as they eafily 
might, that they are not to be excelled by any foreign Ladies whatever, 
in any valuable accomplifhment,) he had defisned and begun a popular 
account of this work, under the title of The Plan of the Lady's Syffem 
of Analyticks; explaining, article by article, what was contained in it. 
But this he did not live long enough to finifh, nor indeed to give more 
than a rough draught of it fo far as article 256 of the firft Book. 


In this ftate the Manufcript remained many years; and, confidering 
the great expenfe which, in the prefent times, attends the printing of 
fuch a work, probably might have remained many more, had it not been 
for the active and liberal fpirit of Mr. Baron Maseres ; who, whether 
we confider his own ingenious and extenfive labours in the Mathe- 
maticks, or the encouragement which he gives to others who employ 
their talents in that way, well deferves what Sir Isaac NewTON faid of 
Mr. Collins, the great encourager of Mathematical Learning in his time 
—Vir in Rem Mathematicam promovendam natus *. But this commen- 
dation is far fhort of the deferts of the Patron of this Work. While he 
lets a due value upon Aris and Sciences, he is highly fenfible of the 
much greater importance of REVEALED RELIGION, and we//. conftituted 
Government, to the happinefs of mankind; and is no lefs pious and 
loyal than he is learned and liberal. "To the truth of thefe affertions 
every one who is acquainted with him will readily bear teltimony ; and 
they might be fupported likewife by paffages from various Books which 

* See Comm. Epiftol, Edit. 1722, p. 148% 
are 
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are well known to be produ@ions of his pen, although fome of them 
bear not his name. But I forbear quotations from his works in this 
place, that I may not, on the one hand, hurt the modefty of a Friend, 
nor, on the other, give occafion to the captious and malevolent to fay I 


offer incenfe to my Patron, 


When the Baron had refolved to bear the whole of the expenfe of a 
handfome Edition of thefe /r/fitutions, he was pleafed to defire me to 
fuperintend the printing of them: to which I readily confented, in 
confequence of favours received from him, and with the hope that I 
‘might render fome little fervice to the readers ot this work, by taking 
care that it fhould be corre&ly printed, which is a matter that requires 
more time and attention than moft are aware of, who have not experi- 
enced it. 


But, befides correGing the errors of the prefs, it was neceflary to 
correct many little flips of the pen, and inaccuracies, which I found in 
the Copy. For, notwithftanding it was fairly tranferibed for the prefs in 
Mr. Co//on’s own hand-writing, it had evidently been written in hafte, 
and wanted revifion ; and undoubtedly would have received it from 
him, if he had lived to fuperintend the printing of it himfelf. Of 
thefe inaccuracies, a few were in the language, but more in the 
mathematical part, where, although I feldom found any wrong con- 
clufion, I found many miftakes in the figns and exponents of quan- 
tities, as well as omiffions of numbers and quantities, and fometimes 
of whole claufes. Some of thefe miftakes I was enabled to corre& by 
means of the foul fheets on which the Tranflation was firft written ; 
but finding errors in them alfo, (fome of which, I doubt not, were 
occafioned by prefs errors in the original, a copy of which I could never 


obtain), 
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obtain *,) I faw no way of fatisfying myfelf, but to undertake the 
labour, great as it was, of examinine and recoraputing every operation 
in which I fufpe&ed or difcovered any error: and this was frequently 
the cafe in the fecond Volume. In fhort, my endeavour has been to 

prefent this Tranflation to the Public faithfully as the worthy old Pro- _ 
feffor made it, and would have rendered it, if he had lived to publith 
it; altering nothing in it but the miflakes before mentioned, nor infert- 


ing any thing of my own but what is included within thefe marks [ |. 


With refpe& to the ftyle of this Tranflation, fome of the fentences, 
no doubt, might have been better turned; yet the meaning is, in 


general, plain enough, which is all that is requifite in books of this kind. 


It has been mentioned above, that the Introdu@ion was left unfi- 
nifhed by Profeffor Co/fon : I have continued it to the end of the firft 
Volume ; diftinguifhing what I have written from what was found in 


his Manufcript by putting it in brackets. 


It appears by a paffage in the Manufcript of the IntroduQion, that 
Mr. Golfon intended to make fome additions to this Work; but what 
thefe additions were to be is not mentioned. Yet I conjecture that they 
were to be fome eafy pleafant Queftions, with their Solutions, in the 
manner which he has fhown in Seat. VI. of his Comment on Sir Isaac 
Newron’s Fluxions; merely to exercife the learner in the rules given 
in thefe Inflitutions, and not to contain any new rules, or additional 
matter; for he has called this Work of Agnefi, A Complete Syffem of 
Analyticks +. And finding a fhort Paper of this kind in his hand- 
writing, I have inferted it at the end of the fecond Volume. 

* In the year 1799, I employed two days in making inquiries scene the bookfellers of 
London, from one end of the city to the other, for a Copy of the Original, without fuccefs. 


+ See the Introduction, p. i. 
That 
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That thefe Jzfitutions, confidering the great quantity of valuable 
matter contained in them, the judicious manner in which it is arranged, 
and the perfpicuity with which it is explained, will be efteemed, by all 
candid judges, as the moft valuable work of the kind that has appeared 
in our language, need not be doubted. Inftances of the fuperiour {kill 
. of the Author may be found in various parts of her Work, more 
efpecially in the Fourth Book, where it appears in the conftru@tion of 
fome fluxionary equations without a feparation of the variable quantities, 
—in the feparation of the variable quantities in others,---and in the 
reduction of others in which there are fecond and third fluxions to 
equations having firft fluxions only. A fingle inftance of her great 
{kill may ferve to gratify the reader, and, for the fake of brevity, is all 
that I fhall produce in this place. It is taken from the beginning of 
the fifth Article of the firft Se@ion of the Fourth Book, where fhe 
fhows that the equation of the fluents of 9’) =x”) + yx "x is 
fay" "9 = x"y” + 5; which, by only writing x for y and y for x, 
is the folution of the equation y” + xy” 75 = x°%; from which the 
pirati. Rata 


folution of the equation — + — i 
x JI ay 


This equation is taken from page 289 of the fecond Volume of 


is moft eafily obtained. 


Simpfon’s Fluxions, (publifhed in the year 1750,) who has there 
-expreffed his opinion, That the only cafe in which this equation admits 
of a folution “ by multiplying, or dividing it, by {ome power or product 
of the quantities concerned,” is, when m= 1: whereas Agze/f has given 
a general folution by that method *. What is here faid is only to 
* I am aware that a folution of this equation has, of late, been given by feveral 
ingenious perfons of this Country; which, however, fome of them may fee reafon to 


revife. 
WoL, 1. B prove 
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prove the great fkill of Sigzora Agnef, and not with any intent to 
leffen the reputation of Mr. Stmp/on ; for whofe memory and abilities I 
have the higheft refpe&, efteeming him as one of the greateft Mathe. 
matical Geniuses that this Country has produced fince the time of 


Sir IsAAc NEWTON. 


It may perhaps be objected to thefe In/eitutions, That there are a 
number of Mechanical and Phyfical Problems to be met with, in fome 
Treatifes of Fluxions in our language, which are not found here. The 
anfwer is, That fuch Problems are properly placed in Treatifes of Ma- 
thematical Philofophy ; but, as the folutions of them require a knowledge 
of Mechanicks, and Natural Philofophy, they could not, with any more 

propriety, be admitted into an Elementary Treatife of Fluxions, than 
the Problems of meafuring Land, or of taking Heights and Diftances, 


could be admitted into Euclid’s Elements of Geometry. 


But her@ I would not be underftood to infinuate that thefe Jn/fztutions 
are fo perfect as to admit of neither improvement nor addition: on 
the contrary, I have obferved that fome of the inveftigations might be 
made in a fimpler manner; and that the Methods of finding the Roots 
of numerical Equations by Approximation, — Of felving literal and 
fluxionary Equations by infinite Sertes,--and Of comparing together bomo- 
gencous Fluents, are wanting in them; all which might be contained in 
a few fheets, and which, if added to this Work, would fave the learner 
the expenfe of money and time in procuring and reading a number of 
- books on thefe fubjeQs. Thefe Methods therefore, together with Notes 
on feveral parts of the Work, I puspofe to draw up, under the title of 

| A Sup- 
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A Supplement to Maria Aguefi’s Analytical Inffitutions ; to be printed 
with the fame type, and on the fame kind of paper, as this Work; if 


health and leifure fhould permit, and if it theyld appear to be defired 
by Mathematical Readers. 


The wonderful fagacity which appears in thefe Jy/ftutions, and the 
fingular circumflance that fo large a work of this kind was performed 
by a Lady, raifed in me a wifh to obtain a particular account of the 
Author ; but the confufion and mifery which have been brought upon a 
great part of Europe, and particularly upon Italy, by the French Revo- 
lution, have deprived me of the means of getting authentic information 
refpeGing this Phenomenon of Literature from the Univerfity of 
Bologna, of which fhe was once. fo bright an ornament. All the 
information I have been able to get of her, (befides what appears in 
her excellent Work, and fome juft encomiums on her {kill which I 
have feen in foreign books,) I have inferted in the following pages ; 
fuppofing that the reader would be no lefs defirous than myfelf of any 
authentic information refpe@ing fo amiable and fo extraordinary a 
perfon. ‘The account comes, indeed, by way of France; yet, as there 
- îs no vifible motive for the writers of it to deviate from truth in 


what they have related of her, I fee no reafon for difbelieving it. 


I have alfo inferted the Teftimony given by Dr. Saunderfon to the 
great genius and fkill of Mr. Co/fon; conceiving that it might prove 


ufeful information to the junior readers of thefe Zr/fituzions. 


I have only to requeft of the candid reader that, if, notwithftanding | 
B 2 | the. 
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the care I have taken in corre&ing the prefs for this Work, any errors 
have efcaped me, (and in printing a work of this kind it is hardly 
poflible but fome will efcape unnoticed,) he will corre& them himfelf, 
and kindly excufe the omiffion. 


| Joun HeLLins. 
Potter’s-Pary, 


September 29th, 1801. 


SOME 


SOME ACCOUNT OF MARIA AGNESI, 


THE AUTHOR OF THESE ANALYTICAL INSTITUTIONS. 


IN the Appendix to the XXXIIId Volume of the Monthly Review, 
pages 516 and 517, is an Account of Maria Agnefi, taken from one of 
M. De Broffes Letters on Italy, which is nearly the fame in fubftance, 
but not in perfpicuity, with what is here printed. 


‘ Letter X.—The account given by Monfieur De Broffes, in the 10th Letter, 
of a kind of literary phenomenon that he met with in this journey, is fo 
remarkable that we cannot avoid tranfcribing it. This was a young lady of 
Milan, about eighteen or twenty years of age, named /a Signorina Agnefi, whom 
he calls a walking Polyglott, and who, not content with knowing all the oriental 
languages, undertook to maintain a Tes in any of the fciences againft any 
one who fhould choofe to difpute upon it with her. At a Converfatione to which 
our traveller [| Monfieur De Broffes] and his nephew were invited, they found 
about thirty perfons, of feveral different nations of Europe, fitting in a circle, 
and /a Signorina Agnefi, with her little fifter, feated under a canopy. She could 
hardly be reckoned handfome ; but the had a fine complexion, and an air of. 
great fimplicity, foftnefs, and feminine delicacy.’ 


< I had conceived (fays the Prefident #,) when I went to this converfation- 
party, that it was only to converfe with this young lady in the ufual way, though 
on learned fubje&s; but, inftead of this, Count Belloni (who had introduced 
me to it,) made a fine harangue to the lady in Lavin, with the formality of a 
college-declamation. She anfwered with great readinefs and ability in the fame 
language ; and they then entered into a difputation, (till in the fame language, 
on the origin of fountains and on the caufes of the ebbing and flowing which is 
obferved in fome of them, like the tides in the fea. She fpoke like an angel 
on this fubject ; and I never heard it treated in a manner that gave me more 
fatisfaGion. Count Belloni then defired me to enter with her on the difcuffion 
of any other fubject I fhould choofe to pitch upon, provided that it related to 
Mathematicks or Natural Philofophy. This propoial alarmed me a good deal, 

* M. De Broffes was firft Prefident of the Parliament of Dijon, and Member of the 
Royal Academy of Infcriptions and Belles Lettres of Paris. According to the Monthl 


Reviewer, he travelled in Italy about the year 1740: from which it follows that Agnefe 
was about 28 years of age when her Analytigal Inflitutions were publifhed, . 


as. 
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as I found it was expected that I fhould hold a converfation in the Latin. 
language, with which I had no longer that familiar acquaintance and readinefs 
at {peaking it, which in the days of my youthful ftudies 1 had formerly poffefied. 
However, I made the lady the beft excufes I could for my want of fufficient 
{kill in the Latin language to make me worthy of converfing in it with her, 
and hoped fhe would over-look the incorrect expreffions I might happen to 
make ufe of in the courfe of the difcuffion ; and we then entered, firft, into an 
inquiry concerning the manner in which the foul receives impreffions from . 
corporeal objects, and in which thofe impreflions are communicated from the 
eyes, and ears, and other parts of the body on which they are firft made, to 
the organs of the brain, which is the general /en/orium, or place in which the 
foul receives them; and we afterwards difputed on the propagation of light 
and the prifmatick colours. Loppim then difcourfed with her on ¢ran/parent 
bodies, and on curvilinear figures in Geometry, of which laft fubje& I did not 
underftand a word. Loppin {poke in French; and the lady begged to be 
permitted to anfwer him in Latin, fearing that fhe fhould not be able to 
recollect the proper French technical names of the feveral fubjeéts which they 
fhould have occafion to confider. 


<¢ She fpoke wonderfully well on all thefe fubje&s, though fhe could not 
have been prepared before-hand to fpeak upon them, any more than we were. 
She is much attached to the Philofophy of Sir Isaac NEWTON: and it is 
marvellous to fee a perfon of her age fo converfant with fuch abftrufe fubjects. 
Yet, however much I may have been furprized at the extent and depth of her 
knowledge, I have been much more amazed to hear her {peak Latin (a language 
which fhe certainly could not often have occafion to make ufe of,) with fuch ~ 
purity, eafe, and accuracy that I do not recollect to have ever read any book 
in modern Latin that was written in fo claffical a ftyle as that in which fhe 
‘pronounced thefe difcourfes. After fhe had replied to Lappin, the converfation 
became general, every one {peaking to her in the language of his own country, 
and fhe anfwering him in the fame language : for her knowledge of languages is 
prodigious. She then told me that fhe was forry that the converfation at this vifit 
had taken that formal turn of an Academical Difputation, declaring that fhe very 
much difliked fpeaking on fuch fubjeQs in numerous companies; where, for one 
perfon who received amufement from the difcuffion of them, there were often 
twenty who were tired to death by it ; and that therefore fuch fubjects were only 
fit to be entered-upon in {mall companies of two or three perfons, who had all 
the 
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the fame tafte for difcuffing them. This obfervation, I thought, was very juft, 
and was a proof of the fame good fenfe and difcernment which had appeared 
in her former learned difcourfes. I was forry to hear that fhe was determined 
to go into a Convent, and take the veil: which was not from want of fortune, 
(for the is rich,) but from a religious and devout turn of mind, which difpofes 
her to fhun the pleafures and vanities of the world. After the converfation was 
finihed, her little fifter played on the harpfichord, with the fkill of a Rameau, 
firt, fome of Rameau’s pieces of mufic, and then fome pieces of her own 
compofition, and concluded by finging fome airs and accompanying her voice 


on the inftrument.” 


M. Montucla {peaks of Maria Agnefi, and of het Analytical Infti= 
tutions, to the following effet, in his Aiffoire des Mathématiques, Vo- 


lume II, page 171. 

<< Befides the foregoing Authors I ought to mention on this occafion, with 
much commendation, the Analytical Inftitutions of a learned Italian lady of the 
name of Maria Gaetana Agnefi, which is a work of fuch merit that fome female 
mathematician of France (for we alfo have fome ladies of that defcription 
among us,) would have done well to give us a French tranflation of it. We 
cannot behold without the greateft aftonifhment a perfon of a fex that feems fo 
little fitted to tread the thorny paths of thefe abftra& fciences, penetrate fo 
deeply as fhe has done into all the branches of Algebra, both the common and 
the tranfcendental, or infinitefimal. She has finee retired to a cloifter: and, 
though we do not prefume to cenfure her condu& in this ftep, (which we muft 
fuppofe to proceed from the pureft and fincereft piety,) we cannot but lament 
that fhe fhould have thus deprived the learned world of the ufeful improvements 
in Literature which her gentus and knowledge would have enabled her to 
communicate to it, not only on fubjects of a mathematical nature, but on many 
others of a different kind, in which fhe had become eminent.” 


In the Index to the Volume above mentioned, M. Moztucla, at the 
name Agnefi, refers alfo to the third Volume of his work, which is not 


yet publifhed. 


Maria Agnefi and her Analytical Inftitutions are mentioned alfo in a. 
note in page 179 of a work intitled “ dn E/fay on the Learning, Genius, 
and Abilities of the Fair-Sex: proving them Not Inferior to Man, from a 


Variety of Examples, extratted from Antient and Modern Hifiory. Tranf- 
6 | lated 


XVI DR. SAUNDERSON'S TESTIMONY OF MR. COLSON. 


lated from the Spanifb of * El Theatro Critico). London 1774.” What 
is there faid of her is to the effect following: 


« A learned Italian lady of our own times is Signora Agnefi *, daughter of a 
creditable tradefman in Milan, famed throughout all Europe for her knowledge 
of the learned languages and for being the author of a profound treatife of 
Algebra, intitled Avalytical Infitutions, which, befides many eulogiums beftowed 
on her by feveral Scientifical Societies, has gained her a Profefforfhip of Mathe- 
maticks in the Univerfity of Bologna. Neither her inclination to thefe favourite 
intellectual purfuits, nor a defire of preferving and increafing the fame the had 
acquired by her attainments in them, nor the intreaties of her father have been 
able to ftifle the call from heaven which fhe conceives herfelf to have felt in 
her child-hood to dedicate herfelf to a monaftick life amongft the nuns known 
by the name of The Blue Nuns, than which there are few orders in the Church 
of Rome fubje& to rules of greater feverity. Since her father’s death the has 
given herfelf up to the moft fublime devotion, and has facrificed to chriftian 
felf-denial all thofe enjoyments in the fociety of the world to which her fine 
qualities and literary attainments had already introduced her among the moft 
refpe@able part of mankind.” 


deen! 


DR. SAUNDERSON’S TESTIMONY OF THE GENIUS OF MR. COLSON. 


Dr. NicHoLas SAUNDERSON, Luca/fian Profeflor of the Mathematicks 
in the Univerfity of Cambridge, and Fellow of the Royal Society, {peaking 
of Mr. Colfon in his Algebra, Vol. II. p. 720, has thefe words: 

— The learned Mr. Fobn Colfon, a gentleman whofe great genius and known 
abilities in thefe fciences I fhall always have in the higheft admiration and efteem,” 


Mr. De Moivre alfo has, on feveral occafions, fpoken of the great {kill of 
Mr. Colfon ; but, for want of books, I cannot quote his words. However, 
Dr. Saunderfon’s Teftimony, and the office which Mr. Colfon afterward 
held in the Univerfity of Cambridge, are fufficient vouchers of his ability. 

* In the Note above referred to, which feems to be a bad tranflation of a paflage in a 
book intitled € Odfervations fur PItalie, &c,’ her name is erroneoufly printed Angle. I 
have therefore given the fame Account in better Englifh, as it was communicated to me 


by Mr. Baron Maferes ; to whom allo I am obliged for all the reft that is here printed 
concerning this very extraordinary perfon. Jj. H 
THE 


preti 


THE AUTHORS DEDICATION. 


TO 
HER SACRED IMPERIAL MAJESTY, 


‘+ MARIA TERESA OF AUSTRIA, 


EMPRESS OF GERMANY, QUEEN OF HUNGARY, BOHEMIA, &c. &c. 


MONG the various arguments I revolved in my mind, in- 
ducing me to hope, that Your Sacred Majefty, according to 
your great condefcenfion, would vouchfafe to receive favourably 
this Work of mine, which is proud to fhelter itfelf under your 
auguft name, and humbly to crave your gracious patronage and 
protection ; among all thefe arguments, I fay, none has encouraged 
me fo much as the confideration of your fex, to which Your 
‘Majefly is fo great an ornament, and which, by good fortune, 
happens to be mine alfo. It is this confideration chiefly that has 
fupported me in all my labours, and made me infenfible to the 
dangers that attended fo hardy an enterprife. For, if at any time 
there can be an excufe for the rafhnefs of a Woman, who ventures 


Mor, I. . to 


XVIII THE AUTHORS DEDICATION, 


to afpire to the fublimities of a fcience, which knows no bounds, 
not even thofe of infinity itfelf, it certainly fhould be at this 
elorious period, in which a Woman reigns, and reigns with uni- 
verfal applaufe and admiration. Indeed, I am fully convinced, 
that in this age, an age which, from your reign, will be diftinguifhed 
to lateft pofterity, every Woman ought to exert herfelf, and 
endeavour to promote the glory of her fex, and to contribute her 
utmoft to increafe that luftre, which it happily receives from Your 
Majefty; who, having diffufed, on all fides, the fame and admiration 
of your actions, have obliged Mankind to apply to you, with much 
greater reafon, what has been faid of fome of the antient Cefars ;— 
that, by the juftice and clemency of your Government, you are an 
honour to human nature, and a near refemblance of the divine. 
To thofe who, zealous for the glory of our fex, fhall faithfully 
tranfmit to pofterity the memory of your deeds; to thofe (I fay) 
I muft leave to commemorate, how each accomplifhment of the 
mind is united in Your Majefty with the moft engaging gracefulnefs 
of perfon; to thofe I fhall leave the arduous tafk to defcribe, the 
ftrength of your underftanding, the extenfivenefs of your genius, 
but, above all, that fignal fortitude, that invincible courage and 
conftancy of mind, by which you derived frefh vigour, as it were, 
from your perils and perfecutions themfelves ; and, after having 
been fo feverely tried by the hand of Providence at the beginning 
of your reign, gave at laft fo happy a reverfe to your affairs. 
Neither will they fail to celebrate the engaging fweetnefs of your 
temper,- your humane and compaflionate difpofition, nor that gene- 
rous condefcenfion with which, amidft the hurry and tumult of 
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arms, you cherifh and prote& the arts and fciences; being duly 
fenfible how greatly thefe redound to the public welfare; and that 
by thefe the minds of men are forcibly excited to the purfuit and 
practice of every focial virtue. Hence it was, that the Sciences fo 
early took poffeffion of your mind, and that you became well 
acquainted with the whole circle of them. And though the bufy 
cares and interruptions of Empire may have withdrawn you from 
your more ftudious applications, (Heaven having thought it too 
{mall a commendation for you, to be called the moft knowing and 
learned Woman of your age,) yet ftill your love of truth is not the 
lefs fervent ; fo that whoever employ themfelves in the fearch of it, 
are fure to meet with diftinguifhing marks of your approbation. 


Vouchfafe, therefore, Madam, to caft a favourable eye on this 
Performance of mine, not only as a Work which comprehends the 
highelt attempts of the human underftanding, but alfo as the greatett 
tribute it was in my power to offer, to the glory of your aufpicious 
reign; a reign which feems to revive the memory of former 
heroines, only to render your magnanimity, prudence, and good 
fortune, the more eminently confpicuous by the comparifon. And 
if the Volume of Mufic, which my Sifter has had the honour of 
prefenting to Your Majefty, has been fo fortunate as to excite your 
voice to melodious accents; let this be fo happy as to have the 
defired effeét, of employing fometimes the fagacity and penetration 
of your underftanding. As nothing more remains, but to implore 
of Heaven a long and happy continuance of your glorious reign, 
for the felicity of the many nations fubject to your command; I 

vs | therefore 
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therefore proftrate myfelf, with all humility, at the foot of your 
Throne, and am 


Your Majefty’s 
moft humble, 
moft obedient, 
and faithful fervant, 


MARIA GAETANA AGNES!, 


IRR 
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‘Eide: 


THE READER. 


HERE are few fo unacquainted with Mathematical Learning, but 

are fenfible the Study of Analyticks is very neceflary, efpecially in 

our days; they cannot but be apprized what improvements have already 
been made by it’s means, what are ftill making every day, and what may 
be yet expected in time to come. For which reafon I fhall not amufe 
myfelf with making unneceflary encomiums on this fcience, which ftands 
in no need of any fuch recommendations, and much lefs of mine. But, 
notwithftanding the neceflity of this fcience appears fo evident as to 
excite our youth to the earneft ftudy of it; yet great are the difficulties 
to be overcome in the attainment of it. For it is very well known, 
that perfons able and willing to teach it are not to be found in every 
city, at leaft not in our Italy ; and every one that would be glad to learn 
has not the means of travelling into diftant countries, in queft of proper 
mafters. This I know by my own experience, as I muft ingenuoufly con- 
fefs; for, notwithftanding the ftrong inclination I had to this fcience, and 
the great application I made ufe of to acquire it; I might fill have been 
loft in a maze of inextricable difficulties, had I not been affifted by 
the fecure guidance and fage dire@ion of the very learned Father Doz 
Ramiro Rampinelli, Monk of the Olivetan Order, and now Profeffor of 
3 the 
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the Mathematicks in the Royal Univerfity of Pavia; to whom I 
acknowledge myfelf indebted for what little progrefs I may poflibly 
have made in this kind of ftudy; on whofe deferved praife I fhall 
forbear to infift, it being unneceflary to a perfon of his fame and merit, 
and offenfive to his known, but perhaps too rigid, modefty. True it is, 
the aforefaid inconvenience may, in fome meafure, be removed, by having 
recourfe to good books, written with perfpicuity, and (what is above all) 
in a proper method. But though what relates to the fubje& of Analyticks 
may have already been treated of, and is to be found in print; yet as 
thefe pieces are fcattered and difperfed in the works of various authors, 
and particularly in the Leip/ic A&ts, the Memoirs of the Royal Academy 
of Sciences at Paris, and in other foreign Journals; fo that it is impof- 
fible for a beginner to methodize the feveral parts, even though he were 
furnifhed with all the books neceffary for his purpofe: this confidera- 
tion induced the celebrated Father Rezaz to publifh that moft ufeful 
Work, intitled L’ Analyfe demontrée, a work deferving the higheft com- 
mendation. After which, I am very fenfible, that thefe Inftitutions of 
mine may feem, at firft fight, to be needlefs, fo many learned Men having 
thus amply provided for the occafions of the Public. But, as to this 
point, I defire the candid reader to confider, that, as the Sciences are 
daily improving, and, fince the publication of the aforementioned book, 
many important and ufeful difcoveries have been made by many inge- 
nious writers ; as had happened likewife to thofe who had written before 
them: Therefore, to fave ftudents the trouble of feeking for thefe im- 
provements, and newly-invented methods, in their feveral authors, I was 
perfuaded that a new Digeft of Analytical Principles might be ufeful and 
acceptable. The late difcoveries have obliged me to follow a new ar- 
rangement of the feveral parts; and whoever has attempted any thing 
of this kind muft be convinced, how difficult it is to hit upon fuch a 
method as fhall have a fufficient degree of perfpicuity, and fimplicity, . 
omitting every thing fuperfluous, and yet retaining all that is ufeful and 
neceflary ; fuch, in fhort, as fhall proceed in that natural order, in which 
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confifts the clofeft connexion, the ftrongeft conviction, and the eafieft 
inftruction. ‘This natural order I have always had in view ; but whether 
I have always been fo happy as to attain it, muft be left to the judgment 
of others. 


In the management of various methods, I think I may venture to fay, 
that I have made fome improvements in feveral of them, which I believe 
will not be quite devoid of novelty and invention. To thefe the judi- 
cious Reader may give what weight he pleafes. It was never my defign 
to court applaufe, being fatisfied with having indulged myfelf in a real 
and innocent pleafure; and, at the fame time, with having endeavoured 
to be ufeful to the Public. 


In the Second Volume, in which I treat of the Integral Calculus, or 
what is alfo called the Inverfe Method of Fluxions, the Reader will 
meet with a fpeculation entirely new *, and no where before publifhed, . 
concerning Multinomials. Yor this I am indebted to the celebrated 
Count Fames Riccatz, a gentleman who has greatly deferved of every 
branch of literature, and whofe merit is well known to the learned 
world. He was pleafed to communicate this to me, which I take as a 
favour beyond my deferts; and for which both the Public and myfelf 
are bound to give him our thanks. 


To conclude: As it was not my intention, at firft, that the following 
Work fhould ever appear in public; a work begun and continued in the 
Italian tongue, purely for my own private amufement, or, at moft, for 
the inftru&ion of one of my younger Brothers, who poffibly might have 
a tafte for mathematical ftudies; and as I had not determined to fend it 
abroad till after it was pretty far advanced, and had grown to the fize 


* It does not appear to me, that any thing can be done by this new method, which may 
not be done as well, or better, without it. J. H. | 
of 
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of a juft volume; then I thought I might be excufed the trouble of 
tranilating it into Latin, (a language which fome may imagine is more 
fuitable to works of this nature,) efpecially as I had the example of fo 
many famous Mathematicians, as well Italians as others, who have’ 
publifhed their Mathematical Works in their own mother-tongues. Nor 
could I eafily overcome my natural indolence, in fubmitting to the 
drudgery of tranflating that into Latin which I had already compofed in 
Italian. Far am I therefore from laying the leaft claim to any merit 
arifing from that purity and elegance of ftyle, which in fubjects of a 
different nature may be laudably attempted; being fully fatisfied if I have 
always expreffed myfelf, as I fincerely endeavoured, in a plain, but 
clear and intelligible manner. 
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INTRODUCTION. 


Spe aL we fhould receive from Italy, the Mother of Arts, a complete Syftem 
of Analyticks, is not fo much to be wondered at; knowing we have often 

had from that quarter very excellent productions in the fublimer Mathematicks. 
But, that we fhould receive fuch a prefent from the hands of a Lady; from that 
fex which, however capable, yet hardly ever amufe themfelves with thefe feverer 
ftudies ; is, indeed, very wonderful and furprifing. Yet fo it is in fact: a very 
learned, ingenious, and celebrated Lady of Milan, by name Donna Maria 
Gaetana Agnefi, a member of the Univerfity of Bolonia, and lately advanced by 
the Pope to a Profeflorfhip in Mathematicks and Philofophy in the fame Uni- 
verfity, has publifhed a Treatife in Italian, in two volumes quarzo, which fhe 
calls Analytical Inftitutions for the Ue of the Youth of Italy; of which Me was 
pleafed to prefent a Copy to the Royal Society of Lorzdor. This Copy I had 
the curiofity to infpect, and thought it might be a proper way of returning the 
Author’s compliment, to have an Account of the work drawn up and read to 
the Society, and perhaps printed in the Philofophical TranfaGions, as has often 
been the practice on fuch occafions. This Account, therefore, I undertook to 
draw up, having the confent and approbation of our worthy Prefident. But 
when I came to look into the work more clofely, I foon enlarged my {cheme ; 
Vou, I. a, and, 
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and, inftead of barely taking the Plan, or giving an Account of it, I thoughe 
it highly deferved to be tranflated into our own language, that the Youth of 
England might likewife enjoy the benefit of it. This determined me then to. 
attempt it’s tranflation, though I well knew how unequal I was to the tafk. I 
confefs I alfo entertained fome diftant hopes, that it might excite the curiofity 
of fome of our Englifo Ladies; that it might raife an emulation in them, a 
laudable ambition to promote the glory of their country, with a generous. 
refolution not to be outdone by any foreign ladies whatever. They want no 
genius or capacity for the fciences, and have undoubtedly as good abilities as 
the Ladies of Jtaly. They feem only to want to be properly introduced into 
thefe ftudies, to be convinced of their ufefulnefs and agreeablenefs, and to 
prevail on themfelves to ufe the neceflary application and perfeverance. They 
have here a noble inftance before them, of what the fex is capable to perform, 
when their faculties are exerted the right way. And they may be fully per» 
fuaded, that what one lady is able to write, other ladies are able to imitate, or, 
at leaft, to read and underftand, With not much more pains and induftry than 
what they muft be at, to be expert at Whift or Quadrille, they may become 
miftreffes of this fcience ; which they will find to be much more innocent, more 
diverting and agreeable, and to have infinitely more amufing variety than thofe,. 
or any other games whatever. Indeed, this is rather to be efteemed a game, or 
a diverfion, than a ftudy ; but then it is a game of fkill, without any mixture 
of chance, like Chefs and fome other ingenious games: and parties of two, or 
more, may play at it together, by propofing curious queftions to one another 
alternately, to their great diverfion and improvement. The games of Whit, 
Quadrille, Back-gammon, &c. and all other games in which chance predomi- 
nates, but fkill is alfo required to convert the events of chance to the beft 
advantage; thefe are only particular cafes of this general game or art, and 
ought always to be regulated by it. For, in all inftanees, Analyticks may 
be ufed to difcover the odds, or degrees of probability, which are for, or 
againft, the happening of any particular event, and fo the chance may be made 
equal on all fides, notwithftanding a fupertority of fkill on one fide. And thus 
all games of chance may be made fair and equal; and the well-meaning 
gamefter will not be impofed on by fharpers, who, by much obfervation, rather 
than by fkill in Analyticks, always know what they call the beft of the lay, or 
always have the odds on their fide. 

A But 
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But this is the leaf’ recommendation of this fcience. The improvement of 
their minds and underftandings, which will neceffarily arife from hence, is 
of much greater importance. They will be inured to think clearly, clofely, 
and juftly; to reafon and argue confequentially, to inveftigate and purfue 
truths which are certain and demonftrative, and to ftrengthen and improve 
their rational faculties. Now that thefe, and all other readers, may attain thefe 
advantages with as little trouble as poffible, I fhall endeavour to draw out the 
Plan of this Work at full length, and in a popular manner, inferting fome 
ufeful Obfervations to explain the Art itfelf; fo that the Work, when publifhed, 
may be eafily read and apprehended, by fuch as will perufe it with the neceflary 
diligence and attention. 


The fubje& of the Work is Analyticks, or the general Science of Compu- 
tation or Calculation, That is, the Art of refolving all kinds of Mathematical 
Queftions, by finding or computing unknown numbers, or quantities, by the 
means of others that are known or given. Thefe computations are performed 
either by common numbers, and then the fcience is called Aritbmetick è or by 
general numbers or arbitrary fymbols of quantities, which are commonly the 
letters of the alphabet, and then it is ufually called A/gedra : or by lines and 
geometrical figures, which are likewife the fymbols of quantities, and then it is 
called Geometry: or, laftly, by all thefe conjundly and indifferently, and then 
it will properly be called AnaZyticks. All thefe {ciences our Author teaches 
and explains promifcuoufly, but in good order and method, at leaft the higher 
and more difficult parts of them ; for fhe requires, as very reafonably the may, 
that the learner fhould come prepared with a pretty good ftock of common 
Arithmetick, with a competent knowledge of the firft elements of Geometry, 
and with fome infight into the fimpler properties of the Conic Sections. Thefe 
are acquifitions with which they may be eafily furnifhed out of the common 
mathematical books on thefe fubjeAs; which will then prepare the way for an 
eafy accefs to her fublimer fpeculations. Now, to enter upon our intended 
Plan. The Author divides her fubje& into two Tomes, or Volumes; in the 
firft of which fhe treats of the common, ordinary, and finite quantities, and 
their reprefentatives, whether numbers, general fymbols, or lines. In the 
fecond Volume the explains the nature of what the calls Infinitefimals, or infinitely 
{mall Quantities ; proves their comparative exiftence, and fhows their ufe and 

a2 application. 


1Y Tew PY 43 DR Grew DESAIDY 4 


application. This is the grand divifion of the whole Work, which is again 
divided into four Books, and every Book is fubdivided into it's number of 
Sefions, according to the nature of the feveral fubjects they treat of. Laftly, 
there is a further fubdivifion of the Seftions into Articles, which are numbered 
without interruption from the beginning to the end of each Book, and which 
we fhall alfo obferve and enumerate in our explications of them. 


PLAN, 


Tue firft Section of the firft Book is concerning the primary Notions and 
Operations of the Analyfis of finite Quantities ; in which are contained the 
following Articles. After a fhort Preface concerning the nature of Analyfis, 
the Author obferves, 


1. That it’s operations are the fame as thofe of common Arithmetick ; this 
operating with numbers, and that with fpecies, that is, with fymbolical numbers 
or quantities. By which means Algebra has great advantages over Arithmetick ; 
for, in this, the fieps of the operations will be confounded and loft by the fubfe- 
quent ones, but in Algebra they may be preferved, as they are often not actually 
performed, but only infinuated by proper fymbols; it is alfo more univerfal, 
and works indifferently with known or unknown quantities. 


2. Here the diftinGion of pofitive and negative numbers, or quantities, is 
explained. Negative quantities are not in nature, but depend only on the 
manner of conceiving them. They are merely artificial, and introduced to fave 
needlefs repetitions and diftinctions, by which we can confider the oppofite 
operations of Addition and Subtraction under one general view and compre- 
henfive idea. In Geometry, they are reprefented by lines drawn oppofite ways. 
If pofitive lines proceed to the right-hand, then negative ones will be to the 
left, with the fame direction ; or if pofitive ones are upwards, then negative 
will be downwards. 

Then 
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3. Then different affe&ions of quantities are diftinguifhed, or denoted, by 
the figns + or —, plus or minus, placed before them; whether the quantities 
are reprefented Re ici or by common numbers ; or elfe algebréically, 
by reprefentative numbers, that is, by the letters of the alphabet: plus being 
the mark of Addition, and minus of Subtraétion. And the fien + and Fare 
ambiguous, but contrary to each other. The equality of quantities is denoted 
by the mark =, and majority or minority by the marks > or <, Proportion, 
or equality of ratios, by ::, and infinitely great by oo. 


di Quantities are fimple that are not conneéted by the figns + or —, and 
compound when they are : of which examples are propofed by the Author. 


- g Then is taught the addition of fimple quantities being integers, and 
explained by a fufficient number of ita) ai : alfo, the ufe of numeral. co-effi- 
cients Is fhown. 


6, Likewife, the fubtra&ion of fimple integral quantities is taught, in.which 
it is fhown that the fign of the quantity to be fubtracted muft always be 
changed, and the reafon of it, together with examples. 


7» Next the Author proceeds. to the multiplication of fimple quantities, 
being integers, whether they are pofitive or negative. Then the: produé& will 
be reprefented by the connection of the feveral factors, and their co-efficients 
without any fign between them. And if the factors are pofitive and negative 
promifcuoufly, like figns will always produce ++, and unlike figns —. This 
fhe demonftrates from.the nature of proportion. 


8. And whereas raifing of powers is a cafe of multiplication ; fhe fhows how 
fimple powers are formed, and conveniently expreffed by their indices, or 
exponents, annexed to the roots. 


9. Thefe powers are diftributed into /guares, cubes, biquadrates, &c.; that 
is, into fecond, third, fourth, &c. powers, of which the given number, or root, 
| is always the firft power; and they are marked by the exponents 1, 2, 3, 4, &c. 
refpectively. Their figns are always known by the general rule aforegoing. 


10. Then 
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10. Then comes divifion of fimple quantities, being integers, which is juf 
the reverfe of multiplication, and -refolves, or decompounds, that which the 
other had compounded; as by the examples. 


11. When common letters or quantities are reje&ed, and the divifion can 
proceed no further, it muft be infinuated, by making a fraction of whac fhall 
remain. 


12. When the figns of the dividend and divifor are the fame, the fign of the 
quotient muft be pofitive; but when thofe figns are different, the fign of the 
quotient -muft be ‘negative; This proved from the nature of proportion. 


13. Whence, in fractions, it is indifferent how the figns are changed in the 
numerator and Mo, provided the fign of each is changed into it’s 
‘contrary, 


14. The roots of fimple quantities will be extracted, by dividing their 
exponents by the number which denominates the root to be extracted. As, by 
2 for the {quare-root, by 3 for the cube-root, and fo on. 


15. If any even root is to be extracted, the fign of that root will be ambi- 
guous; but if an edd root is to be extracted, the fign of that root will be the 
fame as of the given power. 


16, When roots are furd, and cannot be extracted, they are to be infinuated 
by radical figns or characters. 


17. From thefe operations belonging to fimple quantities, the Author pro- 
ceeds to thofe of compound quantities, or fuch as confift of feveral fimple 
quantities, connected by the figns + and —. Thus, Addition will be per- 
formed by fetting down all the given quantities together promifcuoufly, and 
then abbreviating the fum as much as may be, and expunging equivalents with 
contrary figns. 


18. In Subtraction, all the figns are changed of the quantity to be fubtracted, 
and the remainder, or difference, fo found is to be abbreviated as much as may 
be done, 

19. Mul- 
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19. Multiplication of compound quantities, being integers, depends on the 
multiplication of fimple quantities; and the procefs is much like the fame 
operation in common Arithmetick, as the examples fhow. 


20. But it is often convenient only to infinuate this multiplication, without 
actually performing it. And that is done by drawing a line, or vinculum, over 
the feveral factors, and connecting them by putting the mark x, fignifying, 
Multiplied by, between them. 


21. The powers of compound quantities, as well as of fimple; need not always 
be actually formed, but may often be conveniently infinuated, by a vinculum. 
placed over the root, and a proper index annexed to it. How thefe powers. 
may be actually formed,. when occafion requires, is here fhown, 


22, The Author prefents us with a general Canon, (being Sir I/aac Mewton's. 
Binomial Theorem,) for raifing any binomial quantity, or even multinomual,. 
to any power required; which fhe exemplifies by a fufficient number of. 
examples. 


23. The Author proceeds to divifion of compound quantities,.being integers,. 
of which fhe makes three cafes. The firft is, when the divifor is fimple and the. 
dividend compound, and the fecond is on. the contrary. Thefe are eafily. 
reduced to the foregoing rules, 


24. The third cafe is, when both the dividend and divifor are multinomials;. 
and therefore requires a more prolix.procefs. In order to which, the terms of 
each are to be difpofed according to the dimenfions (or powers) of fome parti- 
cular letter contained in them; that is; they are to form numbers belonging to a 
fcale, of which that letter is the root, juft as we do in'our common Arithmetick, 
the root of which is-ten, and the numbers are difpofed according to the 
dimenfions of that toot.. Then the procefs of divifion muft be performed 
much after the manner of the like procefs in numbers, and which is fufficiently 
explained by the examples produced. When the dividend cannot be intirely. 
exhaufted, the quotient muft be completed by adding a fraction. to it, as in 
common Arithmetick. 


25. The Author proceeds to the extraction of the roots of compound quan- 
tities, being integers, and firt of the fquare-root, The. terms of the given 
quantity, 
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quantity are to be difpofed, as before, in Divifion; and the procefs of extraCtion 
will be nearly as the fame operation in numbers. Indeed, her procefs is fome- 
thing different in form from the common one, but is very intelligible, and 
comes to the fame thing. Her examples make it very clear. When the root 
is furd, and therefore cannot be extracted, it muft be infinuated bya quadratick 
vinculum. 


26. The procefs of the extraction of the cube-root is much after the fame 
manner, only more operofe, as being a more complicate operation. The. 
examples render it as plain as the nature of the thing will admit. 


27. The biquadratick, or fourth root, is extracted in the fame manner. 


28. The fifth root, and all higher roots, may be extracted, by forming rules 
for them, which are found by raifing a binomial to the fame power, For the 
like was done in forming rules, by which the fquare and cube-roots have been 


extracted. 


29. The Author then proceeds to the algorithm of fractions fimple and 
compound ; obferving that any quantity may be converted into a fraction with 
a denominator given, if it be multiplied into that denominator: of which the 
produces feveral inftances. For this fee the Examples. 


30. Then comes the reduction of fra&tions to more fimple expreffions, when 
that can be done, which it is not always eafy to perceive. When the numerator 
and denominator are each multiplied by the fame quantity, whether fimple or 
compound, they may each be divided by it again, and a new fraction will arife 
equivalent to the former. And fo /ofies quoties. This will be a very ufeful 
reduétion ; for, in all our calculations, we fhould always ftudy to abbreviate as 
much as poflible. See the Examples. How thefe common divifors may be 
found we fhall be taught afterwards. 


31. Then is taught redu&ion of fra&tions to a common denominator, which 
in two fractions is performed by the crofs multiplication of each numerator into 
the denominator of the other, as by the examples. And fo two by two, if 
there are more, till all are reduced. | 
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32. This prepares the way for the addition and fubtra&ion of fractions ; for, 
if they have not a common denominator, thofe operations can only be infinu- 
ated, by writing them after one another with their proper figns. But, when 
reduced to a common denominator, their numerators may then be added or 
fubtracted, to compleat thefe operations; as by the examples. 


33. The multiplication of fractions requires no fuch preparation, but is 
performed dire&ly, by multiplying the numerators together for a new nume- 
rator, and the denominators together for a new denominator. The product, 
or fraction thence arifing, may otten be reduced by fome of the foregoing 
methods. 


34. Divifion of fractions is reduced to multiplication, by multiplying the 
dividend by the reciprocal of the divifor ; which reciprocal is, when the nume» 
rator and the denominator change places, The quotient thus found will often 
have occafion for fome reduction, as by the examples may be feen. 


| 35. As for the extraction of the roots of fractions, whether it be the fquare- 
root, the cube-root, &c. the faid roots muft be extracted feverally out of the 
numerator and denominator, and the fraction thence arifing will be the root of 
the fraction given. But when fuch root cannot be extracted, it muft be infi- 
nuated by placing a radical vinculum before the given popu: as by the 
examples. 


36. To conclude the DoQrine of Fractions, the Author proceeds to a very 
curious and ufeful operation, which is, to find the greatelt common divifor of 
two quantities or formulas given, Where it may be obferved, that a formula 
| is a combination of quantities, which may ferve as a paradigm, or pattern, for 
all combinations of the like kind. Then, by a procefs not unlike that in 
Arithmetick, which is, by fubtracting one from the other continually and 
interchangeably as often as can be done, the laft quantity fo found will be the 
greateft common divifor of the two given quantities. Now, if thofe two 
quantities form a fraction, and the numerator and denominator are each di- 
vided by the greateft common divifor fo found, a fraction will thence arife 
_ equal to the other, but reduced to the fmalleft terms. Of this redu&@ion the | 

gives us the procefs at large, in three feveral inftances. | 


Vor. L b | 37. The 
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37. The Author goes on then to the Doctrine of Surds or Radicals, which 
are fuch quantities whofe roots cannot be extracted, yet may often admit of a 
partial extraction, or may be reduced to fimpler expreffions; as by the examples 
may appear. | 


38. The reduction of different radicals to radicals with the fame index, will 
be performed by finding the leaft number for a common exponent, by which 
the given exponents may be divided. Then each radical muft be raifed, if 
neceflary, till it arrives at that exponent. The examples make it plain. 


39. Addition and fubtraction of radicals is eafily performed, by writing them 
one after another with their proper figns, and then abbreviating when it may 
be done. 


40. Radical quantities are multiplied by thofe that are rational, by prefixing 
the rational to the radical, with fuch fign as the Rule of Multiplication requires. 
And when they are complicate, their product will be found by the fame rule. 


41. Radicals of the fame denomination, or reduced to fuch, are multiplied 
by putting their product under the fame radical vinculum. 


42. If the radicals are affected by rational co-efficients, their product muft 
be put before the radical fo found. 


43. When like quadratick radicals are multiplied into each other, the 
radical fign will be taken away, and the produét will often become rational, 
Several examples of this are exhibited. 


44. A rational co-efficient to a radical may at any time be made to pafs under 
the radical vinculum. 


45. The multiplication of -radicals of different kinds may be infinuated, or 
they may be reduced to the fame kind. 


46. Divifion of radicals of the fame kind is performed by leaving out the 
radical quantity, and dividing the co-efficients only. 


47. If the radicals are of the fame kind, but not of the fame quantity, the 
quantities under the vinculum may be divided, and the quotient put under the 
fame vinculum. | 

48. But 
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48. But if the radicals are different, they may be reduced to the fame expo- 
nent, and then divided as before. And thus complicate quantities may be 
divided as in common Divifion. 


49. Then the Author gives us a Rule for extra&ing the fquare-root of 
quantities any how compounded of rational and irrational quantities, and thofe 
either numeral or algebràical ; which the applies to feveral examples. 


50. In order to the calculation of powers, which are expreffed by integer 
exponents ; from any root the forms a geometrical progreffion of it’s powers, 
beginning from unity, and afcending one way by pofitive exponents, and de- 
fcending the other way by negative exponents, to fhow the correfpondence 
there is between the increafing powers and their affirmative exponents, and the 
decreafing powers and their negative exponents. Then obferves, that when any 
power is in the denominator of a fraction, it may be made to pafs into the 
numerator, and vice verfd, by only changing the fign of the index. 


51. Then, as fractional powers, or roots, are certain intermediate terms, 
between the integral powers in the foregoing geometrical progreffion ; fo their 
exponents muft be correfponding intermediate terms in the arithmetical pro- 
greffion. And this will obtain in the defcending progreflion as well as in the 
afcending, and whether the terms are fimple or compound. 


52. Hence the multiplication or divifion of powers will eafily be performed 
by their exponents. For, to multiply them, we muft add their exponents ; 


. and to divide them, we fubtract the exponent of the divifor from that of the 


dividend, This fhe proves from the nature of proportion. 


53. Hence the raifing of powers, or extracting the roots of any powers, will 
eafily be performed by their exponents. For the index of any power muft be 
multiplied by the index of the power to which it is.to be raifed; and the index 
of the given power is to be divided by the index of the root to be extracted. 


54. And this obtains as well in compound quantities as in fimple. For all 
which reductions fee the Examples. 


55. Another ufeful operation follows, which is that of finding all the linear 
or fimple divifors of any given number or formula ; or to refolve a compound 
| b2 quantity 
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quantity into the feveral quantities of which it is, or may be, compounded by 
multiplication. The procefs is exemplified and illuftrated both in numbers and 
{pecies. Indeed, if this could always be done in numbers, it would amount to 
a very valuable difcovery, or defideratum in Analyticks, which is, a method of 
refolving a given compound number into the prime numbers of which it is 
compounded ; but though it is only a tentative method, yet, however, it is 
very ufeful. | 


56. This is extended to any compound formula, or to a number exprefled 
by an indefinite root in an arithmetical fcale, which may have been formed by 
the multiplication of feveral binomial fa&ors. By this method fuch a number 
may again be refolved into it’s factors, by the help of the foregoing operation. 
And if the number of trials to be made fhould happen to be too great, the 
Author fhows a method of reducing them to a fmaller number, which is, by 
changing the root, and fo exhibiting the given formula by another fcale. - 


57. Now, if the firft term of the given formula fhould happen to have a 
“numeral co-efficient, it may be convenient (by fubftitution) to change it into 
another formula, or to exprefs it by an equivalent root of another fcale, the 
co-efficient of the firft term of which fhall be unity. 


BO OWN SEC, Tk 


Of Equations, and of Plane Determinate Problems. 


58. Havine explained the firft principles or operations of Analyticks in the 
foregoing Section, our Author proceeds to the grand inftrument of the art of 
computation, which is equation. This is either when fome of the terms placed 
before the mark of equality, are colle&ively equal to all the terms on the other 
fide, called the Lomogeneum comparationis ; or when the whole are one fide, and 
equal to nothing on the other fide; infinuating that the affirmative and negative 
are equal, and fo deftroy one another. She explains likewife what is meant by 
the law of homogeneity. 


59. She 
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59. She tells us what a Problem is, and what is the diftin@ion between the 
data and quefita of a problem. . 


60. Problems are divided into determinate and indeterminate, of which fhe 
gives inftances from Geometry. But in this Se&ion fhe treats only of fuch as 
are determinate. 


61. Here it is explained how equations are formed, from the dependance of 
quantities upon one another, whether they are known and given quantities, or 
unknown and required. The inftances are taken from the properties of lines 
and figures. I 


62. How we are to argue from the given conditions of the queftion till we 
come to an equation between the quantities given and required. This is ex» 
plained geometrically, and by an abftra& arithmetical queftion. 


63. No more given quantities are. to be affumed than are neceflary, when: 
they can be expreffed by the known properties of the figure. 


64: It will often happen, that the lines given in a figure are not fufficient: 
for forming the equations; then fuch other lines muft be drawn as may complete: 
the figure, and bring us to a determination, A problem is propofed to illuftrate: 
this; and the Propofitions of Euclid are enumerated, which will be of ufe for 
fuch purpofes. oa | 


65. Here the Author propofes and folves three or four geometrical problems, 
to fhow the method of arguing from one condition to another, in order to» 
obtain a final equation. | 


66. When the conditions of a problem involve the properties of angles,, 
they muft fomehow be reduced to the properties of lines. This is exemplified: 
in the problem of finding an equicrural triangle, in which either of the angles. 
at the bafe is double to the angle at the vertex: which is reduced to the linear. 
problem, of dividing a line in extreme and mean proportion. 


LI 


67. Having thus fhown how to find equations from the given circumftances: 
of a problem, fhe proceeds to the refolution of thefe equations, or to the 
finding the unknown quantity, by means of various reductions, For this endi 

fhe: 
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fhe gives us four axioms. By the firft, Me fhows the ufe of tranfpofing quan- 
tities at pleafure from one fide of an equation to the other; which may always be 
done without deftroying the equation, only by changing the figns of the terms 
fo tranfpofed. 


68. By the fecond axiom the fhows how we may take away any fractions that 
arife in an equation, and fo reduce the whole to integral terms. 


6g. And how, by the fame, any term may be freed from it’s co-efficient. 


70. By the third and fourth axiom fhe fhows how equations may be freed 
from furds and radicals; and of all thefe reductions gives us a variety of examples. 


71. Equations prepared for folution, and diftributed into their terms. 


42, Equations further prepared, by which the unknown quantity will be found 
equal to a combination of known quantities, and a fimple equation will be 
folved entirely. 


"73. If any power of the unknown quantity is found equal to known quan- 
| titles, then the root may be extracted on both fides. 


74. If the equation is an affected ers it may be folved by completing 
the fquare on one fide, and then extracting the fquare-root on each fide. 


- 75. In quadratick equations the ambiguity of the figns will fupply two values 
of the unknown quantity, which may therefore be both pofitive, both negative, 
or one pofitive and the other negative, or both imaginary, according to the 
values of the known quantities. What is analogous to this difference of figns 
in geometrical figures, is here fhown, and all is illuftrated by examples. 


76. The Author fhows us here the ufe of impoffible or imaginary roots of 
equations. For they are a fure indication, that the queftion (as now propofed) _ 
is impoffible, either by chance or defign. And the fame thing is to be con- 
cluded, when the final equation brings us to any abfurdity or contradiction. 
This the fhows in feveral inftances. 


77- And fometimes we may be brought to an identical equation ; which only 
fhows that the point required may be any where in the given line, as by the 
example. 

78. Equations 
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n8. Equations and problems are diftinguifhed into degrees, according to the 
dimenfions.of the unknown quantity contained in them. Alfo, thofe problems 
are called Plane, the refolution of which requires only the ordinary Elements of 
Geometry. But if they require the defcription of the Conic Sections, or other 
curves, they are Solid Problems. . I 


79. Equations are not always of that degree which their higher powers feem 
to infinuate, but may often be brought to a lower degrec 3 an Sal reduction : 
As by the a 


80. moimecieads neceffity, and fometimes conveniency, will require, that more 
than one unknown quantity may be introduced in a problem; in which cafe 
(if the problem is determinate,) as many equations muft be found as there are 
unknown quantities affumed. Then thefe are to be eliminated one by one, till 
we finally arrive at an equation, in which there is only one unknown quantity. 
The way of doing this the fhows by an Se 


81. This method i elimination may be Ha ufe of, not only in fimple ~ 
equations, but alfo in affected quadraticks. 


82. Higher equations may fometimes be reduced, by eliminating their 
greateft powers. And when thofe powers have not the fame index, they may 
be reduced to fuch as Hanes Of both thefe reductions the Author produces 
feveral examples. 


83. If there be ani fimple equations including as many unknown quan- 
tities, they may be feverally eliminated, and reduced to one equation including 
only one unknown quantity, though the calculation will often be tedious. 


84. If there are not as many equations to be found as there are unknown’ 
quantities, the problem will become indeterminate, and will allow an infinite 
number of anfwers. Of this fhe produces examples. _ 


85. But if the conditions to be fulfilled, or the equations, are more than 
neceffary, they may be inconfiftent with each other, and fo the problem will 
become impoffible ; or fome of the conditions may coincide with others, and 
fo be fuperfluous. | 


86, Having 
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86, Having laid this foundation for calculating with arithmetical or alge. 
braical quantities; fhe now does the fame for calculating with geometrical 
quantities, or with lines and figures, She begins with the operations of Multi. 
plication and Divifion, or, what is the fame thing, with finding fuch fimple 
proportions, or conftru&ing fuch fimple equations, as will give the values of 
the quantities required expreffed by lines, 


87. The operations of addition and fubtraction of lines, when thus found, 
will be very eafy and familiar. 


88. Hence, by fubftitution, any given letter, or letters, may be introduced ; 
or a plane may be transformed into another with a given fide, or a folid into 
another with one or two given fides, &c. by which the conftruction a fimple 
equations will be much facilitated. 


89. This reduction is eafily extended to fractions, the numerators or deno- 
minators of which are complicate terms. 


90. But, without dividing a fraction into feveral fractions, the method of 
transformation may often be preferable, as is fhown by a variety of examples. 


91. Here it is fhown how lines may be found, that fhall exprefs the value of 
any quadratick radical, by only finding geometrically a mean proportional 
between two given quantities: excepting the cafe when that value is imaginary | 
or impoflible. i 


92. But, to reduce radical quantities to thrs rule, there will often be occafion 
to have recourfe to the method of transformation, as appears by the examples, 


93. Any quadratick radicals may be conftru&ted by a right-angled triangle, 
either alone or combined with a circle, without transformation ; though fome 
transformation will often be found convenient. This illuftrated by various 
examples. | 


94. The foregoing rules may eafily be applied to the conftru&ion of any 
affected quadratick equation; but they may all be conftruéted after a more 
general manner. For this purpofe the Author affumes a general affected 
quadratick equation, which fhe diftinguifhes into four, according to the variety 

of 
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of their figns. Thefe the conftructs, one after another, by right-angled triangles 
and a circle, and exhibits the roots, both affirmative and negative, by right 


lines. 


95. The fame equations may be Sela and more cadi conftruéted, 
when the lat term is not a {quare, but a rectangle, 


96. Hitherto the learned Author has been laying down the principal rules of 
the Art of Computation, whether arithmetical, algebraical, or geometrical ; fhe 
now proceeds, as fhe tells us, to fhow their ufe in the folution of fome particular 
Problems, to the number of 15, with which fhe concludes this Seétions The 
firft is purely arithmetical, and to be found in molt Books of Algebra. — 


§7e PNE fecond Problem is alfo very common, and is about the motion of — 
two bodies with given velocities, in various circumftances, general and pars 


ticular. - 


98. The next is the famous Problem of King Hiero’s crown, in which Archi- 
medes difcovered the quantity of bafer metal mixed with the gold, and which 
gave the occafion to his celebrated evayxa. 


99. The next Problem is concerning the relation of two weights to each 
other, and is purely arithmetical. And thefe Problems hitherto have produced 
only fimple equations. | 


100. Then we have a Geometrical Problem, which amounts only toa fimple 
equation, and is therefore eafily refolved and conftru&ed. 


101. The next Problem is geometrical, which arifes to a fimple quadratick 
equation, which is there conftru&ed, or refolved, geometrically. 


102. Then a Geometrical Problem, teaching to infcribe a cube in a given 
fphere; which amounts only to a fimple quadratick equation, and is there 
conftru&ed, and the conftruction proved by a fynthetical demonftration, . * 


103. À Geometrical Problem, or rather Theorem, concerning a fecant drawn 
through two concentrical circles, fo that the parts intercepted by the circumfe- 
rences fhall be equal. This being the property of every fuch fecant, the 

VoL... c folution 
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folution brings to an identical equation, which is a proper caution how to 
manage fuch Problems, and what conclufions we are to derive from them. 


104. Another Geometrical, or rather Algebraical, Problem. 
105. A Geometrical Problem. 


106. A Geometrical Problem, in which the magnitude of angles enters the 
calculation. 


107. A Geometrical Problem, with a fynthetical demonftration. 


108. The Author gives us here a very notable Geometrical Problem, which 
is, two contiguous arches of a circle being given, and alfo their tangents, to 
find the tangent of their fam. And this fhe extends very artfully to the folution 
of a much higher and more general Problem, which is, any number of arches 
and their tangents being given, to find the tangent of their fum. By the way | 
fhe gives us a general Theorem, for finding all the poffible combinations of any 
number of quantities given. She concludes with giving a general canon, or 
formula, for finding the tangent of any multiple or fubmultiple arch; as alfo, 
fhows the converfe of this Theorem. 


109. Then we have a Geometrical Problem, which is, to find a triangle, the 
fides of which and the perpendicular are in continued geometrical proportion. 
This amounts to a high equation, but is reduced to an affected quadratick : 
which is geometrically conftructed. | 


110, The lat Problem is that famous geometrical one, of trifecting a given 
angle. This fhe divides into three cafes, according as the given angle is 
right, obtufe, or acute. The firft cafe the folves by a fimple quadratick 
equation, of which fhe alfo gives us the conftru&tion. The fecond and third 
cafes arife to cubic equations, which fhe referves till {he comes to treat of thofe 
equations, 


BOOK 


S¥ STEM OF ANALYTICEKS xix 


oat a 
Sea e DI 


RE aS ue 

a A o 
# p 
CISSE 

1S thes 

has 

Pa 

La 


BOOK T'sECT In: 
Of the Confiruction of Geometrical Places, and of Indeterminate Problems mot. 


exceeding the fecond Degree. 


Li 


111. In this article the Author explains the nature of variable quantities ; 
that there muft always be two of them, at leaft, in an indeterminate Problem, 
which are varied according to a conftant law, which is expreffed by a given 
equation. | | 


112. A Locus Geometricus is a right line, or a curve,. the ab/ci/s and ordinate 
{or the co-ordinates) of which are variable right lines, which in all cafes exprefs 
the variables of the equation. The abfcifs begins from fome certain point taken 
at pleafure in an indefinite right line, and the ordinate is placed at the end of 
the abfcifs, at a given angle. When a definite value is affigned to one of thefe 
lines, the curve, or locus, will give the definite and relative value of the other, 
agreeably to the equation : as by the inftances may be feen. 


113. Different equations will require different Voci, and vice verfi. And as 
the equations are of different degrees, fo will the loci be alfo. 


114. Of a fimple equation the locus will always be a right line. 


115. When any combination of the variables, in any one term, does not. 
exceed the fecond degree, the equation will always require a conic fection for 
it’s locus. 


116. Thefe loci are here diftributed into their feveral orders. 


117. All equations of the firft order, or which can belong to a right line, are 
here conftructed. 


118. In fimple equations, fometimes a determinate problem may be propofed 
as an indeterminate, in which cafe one of the variables will vanifh out of the 
equation, or not at all appear in it. Then the locus of the equation will be a 

Re right 
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right line, either perpendicular or parallel to the abfcifs. Of this the Author 
produces an inftance or two, with their conftruction, 


119. The Author goes on to the circle, as the fimpleft curve, of which the 
exhibits the firft and fimpleft equations, whether we take the beginning of the 
abfcifs from the centre, or from the end of the diameter; and fhows what the 
radius muft be, in cafes not fo fimple: and tells us likewife when the circle 
will be only imaginary. 


120. She proceeds-then to the parabola, as the next fimpleft curve, of which 
fhe exhibits the primary equations, whether the parameter be fimple or com- 
plicate, whether the parabola be internal or external. 


121. The next conic fection is the hyperbola, or rather the two oppofite 
hyperbolas, of which fhe exhibits the fimpleft equations, when the ordinates are 
referred to the axis; whether the abfcifs commences from the centre, or from 
either of the vertices; or whether the equation 1s exprefled by the axes, or by 
the parameter. She finds the equation when the hyperbola ts equilateral ; and 
reduces complicate parameters, or diameters, to fimple ones. 


122. She fhows likewife what will be the fimpleft equation belonging to the 
hyperbola between it’s afymptotes. 


123. The fimpleft equations are alfo derived for the ellipfis, whatever is the 
angle of ordination ; and whether the abfcifs begins from the centre, or from 
either of the vertices; or whether the equation is exprefled by the diameters, or 
the parameter. And what will be the equation, when the diameters and para- 
meter are equal. In this laft cafe, if the angle of ordination is a right angle, 
the ellipfis will degenerate into a circle. Complicate diameters and parameters 
are reduced to fimple ones, as before in the hyperbola, from the equations of 
which thofe of the ellipfis will differ oaly in their eins fo that they will eafily 


pafs into each other. 


124. When the fimple equations to the diameters of the hyperbola, or 
ellipfis, are not given exactly in the terms of the diameters, but rather in 
difguifed terms; the Author fhows how, by the Rule of Proportion, thofe 
diameters may be found. ‘ Of which reduction the gives Examples. 

125. Or 
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ing 125. Or when the fame equations are expreffed by parameters, though 
‘fomething obfcurely ; fhe fhows us how to find thofe parameters, and gives 
Examples of it. 


126. Having thus exhibited the fimpleft equations belonging to the Conic 
Sections, and fhown how we may find the diameters or parameters when in- 
volved, by which thefe fe@ions may be defcribed; the Author proceeds to 
conftruct any complicate equations that may be given, belonging to thefe 
fections or curves; in order to which, fhe diflributes all fuch equations into 
three fpecies or clafles, The firft are thofe that contain the fquare of one of the 
variables, and the rectangle of the other into a conftant quantity. The fecond 
{pecigs contains the rectangle of the two variables, with other fimple terms. 
The third contains the a and both the fquares of the variables, with any 
other fimple terms. 


127. She then proceeds to conftru& equations of the firft fpecies, however 
complicate they may be, and reduces them to a fimple form, by one or two 
fubftitutions of new variables. And of this fhe gives us two Examples. In the 
firft, by one fubftitution, fhe reduces the given equation to the fimpleft form 
belonging to the parabola, which fhe then conftruéts. In the fecond, the 
reduces the given equation, by two fubftitutions, to the fimpleft form belonging 
to the hyperbola between the afymptotes, which fhe then conftructs, and 
purfues it through all it’s varieties. When the conftant quantities are fuch, as. 
not to admit of thefe fubftitutions, fhe changes them, by the GA fhe 
had taught before, into fuch as will be fit for thofe fubftitutions, 


128. Then fhe reduces equations of the fecond fpecies to the firft, by a 
method not unlike that of extracting the fquare-root of an affected quadratick 
equation. By which means, and by a fubftitution, fhe introduces a new 
variable. Of this fhe gives an Example in an equation to the parabola, which 

fhe reduces and conftructs. Alfo, another to the dida reduced by two 
* fubftitutions, 


120. Then fhe fhows, by an example, how an equation of the third fpecies 
may be reduced to the firft, and fo conftructed. 


130. Here 
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130. Here fhe propofes various complicate examples, of which fome are to 
the parabola, fome to the hyperbola, and fome to the ellipfis, which require 
feveral fubftitutions and trarisformations; but are all reduced to fimple equations, 
and conftruted with great art and ingenuity. 


131. All the variety of equations to the hyperbola between the afymptotes, 
are reduced to four general equations, which are here conftructed, by one, two, 
or more fubftitutions, or changing of the variables; and that according to all 
the variety of their figns. To illuftrate thefe conftru&ions, and to fhow their 
application in particular cafes, fhe propofes and refolves the feveral Problems 
following. oe 


132. The equation of the firft Problem is found to belong to the parabola, 
being the property of the focus of the parabola in refpect of the directrix, 
which is therefore eafily conftructed by one fubftitution. 


133. The equation of the next Problem is found to be a locus to the 
hyperbola between the afymptotes, and is conftru&ed by means of two ealy 
fubftitutions. 


134. This Problem is propofed concerning the properties of two circles and 
their tangents, but the general folution and conftru&ion of the equation require 
all the three conic fe&ions, according to the three cafes included in it. Thefe 
cafes are conftrutted feparately, by the help of feveral fubftitutions and tranf- 
mutations. — 


135. A Problem to the three Conic Sections, according to it’s three different 
cafes. 


136. A general Problem folved by a canonical equation, and illuftrated by 
three Examples of particular curves, of which the lat arifes to a cubical 
equation, and therefore goes beyond the Conic Seétions. 


137. A Problem concerning two equal interfe&ing circles, which arifes to an 
equation to an ellipfis, which is here conitructed by means of one fubftitution. 


138. A Problem, or rather two Problems to the circle, with fynthetical 
demonftrations of the folution. 
139. A 
6 
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139. A Problem of a normal fliding between the fides of a right angle, and 
with one end defcribing a curve. This curve, by it’s equation, is found to be 
an ellipfis, and is here conftructed. 


140. The equation of this Problem is either to the parabola, the hyperbola, 
or the ellipfis, according to different circumftances, and is refolved by various 
fubftitutions, or changes of the indeterminate quantities, and is here conftru&ed. 


GOT Method of Majority and Minority is here occafionally explained, 
ini A in the fame manner as the reduction of equations. For, by a 
feries of comparifons duly Dale we may know which of two quantities is the 
greater or lefier. 


142. A Problem producing an equation to the hyperbola between the 
afymptotes, which is very artfully refolved and conftructed, by three fubfti- 
tutions, or changes of the variable quantities. 


143. Here the Author concludes her Problems, and recommends the proving 
| the folution, after it is finthhed, by tracing back the feveral fubftitutions, and 
fo returning to the original equation. Of this the gives us two Examples in 
the foregoing Problems. | Di 


BOOK db S het 
Of Solid Problems and their Equations. 


144. THE Author having thus difpatched what are called Plane Problems, or 
fuch as require only equations of two dimenfions; fhe proceeds to thofe called 
Solid Problems, which require equations of more than two dimenfions, and 
therefore higher and more difficult conftructions. She begins by informing us 
what are the roots of fuch affected equations, or what are the values of the 
unknown and indeterminate quantities, which are to be extraQed out of thefe 
equations. That they are fuch numbers or quantities, that, if they were to be 
fubftituted in the equation given, inftead of the root, they would reduce the 
whole to nothing ; which would be «a full proof, when the root, or roots, are 
extracted, that they are the true roots of the equation. 
145. Or, 
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145. Or, in another acceptation, thofe fimple equations are often called the 
Roots of a compound equation, which, being multiplied into each other conti- 
nually, will produce the equation given. Confequently that equation may be 
refolved into it’s components by continual divifion. Hence every equation will 
have fo many roots as it has dimenfions. Of this fhe gives us inftances in 
equations of two, three, or four dimenfions, or of quadratick, cubick, and 
biquadratick equations, which are formed by the multiplication of fimple, but 
general equations, and which therefore will be the roots of the equations fo 
formed. 


146. Hence, when any of the roots of a compound equation happen to be 
known, we have a method, by divifion, of depreffing that equation, and re- 
ducing it to a fimpler, which fhall include only the unknown roots. 


147. From this way of raifing compound equations by multiplication, we 
may know the conftitution of every fingle term, when the whole equation is 
difpofed in a proper and regular order, and made equal to nothing. For the 
higheft term muft always be pofitive, and have no other co-efficient but unity, 
whigh:can always be effected. The co-efficient of the fecond term will be the 
fum of all the roots, under their proper figns. The co-efficient of the third 
term will be the fum of the products of every pair of roots, &c. And the lat 
term will be the produét of all the roots, affected by their proper figns. 


148. It follows from hence, that, if the fecond term is wanting in any 
equation, then the fum of the pofitive roots will be equal to the fum of the 
negative ; therefore, when that term is prefent and affirmative, the fum of the 
pofitive roots will be lefs than the fum of the negative; but the contrary, if that 
- term be negative. | 


149. When any term is wanting in an equation, it’s abfence is commonly 
indicated by putting an afterifm in it’s place. 


150. If no imaginary root appears in the equation, yet it may have them, 
two by two, always in pairs, and with contrary figns. If the degree of the 
equation is odd, it will have, at leaft, one real root; and if it’s degree is even, 
it may have all it’s roots imaginary. ‘The like may be obferved of furd roots, 


151. Many 
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t51, Many ufeful indications, concerning the roots of an affeQed equation, 
may be had from the figns of the feveral terms. 


152. A proof that, in cubick and biquadratick equations, if the fecond térm 
is wanting, and the third term is pofitive, there will neceffarily be imaginary 
roots. 


153. In any equation the affirmative roots may be made negative, and the 
negative affirmative, only by changing the figns of thofe terms which are in 
“even places. Here the afterifm, or vacant place, muft always be reckoned for 
one. This proved by Examples, 


154. The roots of affected equations may be increafed or diminithed by any 
quantity at pleafure, by refolving the root into two parts, one unknown, and 
the other known; and that only by a fubftitution of equivalents. The new 
equation fo found will have the fame roots as the given equation, only they will 
be increafed or diminifhed by a known quantity. See the Author’s Examples. 


155. By a like fubftitution of equivalents, the roots of any equation, though 
unknown, may be multiplied or divided by a given quantity, and saa ice 
many other changes at pleafure. | 


-156. The reafon of thefe feveral proceffes is, that, as equals are always 
fubftituted for equals, fo the refults muft always come out equal. 


157. The ufes of thefe fubftitutions are many. One of which is, that, 
though the roots of an equation are unknown, yet, by fuch a Rn, 
they may often become known. 


158. Another ufe is, the freeing an equation from fraGtions or furds, Of 
this the Author produces feveral Examples, 


159: Some neceflary conditions in the equation, in order to it’s being freed 
from furds or radicals, 


160. But the chief ufe of this tranfmutation of equations, is intirely to take” 
away the fecond term from any equation by an eafy fubftitution : of which. the 
Author gives feveral inftances. 


Vou. I. SANE d x6r, Or 
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161, Or the third term may be taken away, by folving a quadratick equation, 
the fourth by a cubic, &c.; as may appear from the Author’s general procefs, 


162. In an equation wanting the fecond term, the penultimate term may be 
taken away ; but it will be by reftoring the fecond term. 


163. Thus, in an equation wanting the third term, the ante-penultimate term 
may be taken away; and fo on. 


1164. Or any equation, in which any term or terms are wanting, may be 
made complete by a new fubftitution. 


165. If equations have divifors of one, two, or more dimenfions, they are 
properly of that order, to which they may be reduced by divifion. 


166. Divifion ought firft to be tried by a divifor of one SAS, then by 
thofe of two, &c. 


167. Equations of the third degree, if reducible, may be reduced by a lincar 
or fimple divifor, which is to be found in the manner taught in the 56th Article 
before. If an equation of the fourth degree cannot be reduced by a divifor of 
one dimenfion, to be found in the fame manner, the reduction muft be at- 
tempted by a divifor of two dimenfions. To perform which, the Author throws 
out the fecond term of the equation, as fhown ‘before, and then affumes two 
general equations of two dimenfions, and multiplies them togeiher, and com- 
pares the terms of the produced equation with thofe of the equation given. By 
this comparifon fhe determines the co-efficients of the affumed equations, the 
laft comparifon of which amounts to an equation, which in effect is no more 
than cubical. This cubic equation is refolved by the Method of Divifors, and 
11’s roots, being fubfticuted in the affumed equations, will make them become 
divifors of the biquadratick equation propofed. Of this method of folution fhe 
gives us two Examples. 


168. Here is the fame procefs as before, but after a more general manner, 
and applied to a particular biquadratick equation, which is refolved by it. 


169. Sometimes this method will fucceed' only by taking away the fecond 
term of the equation, which will deprefs it to a quadratick, 
170. The 
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| 170. The fame method is purfued, but without taking away the fecond term 
of the given biquadratick equation. Two general quadratick equations are 
affumed, and multiplied together, and the general co-efficients of the product 
| are determined and eliminated, as far as may be, by a comparifon with thofe of 
the given equation. The laft co-efficient in thefe ‘comparifons muft be deter- 
mined by the foregoing Method of Divifors. But this way of refolution feems 
to be too tentative to be of any general ufe. It is illuftrated by three E 
amples. . Pas 


171, The fame method is carried on to equations of five dimenfions, in 
- which the two affumed general equations are, one of two and another of three 
dimenfions. When, by comparifon, the general co-efficients are determined, 
they are fubftituted in the fimpleft of the affumed equations, which then becomes 
a divifor of the given equation; as by two Examples. 


172. The Author extends this method to equations of fix SETA which 
fhe manages with great fagacity and fuccefs, though it muft be owned to be 
| very tedious, precarious, and tentative; but, however, is the belt that can be 
had in thefe high equations. She affumes two general and fubfidiary equations, 
orie of two, and another of four dimenfions, which are multiplied together to 
produce a general formula for equations of fix dimenfions, that. may be refolved 
into two fuch equations. Then the general co-efficients are determined as 
before, and fubftituted in the fimpleft of the affumed equations, which will then. 
become a divifor of the given equation, Of this redu&ion fhe gives us an 
| Example. 


But an equation of the fixth degree may poffibly be refolved into two cubic 
equations, and not otherwife. She therefore affumes two general cubic equa- 
tions, and multiplies them together, to conftitute a general formula for thefe . 
equations. ‘Then, a particular equation of fix dimenfions being given, the 
general co-efficients are determined by comparifon, as far as that can. be done, 
and their values are finally fubftituted in one of the affumed equations, in | order 
to form a divifor to the given equation. 


173. The Author affures us, that the fame method might be applied to the 
folution of higher equations, if it was not for the exceffive tedioufnefs: of the 
operations. It may very well be fuppofed, that the calculation will become: 

d 2 very 


xxvit THE LAN OF THRE LADY’ s 


very laborious in thofe equations, by what we fee in thefe of a lower order. 
And as the method is but tentative at beft, it can hardly deferve to be profes 
cuted any further; efpecially as we have an exegefis numerofa to recur to in thefe 
cafes, which, though only an approximation to the root, yet will anfwer all real. 
occafions that can offer. The Author now proceeds to propofe and refolve 
fome particular Problems, in order to fhow the ufe and application of what is 
now delivered. | 


174. The firft Problem is purely arithmetical, and is elegant enough : To find 
four numbers which exceed one another by unity, and their produ is 100. The 
equation of this Problem amounts to a biquadratick equation with all it’s terms; 
but, by throwing out the fecond term, it is reduced to a quadratick with four 
roots. Thefe are irrational, of which two only are real, one pofitive, the other 
negative, either of which will folve the Problem. The firf and leatt of the four 
numbers required, when reduced to a decimal, will be the negative number. 


175, The next is a Geometrical Problem, relating to a right-angled triangle. 
It’s equation is a biquadratick with all it’s terms, but when the fecond term is 
taken away, it degenerates into a quadratick with a plane root, but irrational. 


176. A Geometrical Problem producing a biquadratick equation, the four 
roots of which are irrational, and may be all real, and are exhibited by the 
figure. 


177. An equation may often appear of a higher order than the Problem 
- really requires, if a prudent choice is made of the unknown quantity, by which 
| the Problem is determined. This is illuftrated in feveral appofite Examples, 


178, Another artifice that often prevents Problems from rifing to too high 
equations, is finding two values of the fame unknown quantity, and making 
them equal. An inftance of this is feen in the next Problem, | 


179. This Problem is, im @ given circle to inferibe a regular beptagon. The 
Author gives feveral folutions of this Problem, which amount to high equa- 
tions; but, by being compared with each other, are reduced lower. At laft 
fhe brings it to a cubic equation with a plane root. This is performed by 
finding two different expreffions for the fame quantity, and comparing them 


together. 
180. When 
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180, ‘When cubic (or higher) equations cannot be thus reduced, their roots 
may be found analytically, but involved in furds, by what are called Cardan’s 
Rules. But the geometrical method will be more vniverfal, by conftru&ing 

them, ‘and finding their roots by the interfeGtion of curve-lines. 


181. She begins with the analytical folution, or with finding Cardan’s Rules: 
All cubte equations, that want the fecond term, are reprefented by four general 
formule, differing only in the feveral changes of the figns. To refolve the 
firft general formula, fhe divides the unknown root into two parts, which, after 
fubflitotion, gives room for fplitting the equation into two, fuch as may eafily 
be refolved feparately. This finds commodious values for the two affumed 
parts of the root, and brings us two cubical radicals for the value of the root. 
See the Philofophical TranfaQions, Number 309. 


a 


182. The folution of the fecond formula does not differ from the firft, but 
only i in the figns. 


183. The fame may be faid of the third. 
184. And likewife of the fatal 


185. All the four formule are folved fomething differently, in which the two 
parts of the root have only one cubic radical; but which coincide with the 
foregoing folution, and are eafily reduced to it. 


186. The limits of thefe roots are here affigned, and it is fhown when they 
will be real, and when two of them will be only imaginary. 


187. When one roct is found of a cubic equation, the other two may be 
found without divifion. For, as unity itfelf has three cubic roots, fo any other 
quantity has the fame. Therefore, multiplying the root found by the three 
roots of unity fucceffively, we fhall have the three roots of the given equation. 
This is proved here fynthetically, by returning to the original equation. See 
Phil. Tranf, No. 309. 


188. This method of folution is illuftrated, by applying it to a given cubic 
equation, of which the three roots are thence found, 
9 189. Or, 
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189. Or, without recurring to the general folution, any particular cubic 


| equation may be folved, by purfuing the method of that folution, Of thefe 


LÌ 


here are given feveral Prenmples. 


190. The Author proceeds to the folution of biquadratick equations, of 
which fhe takes-a general formula, with the fecond term abfent. Then affumes 
two general quadiatick formule, which, multiplied together, produce a general 


-biquadratick equation; and, by comparifon with the firft general equation, the | 


determines the aflumed co-efficients. This will bring her to a transformed 
cubic equation, in the manner taught in Article 167 aforegoing. And thus the 


proceeds to determine the four roots of the affumed biquadratick equation. 
See Phil. Tranf. . 


This folution fhe applies to an Example. 


1gt. From the algebriical refolution of thefe equations, fhe proceeds to the . 
more general (as the calls it), or to the geometrical folution, which is, by con- 
ftru&ing the feveral /oci geometrici, or Curve-iines, adapted to every equation 
confifting of two indeterminates. Every determinate equation may be refolved 
into two indeterminate equations, by introducing a quantity into it at pleafure. 
Thefe two equations muft confift of the fame two variable quantities, and the 
fame conftant quantities, and may be conftruéted by two curves. If thofe two 
curves are combined in fuch manner, as that they fhall have a common abfcifs, | 
they will alfo have fome common ordinates at their common points, that is, 
their points of interfeGion. Thefe common ordinates will be the roots of the 
determinate equation, if the quantity reprefenting thofe roots is made one of 
the variable quantities. To exemplify this, the affumes a determinate biqua- 
dratick equation, and alfo an equation to the parabola, This fhe introduces, 
by fubftitution, into the given biquadratick, which will then be an indetermi- 
nate equation to the hyperbola. She then conftru&s thefe two curves upon a 
common axis, and draws four ordinates from the four points of interfection of 
the curves, which will be the roots required. 


192. From this conftruction thefe notable circumftances will evidently follow; 
that the pofitive and negative roots will be on different fides of the common 
abfeifs ; that, when two ordinates become equal, or when the two curves do not 


cut 
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cut but touch each other, two roots of the equation will be equal; or, when the 
two curves cut each other in the vertex, one of the roots will be equal to 
nothing ; and where the curves neither touch nor cut, the roots will be im- 


poffible. 


193. It is here fhown, that, as there may be great variety in reducing a 
determinate equation given, to two indeterminate equations, in order to be 
conftructed ; fo fuch a choice is to be made of the two /oci, that the con- 
ftru@tion may be as fimple as poffible. “According as the equation is in degree, 
fo each /ocus fhould be taken, as together to make up nearly the dimenfions of 
the given equation. 


194. Here it is fhown, by an Example, how the feveral loci to the Conic 
Sections are to be diftinguifhed from one another. 


195. Other cautions to be obferved, in adapting the /oci to their equations. 


196. Here follow fome Examples, to illuftrate the foregoing do&rine. The 
firft is, a determinate cubic equation wanting the fecond term, which is reduced 
to a biquadratick, by multiplying the whole by the root, and a fimple equation 
to the parabola is affumed. This is introduced into the given equation by 
fubftitution, by which it becomes an indeterminate equation to the circle. 
Then thefe two /oci are combined, or conftru&ed to a common abfcifs, and 
from their interfection a common ordinate IS drawn, which will therefore 
reprefent the root of the given equation. Their other interfe&ion is at the 
‘vertex, and therefore it’s root will be nothing, which was introduced into the 
equation. The truth of this conftruction i is confirmed by a demonftration, 


197. The fame equation is: again conftruéted by ‘combining two ‘ parabolis, 
and the conftruction demonftrated. . : 


198, Or, to conftruct the fame equation, the equilateral type a might be 
introduced, only DI wr iret one of Sa equations to: Foa ESS a from: the: 
other. onl avons OTF | | 


199. Or, laftly, by a fmall alteration, one of the loci oo have been to. 
the circle, the other to the hyperbola, 
200. Buty. 


6: 


AXXI TIE. PLAN oe ew E 4 ADI 19 


» 


200. But, without increafing the dimenfions of the cubic equation, it may be 
conftructed by an hyperbola between the afymptotes, combined with a parabola; 
as is here performed, and the conftruction demonftrated. And fo may all other 
equations be conflructed, that do not exceed the third degree. 


In her next Example the takes a determinate equation of the fourth degree, 
which fhe changes into an indeterminate, by the fubftitution of an equation to 
the parabola. Into this fhe introduces an equation to the circle, and then 
conftructs it by means of thefe two /océ: which conftruction fhe then demon- 
ftrates. Sitia 


For another Example fhe takes a determinate cubic equation, into which fhe 
introduces a known root by multiplication, which raifes it to a biquadratick. 
Then taking an equation to the parabola, by the fubftitution of this after 
various manners, fhe produces feveral indeterminate equations; the lat of 
which, being to the circle, fhe makes choice of tor conftru@ing the biqua- 
dratick equation. One of it’s roots is the known root that was introduced, two 
are imaginary, and the fourth is a real but negative root. Then fhe demon- 
{trates the conftruction. 7 


Another Example is, an equation of fix dimerifions, but, being divifible by 
a divifor of two dimenfions, it is reduced to a biquadratick cquation. By 
various fubftitutions of an equation to the parabola, various Joci are formed, of 
which fhe conftruéts one, which is to the equilateral hyperbola, But thefe two 
foci, being combined as their equations require, will no where interfect each 
other, or will have no common ordinates. Which proves, that all the roots of 
the given equation are imaginary and impoflible. 


201. In this Example a biquadratick, or cubic, equation is propofed, to be 
conftru&ed by two conical /oci, not to be found (as before) from the given lines 
of the equation, but fuch as are already known and defcribed, or otherwife by 
fuch as fhall be like to. thefe. This is performed by deriving the two Joc in 
general (as before), and. then introducing new quantities, which are to be 
determined from the known lines of the given /oci, according to their various 
circumftances. ‘This equation, therefore, is conftructed by means of a given 
parabola, combined with a given hyperbola. 


It 
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If it fhould be required to conftru& a biquadratick equation with a given 
parabola, and with an ellipfis that is of the fame fpecies with an ellipfis given; 
here is an inftance of it, by means of introducing new quantities into the 
equation ; which are afterwards to be determined as occafion fhall require, 
And the truth of the conftruction is demonftrated at length. 


202. The Author here, by way of anticipation, gives us fome conftructions 
of equations that exceed the fourth degree, though fhe referves the fuller 
treating of fuch conftructions to her next SeGion. She affumes a determinate 
equation of the fifth degree, and likewife an indeterminate equation to the 
parabola, and, by fubftitution, forms an equation, or locus, to a line of the 
third degree, which, combined with the parabola, will conftru& the given 
equation. Or, fhe fhows how it may be done with the fame locus combined 
with an hyperbola. Or, with an hyperbola, and the firft cubic parabola. 
Likewife, fhe conftruéts an equation of the fixth degree, by a parabola com- 
bined with a line, or locus, of the third degree: of which equation fhe finds 
two real roots, one affirmative and the other negative, and the other four are 
imaginary. 


203. Then fhe tells in what order the Joct muft rife, by which we would 
conftru& higher equations ; and conftru&s {for example) an equation of eight 


dimenfions by means of a parabola, combined with another locus of four 
dimenfions, 


204. She then obferves, how equations of the ninth degree (and therefore 
thofe of the eighth degree, reduced to the ninth by multiplying by the unknown 
root,) may be conftructed by ebinbining two /oci of the third EET which rule 
the makes general. 


205. The moft natural way of conftru&ing an equation of any degree, is by 
a right line for one of the /oci, and a curve of the fame degree for the other; 
As an example of this method, the Author affumes a definite equation of the 
fifth degree, makes one of the divifors of the laft term to become indefinite, 
that is, affumes a locus to a right line, and, fubftituting it in the given equa- 
tion, makes it become an indefinite equation of the fame degree as the equation 


given. This being conftru&ed, and the right line drawn as it If ORGhE to be by 
Vou. I, e | | the 
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the nature of the equation, the common ordinates will determine fo many 
abfciffes, which will reprefent the roots of the given equation. Thofe roots 
will be impoffible, where the right line does not meet the curve. 


206. She tells us this method may be of ufe in verifying other conftructions ; 
then proceeds to particular Problems, with their conftruétions. 


207. The firft is a Geometrical, or rather Analytical Problem; detween two 
given quantities, to find as many mean proportionals as we pleafe. "This is applied 
to finding two mean proportionals; and arifes to a fimple cubic equation, which 
fhe raifes to an affected biquadratick, by multiplying it by the unknown root. 
Then affumes a locus to the parabola, and, by fubftituting it various ways in 
the given equation, fhe forms feveral other /oci, one to a parabola, one to an 
hyperbola, and one to a circle. This laft the combines with the affumed locus 
to the parabola, and conftructs the equation given; finding one real affirmative 
| root, and the root that was introduced which is equal to nothing, and the other 
two roots will be imaginary. 


208, Or, without introducing a new root equal to nothing, fhe conftructs it 
by a parabola, and an hyperbola between the afymptotes. 


209. To find three mean proportionals is a plane Problem. 


210. To find four mean proportionals amounts to a fimple equation of the 
fifth degree, which fhe conftru&s by means of a parabola combined with an 
hyperboloid of the third degree. | 


211. Or, by the common hyperbola between it’s afymptotes, and the fecond 
cubical parabola, 


212. To find five mean proportionals amounts only to a cubical equation. 
Then fhe obferves, by what /oci fix, feven, or any other number of mean 
proportionals may be found. 


213. The next is a Geometrical Problem, of three contiguous chords being given, 
terminating at the diameter of a circle, to find that diameter ; which Problem has 
two cafes. For the middle chord may cut the diameter, either within the 
circle or (produced) without. The equation that arifes for the folution of this 

4 Problem 
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Problem is cubical, which fhe multiplies by the root to make it a biquadratick. 
Then, affuming a locus to the parabola, by fubftitution fhe finds another locus, 
which is to the circle ; by the combination of which two /oci fhe finds the three 
roots, and then determines which of them will folve the prefent Problem. 
After which fhe proceeds to the other cafe, which, with little variation, requires 
the fame conftruction. | 


214. A Geometrical Problem, by which the Problem of $ 176 is made more 
general, the equation afcending to the fourth degree. It is conftructed by a 
parabola combined with an hyperbola, 


215. This Problem is, #0 trifec# a given angle, (fee § 110.) and amounts to a 
cubic equation, which is conftru&ted by two Joci, the parabola, and the hyper- 
bola between it’s afymptotes. The conftruction is demonftrated, and extended 
to all the cafes. } 

216, A further explanation of the trifection of an angle, fhowing how the 
three roots of the equation ferve for all the three feveral cafes, which are 
implied in the trifeCtion of any angle. 


| 217, The fame otherwife conftruéted, by combining two other /eci, one to 
the parabola, and the other to the circle. 


218. This Problem of dividing a given arch into any given number of parts, 
is here extended to five equal parts, and arifes to an equation of the fifth 
degree. It is conftructed by affuming a locus to the parabola, and thence 
forming an indeterminate equation of the third degree, which is conftruéted by 
a curve proper to it. Thefe two, being combined, give all the five roots of 
the equation. | | 


219. And this may be extended to the dividing any angle into any greater 
edd number of equal parts. 


e 2 TRASK 


\ 
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BOOK SPOT sy; 


The Conftruttion of Loci exceeding the fecond Degree. 


220. Havine difcourfed at large of the ufe of the Conic Seétions, as 
geometrical /oci for the conftru@ion of equations; the Author praceeds now to 
higher curves, and their defcription, as the proper /oci for conftru&ing equations 
of more dimenfions. Thefe curves, fhe fays, may be defcribed in two different 
manners ; one is, by finding as many points as we pleafe in each curve, and 
tracing regular curves through them, The other is, by taking a curve already 
defcribed of a lower order, and finding by that the points of the other curve, 
or locus. | 


221. In order to defcribe a curve by an infinite number of points, from it’s 
equation we muft derive the value of one of it’s unknown quantities, and 
fuppofe it the ordinate of a curve. Then we mutt affume a fucceffion of 
values of the other unknown quantity, or the abfcifs, and then the corre- 
{ponding ordinate will become known, and fo give us a fucceffion of points in 
the curve, through which we may trace a regular curve, which will be one 
locus. Of this fhe propofes an Example in an equation of three dimenfions. 


222. This ordinate may be drawn at any conftant angle to it’s refpe&ive 
abfcifs. | | 


223. As an example of this defcription of a curve by points, the Author 
affumes the equation to an equilateral hyperbola; and, interpreting the abfcifs 
by {mall numbers continually, fhe finds the correfponding ordinates, which give 
fo many points in the curve. 


224. And the fame thing will obtain if the abfcifs is interpreted by negative 
numbers, beginning from the centre of the hyperbola; fo that the fame 
hyperbola will arife, but only in an inverted pofition. 


225. And when the ordinate is made nothing, the value of the abfcifs will 


{how when the curve cuts the axis. 
226. Alfo, 
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226. Alfo, intermediate points may be found, by intermediate values of the 
abfcifs and ordinate. | 


227. A Rule to find whether a curve has afymptotes or no, and where they 
are if it has any. : | 


228. But this Rule holds only when the afymptotes are parallel to the 
co-ordinates for the hyperbola has it’s afymptotes, which may be found from: 
another equation to the fame curve, and by the fame rule, 


229. The affair, of finding the afymptotes of curves, properly belongs to the 
Method of Infinitefimals, to which therefore it is referred. 


230. Other circumftances of the propofed curve are here inquired into, as; 
whether it is convex or concave towards it’s-axis. This is eafily determined by 
the Rule of Proportion. For, if a triangle is infcribed in the curve, and an 
ordinate is drawn which is in common both to the curve and the triangle; if 
the ordinate to the triangle is lefs than that to the curve, the curve will be 
concave to it’s axis; otherwife not. | 


231. But this Rule will not always obtain in all curves; for, in fome, parti» 
cular methods muft be ufed, as will be feen. hereafter. The Author proceeds 
to give another Example of defcribing curves by points, which is the firft. 
cubical parabola. . Of this fhe determines a fufficient number of points, to fhow 
it’s progrefs, that it cuts the axis only in one point, that it goes on ad injinitum,. 
that it has no afymptotes, that it is concave towards it’s axis, and that it has a. 
negative branch like the pofitive, but contrarily pofited. 


The next Example is of the firft cubical hyperboloid, the form of which fhe- 
determines by finding it’s points; as alfo it’s afymptotes, and other circum- 
ftances. 


She then gives an Example of a curve of the fourth degree, the form of 
which the determines by finding the feveral points. 


232. She further profecutes the fame equation through all it’s varieties; of 
pofitive, negative, and imaginary roots; fhowing the different circumftances of: 
the curve, and of it’s feveral branches, which relult from thofe roots. 

9, Another 
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Another Example of an equation of three dimenfions, from the roots of 
which, and finding the moft material points, the form and other circumftances 
of the curve belonging to it are determined: as it’s afymptote, it’s conjugate 
oval, &c. 


Another Example of a curve of three dimenfions, in which the principal 
points are determined by the feveral roots of the equation. 


233. The fame equation and the fame curve is further profecuted, and other 
of it’s properties difcovered: as it’s two parts extending to infinity, their 
common afymptote, the convexity towards it’s axis, &c. 


234. The fame method, of defcribing the curve by points, may be extended 
to equations in which the indeterminates are involved together, and not eafily 
feparable. ‘The points required may ftill be found, though the trouble will be 
increafed. | 


235. The Author makes an apology, for feeming to depart from the method 
fhe had prefcribed to herfelf, in treating of thefe high equations and their 
curves; and then illuftrates what fhe has SAINAEO, by propofing and folving 
feveral Problems. 


236. The conftruction of the firt Problem produces a well-known curve 
called the Ciffoid of Diocles, and arifes to an equation of the third degree. 
This locus the Author defcribes, by finding feveral of the principal points, and 
determines it’s afymptote. 


237. In this Problem the Author finds another curve by it’s points, the 
equation of which arifes to four dimenfions, 


238. A Problem in which the Author conftru&s a curve, which the calls the 
Witch. It's equation arifes to three dimenfions, and fhe determines it’s 
afymptote and other circumftances. 


239. The curve of the next Problem will be the Conchoid of Nicomedes, 
the equation of which arifes to the fourth degree. This fhe conftru&s by 
finding it’s principal points, it’s two diftin& parts feparated by a common 
afymptote, it’s concavity and convexity, and that it has points of contrary 

flexure 
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flexure and regreffion. This is in the firft cafe; for the diftinguifhes the 
Problem into three cafes, which the purfues feparately. 


240. As the firft cafe depended upon the equality of two certain lines, fo 
this requires that one of them fhall be bigger than the other, and fo will 
produce a different figure with fomething different properties. The point of 
regreffion in the former cafe now becomes a node, where the curve croffes itfelf, 
and forms a foliate. The afymptote remains as before, and the curve will have 
a like concavity and convexity towards it. 


241. The other cafe is, when that line, Fori before was the greateft of the 
two, is now the leaft. This produces a great alteration in the curve of the 
former cafe; for now the foliate entirely vanifhes, and makes the curve have a. 
continued curvature at it’s ere not much unlike that part on the other fide 
of the afymptote. 


242. The Author propofes a way here, of improving this method of de- 
‘{cribing curves by points; which is by geometrical conftruction. In this her 
firft Example of it, fhe refumes the Cifaid of Diocles and it’s equation, § 236, 
which the conftru&s an eafier way by geometrical effeCtion. 


In her fecond Example fhe refumes the curve of § 237, which fhe conftructs 
after a like manner. 


Then fhe does the fame by the curve called the Witch, $ 238. 


And by the Conchoid of Nicomedes, of § 239; which fhe conftructs geome- _ 
trically in all it’s varieties. | 


243. The foregoing conftru&ions are eafily performed. by the affiftance of a 
circle ; others may be made by the help of other fimple curves. As, here an 
equation of four dimenfions is conftruéted by means of a parabola; but that 
parabola muft be varied for every new ordinate. However, every new parabola 
gives four points in the curve. 


244. Parabolas are here enumerated, and diftributed into orders,. according 
to their dimenfions. There is only one of the firft order, which is the 4pollonian, 
or common parabola: two cubic parabolas, or of the fecond order ; three of the 
third order, or of four dimenfions; &c. 

245. In 
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245. In thefe feveral orders of parabolas, thofe are.called. firft parabolas in 
whofe equation the abfcifs afcends no higher than to the root, or firlt power. 
She begins with the conftruction of the firft cubic parabola, the equation of 
which fhe changes (by fubftitution) into that of the common parabola, which 
fhe conftructs; then, by means of this fhe eafily finds the points of the other 
parabola : and that both for the pofitive and negative branch. 


246. The Author proceeds to conftru& the firft parabola of the fourth 
degree, by changing it’s equation of four dimenfions (by fubftitution) into the 
equation of the firft cubical parabola, which has been conftruéted. Then, by 
the help of fimilar triangles, for every ordinate of the affumed parabola fhe 
determines a point of the curve required, in each branch affirmative and 
negative. 


247. By the fame method, from the firft parabola of the fourth degree the 
Author conftructs the firft parabola of the fifth degree, as to both it’s branches 
affirmative and negative. 


248. She then fhows, in general, that we may always conftruc a firt 
parabola of any degree, by means of a BAD Bes) a and of the firft parabola of 
the next lower degree. 


249. The Author then proceeds to conftruct other parabolas befides the firft, 
and that of any degree, by means of the firft, which fhe fuppofes already 
defcribed. As, here fhe defcribes the fecond cubic parabola, by finding it’s 
ordinate from that of the firft, being reduced to a common abfcifs. And, in 
like manner, fhe conftru&s the third parabola of the fourth degree, by reducing 
the value of one ordinate to that of another. 


250. She adds here a ufeful Remark concerning any of thefe parabolas, or 
paraboloids; which is, that the fecond parabola of the fourth degree is no other 
than the common parabola, only redoubled on the negative fide: and fo in all 
other, in which the index of the power of the ordinate is double to that of the 
abfeifs, and both even numbers.’ But if the index of the power of the abfcifs 
is an odd number, the curve will be no other than the common parabola, 
without fuch reduplication, And this holds good of all hyperbolas as well as 


parabolas. 
251. She 


SYSTEM OF ANALYTICKS xk 


251. She goes on to the conftruction of hyperbolas (or hyperboloids) of any 
«degree. ‘There are only two of the third degree; the firft has it’s ordinates 
reciprocally proportional to the fquares'of the abfciffes, in the fecond the fquare 
of the ordinate is reciprocally as the abfcifs. The firft of thefe fhe conftructs 
by the help of a common parabola and hyperbola, by means of which fhe finds 
it’s points. The other will be the fame curve in effect, and may be conftructed 
the fame way, only by changing the co-ordinates into each other. 


252. The Author proceeds to conftru& hyperboloids of the fourth degree, 
or fuch wherein the ordinate is reciprocally as the cube of the abfcifs; or the 
fquare of the ordinate is reciprocally as the fquare of the abfcifs; or the cube 
of the ordinate is reciprocally as the abfcifs. The firft fhe conftru&s by the 
help of the common hyperbola and the firft cubical parabola; the fecond is no 
other than the common hyperbola itfelf; and the third is the fame as the firft, 
af the co-ordinates change places. | 


253. She goes on to conftru& hyperboloids of the fifth degree; and, firft, 
that in which the ordinate is reciprocally proportional to the fourth power of 
the abfcifs. She finds the points of this, by firft conftructing a common 
hyperbola, and then, in proper circumftances, a firft paraboloid of the fourth 
degree. She alfo conftructs another hyperboloid of the fifth degree, in which 
the fquare of the ordinate is reciprocally as the cube of the abfcifs, by affuming 
two other curves of an inferior degree. In all thefe conftru&ions fhe deter- 
mines the afymptotes of the curves, and their other affections. And the fame 
method might be purfued in /oct of higher degrees. / 


254. She obferves that all fir& parabolas, defcribed about the fame axis, 
will cut one another in the fame point. This point will be diftin@ from their 
common vertex ; and, befides, they muft all have the fame parameter. 


255. Likewife, that thefe firft parabolas, in tending to this common inter» 
fection, the higher their dimenfions are, the nearer they approach to the 
tangent; and, after they are paft it, the nearer they approach to the axis. 
And the firft hyperboloids have alfo a like property. 


256. Having conftru&ted thefe paraboloids and hyperboloids, or curves of 
two terms only; the Author proceeds to fuch as have feveral terms, which the 
Vou. I. | £ diftinguifhes 
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diftinguifhes into three cafes, The firft cafe is of thofe curves, or their equa. 
tions, in which the ordinate is but of one dimenfion only, and is found only in 
one term. In the fecond, the ordinate arifes to any power,’ but is found in one: 
term only. 


In the third, the ordinate is found in more terms than one, and of any 
number of dimenfions. 


[257. She gives here an Example of the firft cafe. The equation of the 
curve to be conftructed is of the fourth degree, and has three terms. By a 
convenient fubftitution this equation is refolved into two others, one of whictt 
contains only conftant quantities, and the other belongs to» a firft parabola of 
the fourth degree, which 1s here conftru&ed, and the co-ordinates of the other 
curve are eafily derived from it; which curve, it is obferved, will be a portion: 
of a parabola of the fame degree. 


2:58. Another Example of the fame cafe, in which the equation of the curve 
to be conftructed has three terms and four dimenfions. Here again, firft, the 
equation is refolved into two others by a fubftitution, and then the curve is. 
conftructed by means of two firft parabolas, one of three, and the other of 
four dimenfions. 


259. A third Example of the fame cafe. The equation of the curve is of 
four dimenfions, and has four terms. This likewife is refolved into two other 
equations by a fubftitution, of which one is fimilar to that which was con» 
ftru&ed in the preceeding example, and the other is to the “pollonian parabola ;. 
and by means of thefe two curves. the required one is eafily conftructed.. 


Here the Author remarks that, if an equation fhould more abound in terms,. 
the fame artifice might be ufed; and that, although the conftru@ion in this. 
cafe might become more compounded and perplexed, yet the fame method 
would obtain. 


She obferves alfo that the equation in this example might have been 
refolved, by another fubftitution, into three equations belonging to as many 
parabolas of different orders ; and then, by means of thefe auxiliary curves,, 
the principal curve might have been conftructed.. 

I 260. It 
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260. It is here fhown, that the co-ordinates of thefe curves may make 
‘any angle. | 


261. The Author gives here an Example of the fecond cafe, in the con- 
firuétion of a general equation of many terms, which, by a convenient fubfti- 
‘tution, fhe reduces to cafe the firft. See the Example. 

262. An Example of conftru&ing a curve of the third cafe. The equation 
here propofed is general, and is refolved, by a proper fubititution, into others 
_ which belong to the firft cafe ; fo that, by the conftruction of thefe curves, the 

co-ordinates of the propofed curve are obtained. 


263. Hitherto the Author has confidered only thofe equations which have 
their indeterminate quantities feparate ; fhe here obferves that, when the inde- 
terminates are involved with each other, the foregoing rules cannot take place, 
but that a feparation of the variable quantities muft be made, either by common 
‘divifion, or by the extraction of roots, or by a congruous fubfticution, or by 
ether expedients, She then gives two examples of the feparation of the 
indeterminate quantities: in the firlt, it is performed by common divifion ; in 
the fecond, by a convenient fubftitution. 


264. Having fhown how to prepare equations of that kind for conftru&ion, 
fhe proceeds to the actual conftruction of them, taking here the firft equation 
in the preceding article, and conftru&ing it by means of equations which 
come under cafe the firft of article 256. 


265. The conftruction of the other equation in § 263 : which, it is fhown, 
may be performed by cafe the third of § 256. 


266. A remark, That a convenient fubftitution may be of ufe even in thofe 
cafes in which the indeterminate quantities are already feparated ; and may 
fuggeft a conftruction which is more eafy and elegant, i 


‘267. An inftance of the truth of the foregoing remark appears here, where 
the confiruCtion of a curve, the equation of which has four dimenfions, is 
f 2 facilitated 
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facilitated by a: fubftitution, although the variable quantities in that equation 
were feparate.. With this the Author ends her examples of the conftruction 


of curves.. 


BOOK Li SECT. VI. 


Of ihe Method De Maximis et Minimis,. of the Tangents of Curves, of Contrary 
Flexure and Regreflion ; making ufe only of the Common Algebra.. 


268. THE Author here obferves that, although the Calculus of Infinitefimals * 
be the fimpleft and fhorteft method, and the moft univerfal, for managing fuch 
fpeculations, yet the folution of fuch queftions: may be performed by common: 
Algebra, in curves-that are exprefled by finite algebraical equations. 


She begins with the Maxima: and Minima ; that is, to find in geometrical 
curves the greateft or the leaft ordinates ; and fhows that, in either cafe, two: 
ordinates coincide, and confequently two abfciffes become equal;. and thence: 
two roots of the equation belonging to the curve, taken either in terms of the 
letter which expreffes the abfeifs,. or of. the letter which expreffes the: ordinate,. 
become equal to each. other.. 


Her firft Example is, To find the greateft or leaft ordinate when the curve: 
is an Ellipfis; which the does by forming a quadratick equation which has: 
equal roots, and comparing it, term by term, with the equation of the curve.. 
She then fhows how to perform the fame thing when the equation of the curve: 
is of the third, fourth or higher degree; which is,. by forming an equation of: 
the fame degree, that has two equal roots, and comparing it, term by term,, 
with the equation of the curve. See the Examples.. 


269. A fhorter and eafier way of doing the fame thing; which is, by 
multiplying the terms of the given equation by the terms of an arithmetical: 


* Rather Fluwions. EDITOR. 
progrefiion.. 
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progreffion. For, if an equation has two equal roots, (which is the cafe of a 
maximum or mininum,) one of thefe roots will, of necefiity, be included in the 
produ& of that equation multiplied by the arithmetical progreflion. This is 
demonftrated ; and the two preceding examples are refumed, and the fame 
refults obtained, although different progreffions are ufed. 


270. The Author proceeds to find tangents and perpendiculars to curves by 
a like method ; previoufly fhowing that the queftion is reduced to this: To find 
a circle that fhall touch the curve in any given point. This alfo is performed 
by means of equations that have two equal roots: which fhe explains, and 
iluttrates by an example of drawing a tangent to the Apollonian parabola. The 
equation which thus arifes is folved, firft, by comparing it with another qua- 
dratick having two equal roots; fecondly, by multiplying the terms of it by 
the terms of the arithmetic progreffion 3, 2, 1; and, laftly, by muluplying 
the terms by the progreffion 2, Lio | 


271. Another Example of drawing a tangent to a curve of which the 
equation is cubical, worked both by comparing it with an equation of the fame 
degree which has two equal roots, and by multiplying the terms of it by the 
arithmetical progreffion 3, 2, 1, 0. 


f 
272. It is obferved, that, in general, the moft convenient progreffion will 
be that which forms the exponents of the letter according to which the 
equation is ordered. | 


273. The Problem of drawing tangents is folved in a way fomewhat dif- 
ferent, but more fimple; and the formule here derived are of ufe alfo in 
finding points of contrary flexure and regreffion. 


274. Points of Contrary Flexure and Regreffion are here defined ; and it is 
fhown that, as the nature of maxima and minima, and of tangents, requires 
equations that have two equal roots, fo in contrary flexures and regreffions 
three equal roots are required. An example of finding the point of contrary 
flexure is given, by way of illuftration, 


275. The Author obferves that the operation is the fame for finding the 
points of regreffion in curves, as for finding points of contrary flexure; fo 
6 that, 
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that, to diftinguifh them, there is no other way, but to find, by means of a 
conftruction, the figure and proceeding of the curve. 


She fays that the fame ambiguity arifes in queftions de maximis et minimis, 
which can only be removed by acquiring fome knowledge of the difpofition of 
the curve. She then obferves that, by the fame condition of three equal roots, 
we may find the radii of curvature; but, intending to treat of thefe things in 
the fecond Volume, fhe here puts an end to the firft.] 


N. B. It being my intention to deliver what I have to offer on the fecond 
Volume in Notes, as is mentioned in my Advertifement prefixed to this 
Work, the reader will fee the propriety of my continuing the Plan of ibe 
Lady’s Syftem of Analyticks no further. scala 
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DOOR: LL. 


THE ANALYSIS OF FINITE QUANTITIES. 


PEATE Analyfis of Finite Quantities, which is commonly called the A/ze2ra of Introduction. 
Cartefius, is a method of folving Problems by the ufe and management ae 3 

of finite quantities: that is, from certain quantities and conditions, which are 18° sche 

given and known, we may come to the knowledge of others which are unknown 

and required ; and that by means of certain operations and methods, which I - 


propofe to explain by degrees in the following Sections. 


nalyticks. 


Soc 


Of tbe Firft Notions and Operations of the Analyfis of Finite Quantities. >. 


1. THE primary operations of this Algebra, or Analyticks, are the fame as The opera- 
thofe of common Arithmetick ; which are, Addition, Subtraction, Multiplica. tions of Al- 
tion, Divifion, and Extraction of Roots. But with this difference, that whereas 8°» what. 
in Arithmetick thofe operations are performed with numbers, in Algebra they 
| are performed (or perhaps only infinuated) with. fpecies, or the letters of the 
alphabet ; by which quantities are denominated and calculated in the abftra@, 

‘of whatever kind they may be, whether Geometrical or Phyfical, as Lines, 
Surfaces, Solids, Forces, Refiftances, Velocities, &c. And therefore this kind 
B 


of 
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of Arithmetick is often called The gorithm of Quantities, or Specious Aritbmetick, 
And indeed this is of a much more excellent and general nature than that can 


be, though all it’s operations are the fame; as well becaufe thefe quantities are 


Pofitive and 
negative 
quantities 


diftinguifhed, 


The figns of 
‘pofitive and 
negative 
quantities, 
with other 
marks, ex- 
plained. 


Quantities 
are divided 
into fimple or 
compound, 


not confounded one among another in their operations, as numbers are; as 
becaufe in this Calculus known and unknown quantities are treated indifferently, 
and with the fame facility; and laftly, becaufe Analytical demonftrations are 
general, and therefore applicable alike to all cafes; whereas in Arithmetick 
they are particular, and in every different cafe require a new determination. 


2. Now of thefe quantities fome are poftive, or faid to be greater than 
nothing; others are lefs than nothing, and therefore are called negativ:, To 
explain this by an example. The goods in our own poffeffion may be called 
pofitive, but thofe which we owe to others are negative, becaufe they muft be 
fubtra&ed from the pofitive, and therefore will diminifh their fum total. 
Wherefore, as the capitals in our poffeffion are pofitive, and are anfwerable for 
our debts; fo the debts we owe will be negative quantities. In like manner, 
if a body or point in motion is directed towards a certain mark, and in it’s 
paffage defcribes a fpace, this {pace may be called pofitive; but afterwards if 
it receives an oppofite direction, it will indeed defcribe a fpace, but this fpace 
will be negative in refpe& of the mark to which it ought to go. Wherefore, 
in Geometry, if a line drawn one way is affumed as pofitive, (for this is quite 
arbitrary,) a line drawn the contrary way will be negative. | 


3. Pofitive and negative quantities in Algebra are diftinguifhed by means of 
certain marks, or figns, which are prefixed to them. ‘To pofitive quantities 
the fign +, or plus, is prefixed : to negati¥e quantities the fign —, or minus. 
And when a quantity has no fign prefixed, as when it ftands alone, or is the 
firft among others, it is then always fuppofed to be affected by the pofitive 
fign. The fign +, the contrary of which is +, is an ambiguous fign, and 
fignifies either plus or minus. So, for example, + @ infinuates, that the quan 
tity or number reprefented by a may be taken either affirmative (that is, pofi- 
tive) or negative. The mark = fignifies equality, and therefore 4 = 4 informs 
us, that the two quantities expreffed by 4 and 4 are equal to each other. So 
a > è means, that 4 is greater than & Alfo, a < è tells us, that 2 is lefs. 
than 2. The equality of ratios, orthe geometrical proportion of three or four 
terms, Is thus expreffed: 4.4 ::d.c, when there are three terms; that is, 
the ratio of ato 6 is equal to the ratio of 6 to ¢« Alfo, a.d3:: c.d means, 
that 4 isto dascisto 4. Laftly, the fign co denotes infinite, and therefore 
a = © fignifies, that 2 is equal to infinite, or is an infinite quantity. 


4. A quantity is fimple, incomplex, or of one term only, when it is ex. 
prefled by one or more letters, but thofe are not feparated or diftinguifhed from 
one another by the fign either of addition or fubtraGion, Such are a, ad, aac, 
and the like, So, on the contrary, quantities are compound, or of feveral 

terms, 


ui 
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terms, when they are expreffed by feveral letters, feparated from one another 
by the figns + or —. Suchare 4 + 5, aa — ff + bb, and-the like. And 
therefore a + 6 will be a quantity of two terms, or a binomial; aa — ff + bb. 
will be one of three terms, or a trinomial, &c. | 


i Addition of Simple Quantities, being Integers. 


s. Simple quantities are added to one another by writing one after another, Addition of | 
prefixing to each it’s proper fign. As if we were to add 4 to 6 and c, the fimple quan- 
{um would be reprefented by 4 + 2 + c. If we were to add 4 to — d, the ""* 
fum would be 4 — b. Toadd ato éto a to è, the fum would bea + 6+ a+, 

But here it muft be obferved, that @-+- 4 is the fame as 20, and % + 5 is the 
fame as 26 ; therefore the fum will be 24 + 2. Therefore, to add the fame 
quantities, or fuch as are expreffed by the fame letters, it will fuffice to prefix 
to the fame letter fuch a number as fhall contain fo many units, as are the:times 
that the letter fhould be repeated. Thus, the fum of ac to ac to ac, that is, 
ac + ac + ac, will make 340, and this number is called the Numeral Co-efficient 
of the quantity. And if the quantities to be added, being denominated by 
the fame letter, fhall have different co-efficients, thofe co-efficients are to be 
added by the ordinary rules of Arithmetick. Thus the fum of 24 and 5a, to- 
gether with d and 44, will be 7a + 54. And thus the {um of @ and 34, and 
— 2c, and 7c, and sa, will be 4 + 34—2¢ + 70 + 54a.° But @ + ga will 
make 62, and — 26 + 70 make sc. Therefore the fum will be 64 + 35 + 5c. 


Subtraftion of Simple Quantities, being Integers. 


6. To fubtra& one quantity from another, the fign muft be changed of that Subtraction 
quantity which ts:to be fubtracted, and then with it’s fien fo changed it muft of fimple 
be wrote with the other. Thus to fubtra& è from a, we mutt write a — è; Tantus 
where it may be obferved, that if 4 is a quantity greater than 4, the remainder 
of the fubtraction, or the. difference, will be pofitive. But if 2 is greater than a, 
in that cafe the difference will be a negative quantity. To fubtra& aff from dc, 
it will make d4¢ — aff. To fubtra& 24 from sa, it will make 5a — 24; but 
5a leffened by 24 make 3a, fo that the remainder will be 34. And to fubtra&. 

— 4 from 2, it muft be written 4 + è. Nor fhould it feem ftrange, that to 
fubtra& the negative quantity — 4 it muft become pofitive, that the remainder 
Be may 


Multiplica- 
tion of fimple 
quantities. 
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may be @ + 4; for as much as to fubtra® one quantity from another is the © 
fame thing as to find the difference between thofe quantities. Now the dit 
ference between 4 and — d is 4 + è, juft in the fame manner as the difference 
between a capital of 100 crowns and a debt of go is 150 crowns. For from 
having an hundred and having none, the difference 1s an hundred; and from 
having none to having a debt of fifty, the difference is fifty; therefore, from 
having an hundred to having a debt of fifty, the difference mult be an hundred 
and fifty. Thus, for the fame reafon, to fubtra& d from — a, it muft be written 
—a— bj; and to fubtra& — d from — a, it muît be written — 4 + Jd, 


Multiplication of Simsle Quantities, beine Integers. 
£ | 3 Pas ro] 


7. Simple quanuties are multiplied by writing them one after another, without 
any fign between, (unlefs fometimes the mark x,) and the refulting quantity is 
called the Produd?, as alfo the quantities fo multiplied are called the Facors or 
Multipli:rs. But as to the fign which is to be prefixed to thefe produéts, the 
general rule 1s this; that if the quantities to be multiplied are both pofitive or 
both negative, then the pofitive fign muft always be prefixed to the produ& : 
but if one of thofe quantities, whichever it is, is pofitive, and the other ne- 
gative, then the negative fign muft always be prefixed to the produ&. The 
reafon of this is, becaufe multiplication is nothing elfe but a geometrical pro- 
portion, of which the firft term is unity, the fecond and third terms are the two 
quantities which are to be multiplied together, and the fourth term is the pro- 
duct. And therefore being placed in a row, unity for the firft term, one of the 
multipliers for the fecond, and the other multiplier for the third ; therefore, by 
the nature of geometrical proportion, the fourth muft be fuch a multiple of 
the third, as the fecond is a multiple of the fir& If the fecond and third 
terms are pofitive, for example, if it is 1.43: 4. to a fourth; the fir& term 
or unity being pofitive, the fourth muft therefore be pofitive. But if the fecond 
is negative, and the third pofitive, that is, if 1.—a@:: 8.toa fourth; whereas 
this fourth muft be fuch a multiple of the third as the fecond is of the firft, 
and the iecond being negative, therefore the fourth muft be negative. Let the 
fecond be pofitive and the third negative, that is, letitbe r.a:: — 2. to a 
fourth. Now, whereas this fourth muft be fuch a multiple of the third, as the 
fecond is of the firft, and the fecond and firft being pofitive and the third ne- 
gative, the fourth cannot be otherwife than negative. Laftly, let both the 
fecond and third be negative, that is, let it be 1, —4::—d. to a fourth. 
Now the fecond being here a negative multiple of the firft, it follows tbat the 
fourth muft be a negative multiple of the third. But the third is already ne- 
gative, and therefore the fourth muft be pofitive. Wherefore the product of 
a into 2 will be ab. That of 4 into — dè will be — ad. That of —a into è 


8 will 
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will allo be — ad, That of — 4 into — d will be ab. That of a into b 
into € will be adc, That of @ into — è into c, will be — abc; becauie 4 into 
— è will be — ad, and — eb into ¢ will be — adc. And the product of 
— 4 into — è into c will be ade. 


If the quantities to be multiplied fhall' have numeral co-efficients, thofe co- 
efficients muft be multiplied together by the common rules of numbers, and 
the product muft be prefixed to that of the letters. Hence the product of 62 
into — 82c will be — 48aéce. And the produ& of 24 into — 20 into — 3¢ 
will be 12425, And the like of all others. 


8. Now becaufe the product of 4 into 4 is 44, that of 4 into 4 into a, or of Notation 
aa into a, is aaa, that of 4 into a into 4 into 4, or of aaa into 4, is aaaa, and e! Îimpie 
fo on fucceffively ; to prevent the repetition of the fame letter fo often, it isP°™"™ . 
ufual to write a” infiead of aa, a’ inftead of aaa, a* inftead of aaaz, and fo of 
others, That is, we may write a little above the letter fuch a number as fhews 
the number of times the letter ought to be repeated, which number is called an 
: Index or Exponent. We may write indifferently 24 or a*, but higher produ&s 
- OF powers are more commonly exprefled by their exponents. 


9. As the produ& of a number multiplied by itfelf is called the Square of Names of the. 
that number, or it’s fecond power; fo if this product is again multiplied by the powers, and 
fame number, the new produ& is called the Cude or the third power of the Ny 
fame number. And the product of the cube by the fame number is called the pofitive and. 
Biquadrate or fourth power of the fame number; and fo on. Thus the quan-negative. - 
tity 4 multiplied by a, or a’, is called the Square of a, or the fecond power of — 

a; 4 is it’s cube or third power; 44 it’s fourth power, &c. Therefore 24 and 
a* will be very different from-each other, the firft being the fum of 4.and 2, or 
a + a, the other their produ&, or aa, The fame is to be underftood of 34: 
and 4°, of 44 and 24; and fo of others. Now as the produ& of + into +, 
or of — into —, is always pofitive; it proceeds from thence, that as well the 
fquare of 4 as of — a will be always pofitive, or 44: So on the other hand 
the cube of a, or a’, will always be pofitive, but the cube of — 4 will always. 
be negative, or — 45. For — 4 into — 4 makes aa, and aa into — 4 
makes — 4°. Thus the fourth power as well of — a as of @ will be pofitive, 
And in general, when the exponent of the power, to which we would raife the 
given quantity, is an even number, whether the quantity itfelf is pofitive or 
negative, that which refults will always be pofitive. And when the exponent 
is an odd number, if the quantity is pofitive, the refult will be pofitive; and if. 
it be negative, the refult. or power will-be negative. cand 5 


Divificn.. 
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Divifion of Simple Quantities, being Integers. 


10. Divifion is an operation dire&ly contrary to Multiplication; and what 
this compounds, that again refolves. Thus, becaufe ad is the product of a into 4, 
therefore if we divide 46 by a, we fhall have 4 for the quotient. And if we 
divide it by è, the quotient will be 4. So dividing adc by c, we fhall have 
the quotient 45. And fo on. The quantity to be divided 1s called the Divi- 
dend, that by which the divifion is performed is called the Divifor, and that 


which refults from the divifion is called the Quotient, as in common Arithmetick, 


Therefore whenever in the dividend and the divifor the fame quantities are 
found, they may be taken out of both, or as it were cancelled, and what is 
left will give the quotient. Thus, if we are to divide aa by a, the quotient will 
be a. It we divide a? by a, the quotient will be aa. If we divide 233° by a7’, 
the quotient will be 45. If the dividend and divifor fhall have numeral co-ef- 
ficients befides, they are alfo to be divided by the common rules of Arithmetick, 
and the refulting numeral co-efficient muft be prefixed to the literal quotient. 
Thus, if we divide 345 by 343, the quotient will be 45. Dividing 56a°d* by 
8405, the quotient will be 740% And here it may be obferved, that whenever 
the quantity to be divided is the fame as the divifor, then the quotient will be 
unity; as dividing 2 by 8, 7a’ by 74°, and fuch like. The reafon of which is 
plain, becaufe to divide is to find how often the divifor is contained in the 
dividend, the anfwer of which queftion is the quotient. 


11. Wherefore, in the divifor and dividend, when no common quantities or 
letters are found, by means of which the divifion may be performed in the 
foregoing manner, the quotients will receive the form of fractions. Thus, to 
divide a by 8, a® by de, 5aabd by 2ce, &c. the quotients are to be wrote thus : 
a ai caabb 


i Sage 


~~, &c: that is, place the dividend above, and the divifor 


under it, with a little line between them; and it is to be underftood, that 2 
ought to be divided by 4, a? by dc, &c; and thefe are called Fraétions, in which 
the quantity above the line is called the Numerator, and that below is the De- 
nominator. ‘Thus if any of the letters of the divifor, but not all, {hall be in 
common with the letters of the dividend, thofe that are common are to be taken 
away from each, and of thofe that remain a fraCtion is to be formed. Thus, if - 
E ta, fd 
gcc 


we were to divide 4545 by sadcc, the quotient will be sabec 


we divide 1040? by 15dcc, the quotient will be sui And fo of all others. 
3 366 | 


12. Now, 


SECT. I» ANALYTICAL INSTITUTIONS. 7 


12. Now, becaufe both the dividend and divifor may be either pofitive or The fign of 
negative, it is neceffary in every combination of cafes to fix a rule, for the fign the quotient, 


which is to be prefixed to the quotient. This rule is the fame as that whic 
ferves for multiplication. That is to fay, that if the dividend and the divitor 
have both the fame fign, whether. pofitive or negative, the quotient will be 
always pofitive. But if they have contrary figns, the quotient muft be nega- 
tive. The demonftration depends on that of multiplication. For as multipli- 
cation is a proportion, of which the firft term is unity, the fecond and third are 
the two multipliers, and the fourth is the product ; fo divifion is the fame pro- 
portion, but inverted. Of this the firft term is the dividend, the fecond the 
divifor, the third is the quotient, and the fourth is unity. Let it be required 
to divide + ab by + 4. Then the proportion willbe + 405. + dl: #@.1. 
Here I place the mark # before the third term or quotient, as not yet knowing 
whether it ought to be pofitive or negative. Now, confidering this proportion 
to be like that of multiplication, but the terms placed inverfely, it is known 
that when the fecond term 4 is pofitive, the firft term 45 cannot be pofitive, 
unlefs the third term a is pofitive alfo; and the fecond 4 being negative, the 
fir 2b cannot be negative, unlefsthe third 4 be pofitive. Wherefore, in divifion, 
when the two firft terms, or the dividend and divifor, are both pofitive or both 
negative, the third term, or quotient, muft neceflarily be pofitive. In like 
manner, in this proportion, the fecond term è cannot be pofitive and the firl 
ab negative, or the fecond 4 negative and the firlt 42 pofitive, unlefs the third 4 
be negative. So that in divifion, the dividend being pofitive and the divifor 
negative, or on the contrary, the quotient of neceffity muft be negative. 


h what. 


13. For this reafon it will be the fame thing whether we write (for example) Signs reci- 


Ga om (7 
rif , OF 9 5 


gative is to be divided by 4 pofitive, in both cafes the quotient mult be nega- 


becaufe if 4 pofitive is to be divided by è negative, or if @ ne- 


A “ot s . — 4 a 
tive. Thus it will be the fame to write 3:90 pe 


Extrattion of the Roots of Simple Quantities, being Integers. 


14. As quantities have their feveral powers, the fquare, the cube, the bi- Roots of 


quadrate, the fourth power, &c, fo among the roots of fuch powers there is 


the fquare-root or fecond root, the cubé-root or third root, the fourth root, &c. ira&ed 


The denomination of roots is the fame as that of the exponents of powers. 
Therefore the index or exponent of the fquare-root is 2, of the cube-root is 3, 
&c. And to extra& the root of a given quantity, we muft find fuch another 
quantity, as being multiplied into itfelf as many times, all but one, as are the 

| ‘units 


6. 


~ 


‘Signsofroots. 
Impoffible 
roots. 
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units in the index of the root, fhall have for the product the quantity whofe 
root is propofed to be extrated. Thus 4 will be the fquare-root of 42, the 
cube-root of a, the biquadratick-root of at, &c. In the fame manner the 
fquare-root of aaid will be ab, of 16aabbec will be gabe; the cube-root of 
274843 will be 3ax; and fo of others. 


rs. And fince the product of minus into minus is always plus; as above; 


thence it follows that the fquare-root of 44 will be either @ or — 2, that is + 4. 
Jt is not fo with the cube-root, which will always be pofitive if the given cube 
is pofitive, and will be negative if this be negative; for the cube of 2 will be a’, 
and the cube of — 4 will be — 45. But the fourth root will be either pofitive 
or negative. And to fpeak in general, the roots whofe index is an even num- 
ber will always be either pofitive or negative; but thofe whofe index is an odd 
number will be pofitive if the power propofed be pofitive, and negative if that 
be negative. And hence it is, from the fame property of the figns in multi. 
plication, that no pofitive or negative quantity can ever produce a negative 
power having an even exponent, So that it is impoffible to find the root of a 
negative power with an even exponent. Such roots as thefe, of a negative 


quantity with an even index, are therefore called Jmpoffidle or Imaginary. ‘Thus 


the fquare-root of — 44 will be imaginary, as aifo the fourth root of — a*, 
the fixth root of — 25, &c. But fuch as thefe will be true and real roots, the 
cube-root of — a3, the fifth root of — a5, &c. ? 1 


16. But for the generality the quantities propofed, of which we are to extra& 
the roots, will not be true fquares, cubes, or other powers, which are produced 
by the multiplication of rational quantities into themfelves, but will be the 
produ&s of another kind; as ab, abc, &c: in which cafe we make ufe of the 
mark V, called the Radical Sign or Vinculum. Hence 4/ad, or fimply V ab, 
denotes the fquare-root of ab; 4/abe denotes the cube-root of adc. And thus 
4/ ftands for the fourth or biquadratick-root, 4/ ftands for the fifth root, &c. 
And fuch quantities as thefe, affected by a radical fign or vinculum, are called 


Surds, or Irrational Quantities. 


Addition of Compound Quantities, being Integers. 


17. By the addition or fubtraction of fimple quantities, compound quantities 
are produced. ‘Therefore, to add thefe together, it is fufficient to write them 
one after another with their proper figns. Soto add 4 + b to c — 4, we may 
write 2 +24 —d. To add 244 — xx to 366 + 2yy, the fum will be 
200 — xx + 3¢¢ + 2yy, To add aa — xx to bb + xx + yy, we fhall have 


4A — Kx + bb + xx + yy 5 but here it is to be obferved, that — xx and + xx 


remove 
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remove or deflroy each other, and therefore may both be cancelled or omiited, 
and then the fum will be aa + 55 + yy. To add 244 — 56 to aa+ 255+ yy, 
the fum will be 244 — 522 + aa + 24b + yy; but here 242 + ag make 
gaa, and — 6bb 4 26h make — 300, and therefore the fum will be 34a — 


(306 + 99. | 


Subirattion of Compound Quantities, being Integers. 


18. The figns muft be changed of that quantity which is to be fubtra&ted, Compound 
and then with the figns fo changed it is to be wrote after that, from which the quantities 
fubtra&ion is to be made. Thus to fubtra® c — 4 from 2 + 6, we muft Ubtacted. 
write them thus, @ + 3 — c + 4; and the reafon is plain. For if we were to 
fubtract only the quantity c, we fhould write 4 + 3 — c.. And now having 
fubtracted too much, (for we ought to have fubtra&ted only c — 4, or the dif- 
ference between ¢ and d,) having fubtracted, I fay, more than we ought by the 
quantity d, to make amends we muft add d, and fo write the remainder 
a+6—c-+d. The fame isto be done for quantities more compounded. 

To fubtract 4 + 34 from 34 + 2d, it will be wrote 3¢ + 26—a— 35; 
but by a reduction of fimilar terms, becaufe 3a — 4 is 24, and 26 — 36 is 
— b, the remainder will become 24 — 2. To fubtra® 3ab — 2be + 2040 
=e 5ab — 406 + 2cd, after a proper- reduction the remainder will be 
240 — 2bc. 


Multiplication of Compound Quantities, being Integers. 


19. The rule for the multiplication of fimple quantities being underftood, Compound 
that for compound quantities will be very eafy. Let one of the factors be wrote quantities 
under the other, as is ufual in the vulgar Arithmetick, and then all the terms mutiphed. 
of the multiplicand muft be multiplied fucceffively by every term of the mul- 
tiplier, according to the rules already given for the multiplication of fimple 
quantities ; and what refults, after the ufual reduction of fimilar terms, will be 

the product required. Thus if we are to multiply a+ — ¢ 

og ile by x, let them be wrote as in the margin. Then let every 
fa term of the multiplicand, placed above, be multiplied by 

the multiplier placed under it, and the produ& will be 
ar + dba — cx ax + bx — cx, as by the operation. Thus if we were to 
C : multiply 
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ae ip a ah multiply 24 + 34 — c by 3” — 24, let them be 


Bn — 2y placed as in the margin. ‘Then multiply all the 
a terms above by 3%, and do the fame by the other 


Gax + ghx — 30% term — 2y, and fo if there were more terms in the 
— 49 — 60y + 26 multiplier. The produ& will be as is here to be-- 
feen. It is no matter whether the operation begins 

from the right hand or from the left, in regard to either of the 


aa + xx factors; or which of them is wrote above, and the other belows 
Ga — XX or in what order the terms are placed. Suppofe we were to 

: multiply 46 + xx by aa — xx; proceed as in the margin, 
at 4 ax" where becaufe aaxx and — aaxx deftroy each other, the pro 


Anes 14 ‘ 
— OX =m *". du& will be reduced to 44 — x°. 


In long multiplications, in order to reduce fimilar terms with greater eafe, 
it will be convenient to write thofe fimilar terms, which will arife from the multt- 
plication, one under another as in the foregoing and following example. Let it 
be propofed to multiply 4a? + 3a°6 — 248° + 2 by 4° — 5ab + 68°. The 

work will ftand as in the margin. 

40° + ga°b — 2ab° + è Here it is eafily perceived, that 
a — sab + 60° + + 34% — 204° make — 17448, 
Ae And that — 245° — 15458* + 

4a° + ga'b — 2aî + a°b' 2445 make 747%. And that 
— 204° — 154°" + 100°? — 5ab* + ab? + 104°43 + 184°5* make 
+240°0° + 184°5® — 1246*+60%. 290°%. And that — sad — 

1246 make — 19454. There- 

fore the product is 405 — 174% + 743d” + 294°83 — 17404 + 60°. 


Multiplica- 20. Sometimes it will be unneceffary actually to perform the multiplication 
tion how in this manner, but it may be fufficient to infinuate it only, which is commonly 
infinuated. d : | i eae 
one by inferting this mark X, and drawing a line or vinculum over each of the 
multipliers, extended over all the terms which enter the multiplication. Thus 
aa + ax X aa — au denotes the product of aa + xx by aa — xx. But in the 
quantity aa + xa X aa — ax + 04, the term + a*, not being included in the 
vinculum, is not intended to be comprehended in the multiplication. So that 
being wrote in this manner it muft be underftood, that to or from the product 
of aa + xx into aa — xx, muft be further added or fubtracted the term 44. 


Powers of 21. After the fame manner that in fimple quantities the product of 4 into 4 
compound 4g called the fquare of a, the product of aa into 4 is called the cube of a, the 
dois fonat. Product of 4° into 4 is called the biquadrate of 2, &:c. So in compound quan- 
ed: how ac- tities the product of 4 + 4 (for example) into a + 5, or 7 +ò X ath, 13 

Mz = > 1 } 
tuallyformed. called the fquare of 2 + è, which is wrote thus, 4 + 4)’, when we would not 
actually form it by multiplication. Inthe fame maaner 742)" X a+ will 


be the cube, which may be wrote thus, ¢+2)?; and ag +d? X a+ 4, or 


at 8)” 
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a+b) X a4), Or + d\* will be the fourth power of 4 + dè. And this is 
to be underftood of quantities of any number of terms. 


_ Actually to form thefe powers, the quantity given muft be multiplied into 
itfelf, and the product by the fame quantity fucceffively, as many times, fave 
one, ag the exponent of the power required contains unity. But for the fecond 
power, or the fquare, the operation may be thus abbreviated. If the quantity 
given is a binomial, or confifts only of two terms, fuppofe @ + 5, write down 
the {quare of the firft term, then the two rectangles, or twice the produ& of 
the firft term by the fecond, with fuch a fign as the rule of multiplication re. 
quires; and lafily the fquare of the fecond term muft be added. Thus a + 2° 
will be aa + 245 + 64; and 42 — 3)? will be aa — 205 + db. Alfo - a- &° 
will be aa + 240 + db. If the quantity given is a trinomial, or confifis of 
three terms ; befides the fquare of the two firft terms found as before, muft be 
wrote two rectangles of the firft into the third, and alfo of the fecond into the 
third, (taking care that thefe rectangles may have their proper figns, according 
to the rules ot multiplication,) and laftly the fquare of the third term. . This 
a+b6—c\ will be aa + 200 + bb — 240 — 2bc + cc. If the quantity is a 
quadrinomial, or of four terms, there muft be wrote befides, twice the rectangles 
of the three firft terms into the fourth, and alfo the fquare of the fourth term. 
And fo on to other multinomials, 


22. But as to all binomial quantities, the following general canon will be of Powers raifed 


| good ufe, not only to raife it to the fquare, but to any power denoted by 
where m ftands for any number whatever. Therefore let p + g be to be raifed 


to the power m; this power will be p” + mp q+ ™m x ii 


m X a x oe rp Fg tmx se x DÀ x >= pP°"74 94, &c.; which 
feries of terms may be continued as far as we pleafe, obferving the fame law. 


From hence let us derive the fquare of p + g. In this cafe m will be 2, and 
therefore in this canon, by fubftituting 2 inftead of m, the firft term will be 9’ ; 
the fecond 2p “g, that is 299; the third will be 2 X a p°7°q”*, that is q's 
(Here we do not admit the quantity p, becaufe being raifed to no power, it is 
equal to unity, as will be fhown afterwards. And the fourth term will be 
2x x 
and therefore this term being multiplied by nothing will be nothing, or will 
vanifh. And thus fince all the following terms are multiplied by nothing, they 
will all vanifh, and the canon will terminate after three terms. So then the 
fquare required will be pp + 209 + 94. i 

| Ca If 


2-2 2— A : ‘ i 
222 p° 5g. But 2-— 2 in the co-efficient is equal to nothing, 


m, by the Bino- 


Compound: 
quantities. 


we are to divide 448 an cc+ 3xx by 36, we fhall have 
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If we would have the cube or third power of p + vico me 33 whence: 
the fifth term of the canon, and all the following ones, will be equal to nothing. 
So that the power required, by fubftituting 3 inftead of m, will be p° + 32° 
+ 399° + g. If the quantity to be raifed is p — gq, it will be fufficient to 
place the fign minus before all the terms, in which the index of g is an odd 


number. 


. The foregoing canon will not only ferve for the binomial p + g, but for any 
other whatever. So that if we would have the third power of zar — wx, we 
mult fuppofe p = 24x, and gq = — xx, as alfo m = 3. Then in the canon, 
inftead of p and the powers of p, we muft fubftitute 24x and it’s powers ; which 
mutt alfo be done by putting — «x inftead of g and it’s correfponding powers. 
Then inftead of m put 3, and the cube will be 84°53 — 1240x4 + 60x° — ax°. 


It may likewife ferve for any polynome, or for any quantity confifting of 
more terms than two. Let there be a trinomial 4 + 2 — e to be raifed to the. 
third power, and then it will be # = 3. If we make pa and ¢g = b— vg. 
and fubftitute 4 and it’s powers inftead of p and it’s powers, and alfo è — € 
and it’s powers inftead of g and it’s powers; the cube will be 43 + 344 x 5-7 


+ ga XK boo + FA; that is, dî + 30° — g0%c + gal — Gabe + 3ac* 
+ Be 30° + ghe — È. 


Divifion of Compound Quantities, being Integers.. 


23. There may be tliree different cafes, or. combinations, in the divifion. of 
compound quantities; the firft is, when the quantity to be divided is come. 
pound, and the divifor is fimple ; the fecond*is on the contrary, when the dis 
vifor is compound, and the dividend fimple; the. third is when they. are both. 
compound quantities. As to,the two firft cafes, it will fufiice ta make ufe- of. 
the rule for fimple quantities. In the firft cafe every term of the quantity pro= 
pofed is divided by the divifor, and there will arife either integers .or fractions, 
as follows from the nature of divifion of fimple quantities. Thus if we are to 
divide aa-+ ab — ae by a; we fhall have. for: the quotient 4:-4+- 2 — e. If 
we are to divide 448 —-.60¢ + «x by 24, we {hall have 24 — 3¢ + — me 3 
4ab — cc nt ZAx 


, or elfe- 


NI ‘eae ° Gee 
BERGE: Tat: In the fecond cafe the divifor is wrote under the dividend; . 


as is ufual in fractions; and if.in every term. of the. numerator and denomi- 
Natog : 
È. 
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nator there fhall be. any common: quantity, it may be cancelled; then what 
remains will always be a fraction. Thus dividing 345 by aa— ax + a), the 

gaab | 
a-x4b 


ira Ù ; 20° 
quotient will be Been ripiani 


quotient will: be And if we divide 644 by 244 — 24% + 2xx, the 


24. In the third cafe it is'neceffary, firft to put the terms of the dividend in Procefs of’ 
order, and likewife of the divifor, in refpe& to fome certain letter which hall divilione. 


be thought the moft proper for that purpofe. This is done by writing that for 
the firft term of the dividend, and alfo of the divifor, in which that letter is 
. found of the higheft power, or of moft dimenfions. Then making that the 
fecond term, in which that letter is of the next greateft power. And fo fuc- 
ceffively till we come to thofe terms, which are not affe&ed by that letter at all, 
which therefore muft be made the laft. Thus the quantity a? + 20% — a’d 
— 3abc + bbc will be ordered in ref{pect of the letter 4, and alfo the divifor 
a—b, If we would difpofe this in order, in refpe& of the letter 4, it muft be. 
done thus; 2°c — gabe — a’b + a} + 20°¢; and the divifor thus,.—-d + a.. 


This fuppofed, the divifion muft be performed after this manner. The firft’ 
term of the dividend muft be divided by the firft term of the divifor, and the: 
quotient muft be written on one fide. By this quotient the whole divifor muft: 
be multiplied, and the produ& fubtracted from the dividend.. When the fub= 
traction is made, and the terms reduced, in the fame manner the firft.term of 
the remainder mutt be divided by the firft term of. the divifor, and this term of. 
the quotient muft be wrote after the-other,. with fuch fign as it ought.to have.. 
‘Then the whole divifor muft besmultiplied by this fecond quotient, and the: 
product fubtracted from the dividend,. that is from the firft remainder. And 
proceeding in this manner, the calculation muft be repeated, till at lat there. 
is no remainder: ‘Then the fum of all thefe quotients;. thus found. by parts,. 
will be the whole quotient:of the divifion.. en 


Let it be required to divide a? + 24°c — ab — 3ab¢ + dc by a— db. Ler 
the quantity to be divided be wrote at A, the divifor at B. Now dividing 43° 
by. a, the quotient will be a, which is written at D. Then finding the produ& 
of the quotient into the divifor, and fubtra&ing it’ from the dividend, there: 
will be left the firft remainder, as at M. Then dividing-the firft term 2006 in. 
this remainder M by the iaid firft term of the divifor a, and writing the quotient 
aac after the other at D, we muft fubtra& the product of zac into the divifor B,, 


and we fhall have the fecond remainder N. Divide the fir® term — aée of this. 


fecond remainder: by the fame term 4 of the divifor, and write the quotient 
~~ dc at D after the other. The product of — de into the divifor muft be 
fubtracted from the fecond remainder, and nothing will now remain.. There». 
fore. the compleat quotient.will be. aa.+- 246 — de. 


Aa 
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A. @ + 20% — ab — 3ahe +e B.a- | 
M. 2@¢ — 3abe + be D. aa + 206 — be, 
N, — ibe 4 oe 


Let a — 30°) +- 2ab’ — db} be to be divided by 4 — 2 Let the dividend 
be wrote at A, and the divifor at B. Let the firft term a? be divided by 2, and 
the quotient az be wrote at D. Then finding the produc of the quotient into 
the divifor, and fubtracting it from the dividend, there will be left the firft 
remainder M, Let the firft term of this remainder, that is — 24°4, be di- 
divided by the fame firft term of the divifor 2, and let the quotient — 243 be 
wrote after the other at D. Then let the produ& of — 248 into the divifor be 
fubtracted from the firft remainder M, and we fhall have the fecond remainder 
N. If we divide the firft term 40° of this fecond remainder by the tame fir& 
term of the divifor a, the quotient 25 muft be wrote at D after the other. Then 
let the produ& of 25 into the divifor B be fubtracted from the fecond remainder 
N, and nothing will remain; fo that the whole quotient will be aa — 2465 + 86. 


A. @ — 30°b + 340° — 83 B. amb 
M. — 20° + 3ab? — è D. aa — 2ab + bb 
N. -+ ab — 5 | 


Another Example. 


A. 244 + 5ab + 266 — ac — 2hbe . B. a + 28 
M. + ab + alb — ac — 2be D. 22 +d8-—c 
N. — ac — 2be 
Another. 
A. 944 + 12d°0 — 40 — e* B. 9d° — e° 
M. 12d°e + 34° — 448 == e D. 34° + 4de + e 
N gd — e* 
Anotber. 


A. 40° + 4ab — 2ac + B® — 0° ; 
M. 200 — 206 + BD mo D. 24 +5—c 
N. s 


© 
> 
| 
% 


Now here it is to be obferved, that the laft remainder at O is not divifible 
by 22, and confequently the operation cannot proceed, but it muft remain as a 


be — cc 


fraction see a 


That is to fay, that the quantity propofed is not entirely 
7 | divifible 
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divifible by 24 + è, but only in part, and therefore the quotient will be partly 


i 1 be — cc 
an integer, and pay a fraction, as 24 + 6—e¢ + az: OF the whole 
3 aa + 4ab — 2ac + bb — cc 
may be wrote as a fraction thus, PTT 1‘, 


za + d 


Extraciion of the Roots of Compound Quantities, being Integers. 


_ 25. As in fimple quantities, fo in compound; the root of any quantity is Roots how 
that, which being multiplied into itfelf, if once produces the given {quare, if to be ex- 
twice produces the given cube, and fo on. tae 
ticularly the 
- | . ui {quare-root. 
The manner of extracting the fquare-root in compound quantities is as fol- 
lows: It being firft underftood, that the terms muft be difpofed in order, ac- 
cording to fome one of it’s letters, agreeably to the caution before given, § 24. 


Let the given quantity be a* + 2ab + 2°, whofe root is to be extracted, 
and let it be wrote down as at A. Extract the fquare-root of the firft term a’, 
which will be 4, and let it be wrote as at B. The fquare of this, or a4’, mutt 
be fubtracted from the quantity propofed, A, and the remainder wrote down 
at D. Then the quantity a, wrote down at B, muft be doubled, and wrote as 
at M, which will be 24. By this quantity 24 the firft term at D muft be di- 
vided, and the quotient 4 wrote at B. Then the divifor 24 muft be multiplied 

by the quotient 4, and the produ& fubtracted from the quantity D; and more- 
over the fquare of è muft be fubtra¢ted from the fame; and as there is no 
remainder, the root required will be a + 4. . 


A,vg ek: Ba eee B até 
LL dal d-C00° M. 2a 


Let the quantity given be a* + 645 + 54°8° — 12003 4 454; let it be 
wrote at A, and let the fquare root of the firft term be extracted, which is a, 
and let this root be wrote at B. Let the fquare of a® be fubtraéed from the 
quantity A, and there will remain the quantity D. ‘Let 4° be doubled and 
wrote at M, and by this double, that Is by 24°, let the firft term be divided of 
the firft remainder D, and the quotient 345 be wrote at B. Then fubtra&ing 
the product of 348 into the divifor 244, as alfo the fquare of 342, from the firt 
remainder D, there will be left the fecond remainder H. Let the whole quan- 
tity B be doubled, and wrote at G. By it’s firft term -let the firft term of H 
be divided, and the quotient — 2d” be wrote at B. Then fubtra&ing the 
produ& of the quotient into the divifor G, and alfo the fquare of the fame 


quotient, 
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quotient, from the quantity H; and, as there is no remainder, the quantity 
written at B, that is, 24 + 345 — 26d, will be the root required. 


A. at + 6036 + 5a°b* — 12463 + 454 B. a’ + 3ab — 20” 
D. 6afb + 5a°l? — 12083 + 46% M. 24° 
HI — 40° — 12403 + 464 G. 20° + 6ad 
The Operation of another Example. 
A. y* + 4ay> — 843) + 4a* B. y? + 20) — 20° 
D. 40y° — 8a*y + 444 M. 27° 
H. — 40°y° — 845) + 4a* G. 27’ + 4ay 
| Another Example. 
. 164% — 240°x° — 164°5° + 125°x° + ox* B. 44° — 34° — 28° 


A 

D. — 240° — 1600°5° + 120°x° + gat M. 84° 

PE — 164705 + 128°x° « G. 84° — 6x” 
i "a: 


- In this laft operation there is a remainder of — 424, which cannot be di- 
vided by 8a*, as the method requires, which in this cafe cannot take place. 
That is to fay, that the fquare-root of ‘the propofed quantity cannot be actually 
extracted, and therefore we muft make ufe of the radical fign, as above at § 16; 
which expedient mult alfo be applied in other extractions, as the cube-root, the 
biguadratick-root, &c. Thus Waa + 35 reprefents the {quare-root of aa + db; 
and 3/7as—abs will ftand for the cubic root of 445 — 458; and the like for 
other roots. | 


The cube- 26. As to the cube-root, let it be required to extra& the root of the quan- 
root ex- tity 2 + 3a°d + gab5* + 4°, as is written below at A. Extract the cube-root 
tracted. of the firft term a3, which is a, and is written at B. Let the cube of this, 


or 25, be fubtracted from the given quantity A, and let the remainder be” 
written at D. Then take the triple of the fquare of 4, which is 344, and let 

it be wrote at M, by which divide the firft term of the remainder D, and let 

the quotient è be wrote at B. By this multiply the divifor gaa, and the pro- 

duct, together with the triple of the fquare of 4 into 4, and the cube of 4, 

muft be fubtracted from the remainder D. And as nothing remains, e + 6 

will be the root required. 


A. a+ 30° + 305° + 23 B. a+ 
D. 3a°b + 3ab° + 83 M. 34a 


Let it be required to extract the cube-root of the quantity pirla Epa 
i 4gol'z' + 9605z — 640°. 
Extra& 


Lo 
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Extra& the root of the firft term 2°, which is 27, and let it be wrote at B. 
Let the cube of B be fubtra@ed from the propofed quantity A, and let the 
remainder be wrote at D. Take the triple of the fquare of B, and write it 
at M, and by that divide the firft term of the remainder D, and write the 
quotient 242 at B. Then fubtra& the product of 24z into the quantity M, 
and moreover the triple of the fquare of 222 multiplied into zz, with the cube. 

«of 2bz, from the remainder D, and write the remainder at H. Then find the 
. triple of the fquare of B, which write in.G, and by the firlt term divide the 
firft term of the remainder H, and write the quotient — 4464 in B. Then 
multiply this quotient by the quantity G, and the produ&, together with the 
triple of the fquare of — 455 into 22 + 24z, and the cube of — 444 muft | 
be fubtracted from the quantity H, and nothing will remain. Whence the 
cube-root of the quantity propofed will be the whole quantity B, that 1s, 
zz + 252 — 400. nae 


A. 28 + 6625. — 40b%2) + 9682 — 640° B. 2° + 2dz — 46 
D, _ 66525 — gob z? + 96052 — 640° M. 324 7 aa 
| H. — 128°24 — 482523 + 96052 — 640° G. 324 + 12825 4+ 12072” 


Afier the fame manner is extra¢ted the cube-root of the following quantity. 


A. 27)° = 5409 + 1440°y* — 1520893 + 1g2cty* — 9605) + 646° 
RA — 5405 + 1440°y* — 152059 +. 192%)? — 960°y + 640° 
108c°y4 — 14408? + 192647? —— 960 + 646° 
B. 3y° — 20) + 40” | 
Cd: BY" 

G.- 2794 — 360° + 120%” 


27. For the fourth root. Let the quantity propofed be a* + 40° + 6272” The fourth 

| + gab? + 6*, of which we would extract the biquadratick or fourth root. Leet root ex- 

it be wrote at A, and extract the fourth root of the firft term, which is a, and tracted, 

write it at B. Subtract the fourth power of B from the quantity A, and write 

the remainder at D. Then find the quadruple of the cube of 4, and write it 

at M. By this muft be divided the firft term of the quantity D, and the quo- 

tient è mutt be wrote at B. From the quantity D mutt be fubtra&ed the pro- 

du& of the quotient è into the divifor, 445, and moreover the fextuple of the 

fquare of 4 into the fquare of 4, and the product of the quadruple of the cube 

of 4 into the quantity @, and laftly the biquadrate of è. And as there is no 
-yemainder, the root required will be 4 + 2 | cul: 


A. a* + 44° + 6a°b° + gab? + È B.i a 4 Bo 
D. 40° 4 6475? + gab? 4 14 M. 443 


D | 28. As 
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The fifthand 28, As to the fifth root; in order to difcover in what manner the operations 
O proceed, which are to be made in the extraction, it will be fufficient to form 
TACCE Co 
as the fecond, third, and fourth powers of the fame binomial have fupplied us 
with rules for the extraction of the fecond, third, and fourth roots. The like 
obtains in the fixth, feventh, and other roots. 


i beni e, i 


Of Frattions, Simple and Compound. 


Notation of —29. We have feen before, how fractions or broken numbers arife from the 
fraGtionse  divifion of quantities. Therefore a fraction infinuates a divifion that is to be 
made, of the numerator by the denominator. Whence it proceeds, that if the 


and fuch like, 


thofe fra&ions can fignify nothing elfe but unity ; becaufe in fact, if we divide 
a by a, or-aa — bb by aa — bb, the quotient will be unity. And becaufe 
multiplication is an operation contrary to divifion, it is plain, that any integer 
whatever may be reduced to a fraction with what denominator we pleafe, if it 


È 3 a 
| numerator is the fame as the denominator, as or OF Lee 


is multiplied by the quantity which is to be the denominator, and then divided. 


by it again. ‘Thus to reduce the integer a to a fraction with the denominotor 4, 


ae ab : : ‘ 
we muft write et To reduce a — 5 to a fraction with the denominator 4, 


AL d— bd i ; 
we muft write = =—. To reduce 4 + 4 to a fraction whofe denominator 


a+b x c—d of ac + bc — ad — bd 


fhall be € — 4, we muft write ——-—-—— , or —__ 


Reduftion of Fraftions to more fimple Expreffions. 


How frac- 30. When fractions have the fame letter or letters in every term of the nu- 
ai 6 merator and denominator, it will be fufficient to expunge the common letters 
mews in both ; having regard to their powers, as is faid in Divifion, at § 10. Thus 


35% 3 252 53 ‘4 bb 35 am x3b È i ARP 
Di ell BECOME i fo lie ell bela... But 
ac c Gi ab—bb Goud 


abc 

though there are not the fame letters in both the numerator and denominator, 
yet if each of them is multiplied by the fame compound quantity, they. may be 
| 9 divided 


the fifth power of a binomial, fuppofe of a + 6, which will give a rule here; 


È 
i 

i 
bi. 
È 
SI 
Hs 
‘ 
i 
; 
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divided by it again, and confequently the fraction may be reduced. Thus 


aac ~ aad . aa X Led s ° aa aa+2ab\* é 
——— , that is - ber —., ————— 

ea S =>? will be reduced to 90 ey that 1s 
gateoab X b i si 2ab wi su SOR 
sae a 19,51 = 22°., will be reduced to pe La EMAS Rip elas ase miao is : 

xX aa+ 240 Gu CA = 

citi — . : : bass d 

ea ad Wee. will be reduced to = 5 a 


x pone 


Therefore in general, as often as the fraction is fuch, that 1t’s numerator and 
denominator are both divifible by one and the fame quantity, which in this cafe 
is called their common divifor, by actually dividing both, the two quotients will 
give the fraction reduced. But it muft be obferved, that, if that common divifor 
is not the greateft that can be, the fraction indeed will be reduced, but not to 

di | È. ci ina 
the fimpleft expreffion. Thus the fration 2, that is RIA 

| —  aac+ abe AGIO o Wy 
may be divided, both as to it’s numerator and denominatoi, by 4, by 4 + 4, 
and by aa + ad, the greateft of which divifors is aa + 42. And as the fraGion 


fhould be reduced to it’s leaft terms, we muft divide it by aa 4 ab, and the 
quotient or fraction reduced will be ca: . But very often it will be difficult 


to know if there is a common divifor, and what it is; and therefore we fhall 
give a rule to find it, at $ 36. afterwards, At prefent we fhall omit it, that we 
may not too much difcourage young learners, as yet not fufficiently confirmed, 
and fhall proceed to other operations ; making ufe of fraQions that are any 
how reduced to lower and fimpler expreffions. 


Reduétion of Frabtions to a Common Denominatcr. 


x 


31. If two fractions are given, let the numerator of the firft be miluptied Fra@ions 
by the denominator of the fecond, and the numerator of the fecond be multi: reduced to 
plied by the denominator of the firft, and each produét be divided by the pro- 0 


denominator. | 
dud of the two denominators. Thus —— + sn will be DA q a a | 
: 3435 — 2x7? aa + xa aa : ma? + 716% — MA cu nq? 
will be : 36? ° Alfo ORE HOE sine pany will be Tn di -— 3 ‘that 
: 77 : 
PINA — NAA 


operant But here we muff take notice, that as often as the two denomi- 


nators of the fractions have a greateft common divifor, in this cafe the multi- 
D2 plication 
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plication of the numerators into that common divifor is fuperfluous, and alfo 
of thofe common divifors into each other, for forming a new denominator; for 
then it may be neceffary to reduce the fractions to more fimple expreflions. 
Wherefore the faid numerators fhould be multiplied, not by the denominators, 
but by the quotients which will refult by dividing the faid denominators by their 
common divifors : and the denominator will be the produ& of thofe quotients, 


i i pasa 5 ET a3 abb 
and of the faid common divifor. For example, let there be given n 
LX 

4 : : ; ma3x muabb 
Being reduced as ufual to a common denominator, it will be NE ; 


HTN 


23% + nabb 


MODA 


that 1s » Therefore it was needlefs to multiply the numerators 


by m, the common divifor of the denominators, as it was fuperfluous to mul- 
tiply the denominators together. It was fufficient to multiply a? into x, and abé 
into #, to form the numerators, and to multiply m into xz into x, to form the 
common denominator. Thus to reduce to a common denominator the fractions 


a RS" i fi ; x : . 5 
= — wi: it will be enough to multiply — a into 4 + b; and Gey 


b 
peli AA 3 — gab . — 03 — aab . 
be oe a pis a eh Tike’ manher to “reduice“to'a 
a+b} a+) ign : 
> Ù b+ 3 b3 È 
common denominator the fractions ———— EEE ; becaufe c—d is a 
atc — ard cd—dd 


common divifor of both the denominators, it will fuffice to multiply 24 by 4, 
and a? + 2° by 4°, as to the numerators ; and to multiply a” into d into ¢— d, 
: b4d + aS + arb3 


as to the denominator, and therefore it will be ue 
i acd — ad? 


If three fractions are to be reduced to a common denominator, let the two firft 
be reduced, then that which refults from thefe with the third; and fo on fuc- 
ceffively if there are more. So to reduce thefe to a common denominator, 
a i 5 e — , let the two firft be reduced, and we fhall have ada <a 

È È «lp ; ben — bd: i 
this be reduced with the third, and we fhall have VA: TT dei - This may 
alfo be done in refpe& to integers ; for whereas any integer may be confidered 
as a fraction, having unity for it’s denominator, we may proceed after the fame 


3 3x4 — 294 Fi 204 3x4 — 254 4 
manner as before. ‘Thus 244 + nà, that is ee i: will be 
6atx? — 1643x + oot cond 2y4 i 


340 — Bax 


gi Addition 
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Addition and Subtraétion of Fra&ions, 


32. Fra&ions are added by writing them one after another with the fame figns. Fra&iions 
And on the contrary they are fubtraéted by changing the figns of the quantities ogee 
to be fubtracted. And the fame things muft be done, if there are integers with i add 


the fractions. Thus to add = to ney they are wrote at +» Lo.add = 


| wee ee AO. aa xa . . 
dirne PI } fi See dr pre Meee om . W i 
pra Jy IL Male, DE Whole a mene rey 5 hich afterwards (if we pleafe) 


: ; . ; He . aan CHX —— € 
may be reduced to a common denominator, and then it will be I Sl cm ——. 


"vid ada aab+ ù ah? 


at 207b? + 14 ° za-bb? at—2a*+h+ * ga—bb? 
- if we would further reduce to a common denominator, we may obferve, that 
the denominator of the firft is the fquare of aa — 22 ; therefore the two deno- 
minators have a greateft common divifor 24 — 84, by which being divided, the 
quotients will be 42 — 2% in the firft, and unity in the fecond. Wherefore it 
will be enough to multiply the numerator of the fecond fraction by aa — 88, 
and to divide the whole by at — 24727 + 84, and the fum required will be 


a ee the fum will be which 


24 45b ee 2h4 . 455 bb e ° a 
oe ee ae 5 that ist Ta fibiradi = from 2, it will be wrote 
a+ — 2aabb + b4 aa — bb) | c 6 
rT bb - a ° DI i 4 
pine .. To fubtra& 2 — from 22, it will be wrote 4-—24 2, 
; m MEZZI ° R—N mn 


which being reduced to a common denominator, if we think fit, will be 
a3 + 53 . 


yy — amm + amn + max — nade 54 
NE reae meme mage Tae or oe To fubtra& i from cai mutt 
az + 53 i b4 ; 3 


be wrote d to reduce it to a common denominator, 


| 2cd—2dd a joe Ras a 
we muft multiply a3 + 43 by 2aa, and — &* by 4, and the whole muft b 
205 + 2aab3 — b4d ; 


divided by qaacà ni 40044 ; then it will be ~ qaacd — qaadd . 


r———__——_eT—_——_tt,pT__14@+__——<7v <<“ onenu<uue<(m10909‘010@0 


Multiplication of Fractions. 


33: The numerators muft be multiplied into one another, and alfo the deno- Fra&ions 
minators, and the new fraction will be the product of the fractions to be mul- how multi- 
: plied. 


abce Berd 
» which is 


bd 


tiplied. Thus to multiply into 2 the produ& will be 
reduced 


Fra&ilons 


the produ& will be aa + 25. If aa — 2b is to be multiplied into 


2% ANALYTICAL INSTITUTIONS. BOOK 1. 


acc ree si 
reduced to —.. To multiply Fi into” 


— bb : : ; 
BREA at) will be wrote thes, 


6435 — 2053 
sbce + See 


fidering an integer as a fraction, the denominator of which is unity. Thus to 


. The fame muft be done if there are integers with them, by con- 


“a io — 6 
multiply. 24, or Se. tito Sees! the product will be seston a Ne 
: 3 3% 


aa + bb 


Let it be required to multiply 5 


“into a — d. In this and the like 


cafes, becaufe the quantity which ought to multiply is the fame as the denomi- 
nator of the fraction, it will be fufficient to expunge the denominator, and then 
aa — ab 

: | VA E 
may be obferved, that aa — bd is the fame as 7g +3 x @—3, and therefore 
fince it would be required to multiply 44 — ad into 2 + è into 4 — 4, and 
afterwards to divide by 4 + 2; and becaufe 4 + 4 would be a common divifor 
both of the numerator and the denominator which would thence arife ; the mul- 
tiplication and divifion by the fame a@ + 2 may be omitted, and it would be 


it 


fufficient to multiply the numerator by 4 — db, and the product will be 


3 ih £ i 
a? — 2aab 4- abb. Thus the product of alan is into will be x x 
XX = yy aa —bb KA JJ 


Divifion of Fraétions. 


34. The Divifion of Fractions is performed by multiplying crofs-wife, that 


how divided. js, by multiplying the numerator of the dividend by the denominator of the 


divifor, which product muft be the numerator of the fraction which 1s to be the 
quotient : and then multiplying the denominator of the dividend into the nu- 
merator of the divifor, which product will be the denominator of the quotient. 
This quotient, if there is occafion, muft afterwards be reduced to the moft 


fimple expreflion. Let it be required to divide È by =; the quotient will 


ra b b//3 a” e - 4 b ox tà) È 
be Divide ~~ by =; the quotient will be ——, or ——; which 
y q 
CI € — CIR CIR 


13 
is all one by § 13. Let it be required to divide TT = by SoSH: still 


ase = b3c 
Pe a+ bs 


It 
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. It is eafy to perceive, that if the two fractions, the dividend and divifor, fhall 
have the fame denominator, it would be needlefs to multiply them crofs-wife, 


C 


i da wo 
As if we were to divide a by s in this cafe it would be enough to 


damn 


cm — dm 


divide aa by c — d. For by multiplying crofs-wife it would be , and 


. . va di i . Te : — gah 
then reducing it to it’s leaft terms, it would be —— Thus dividing == 


3 
c—d- cmd 


aa + 2ab + 35 as—abb a 
by ——_ ri but by reduction, be- 
caufe the numerator is 4 X a+6 X a@—4, and the denominator is 2 + è X a+4; 


sia 44 — ab 
it will become ea After the fame manner we muft proceed when we are 


‘è the quotient would be 


to divide an integer by a fraction, or a fraction by an integer; confidering an 


integer as a fraction whofe denominator is unity. Thus dividing the quantity 
a — X ag — 2ry o a Cai 
ad ees 08 by STRO othe quotient will be ee Rod: to 
| I BA OA 2yy = 3a) 


of others. 


ExtraBtion of the Roots of Fraétions, 


35. The root of a fraction is extracted by extracting the root of the nume- Roots of 


rator, and then of the denominator, and the new fraction arifing fhall be the alae how 
| extracted, 


root of the fragtion propofed. So the fquare-root of ae will be a The 
aa — bb 
a+2b 


at — 2aabb + b+ 
aa + 4ab + 466 


640% — 16004. Pi —_1600x + 64wx ; will be bcd Namal The fame 


> that is of . 
25 25 5 


is to be underftood of the cube-root, the biquadratick-root, and all others, 


fquare-root of will be - The fquare-root of 4aa + ni 


But now if the root cannot be extracted out of both the numerator and 
denominator, yet poflibly it may be extracted out of one of the two. Let it. 
be extracted out of which of the two it can, and before the other let the radical: 


a ; aa , . 

fign be placed. Thus the cube-root of np will be a dgr cube- 
aun 13. af DAL — xs . ia 

root of men will be re +. And if the root cannot be extracted 


neither 


Greatelt 
common 
divifor how 
found, 
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neither out of the numerator nor° denominator, then the whole fraction muft 


4—at 
be included under the radical fign. Thus the fquare-root of — a will 
i È Pu Cx 
x4 — at 
be Vaia Di 


7 


Of the greateft Common Divifor of Two Quantities, or Formulas. 


36. By a Formula I mean any analytical expreffion whatever, whether com. 
plicate or not, the letters of which reprefenting indeterminate squnnunies, may 
be what we pleafe ; provided that whatever may be faid of that formula is to 
be underftood as faid of any other, compounded of other letters, but fimilar to 


the firft. 


To obtain the greateft common divifor of two quantities or formulas ; in the 
firt place it muft be obferved, that if every term of both is multiplied into the 
fame quantity or number, in this cafe they muft be divided by that quantity. 
Then each of the formulas muft be fet in order according to any letter at 
pleafure ; that is, that muft be made the firtt term, in which that letter arifes to 
the moft dimenfions, and then the others in order. Let the two givén for- 
mulas be 184334 — 82% — 3abx? — 8a°bx* + bx*, and 64° + dx} — abx* 
— 8a°bx ; which becaufe they are divifible by the letter 4, let them be fo di- 
vided, and then fet in order (if you pleafe) according to the letter x. They 
will be thus, «* — 3ax? — 8a’? + 1845 — 8a*, and «3 — ax* — 8a°x + 63. 
This being done, the firft term, or that wherein the letter is of moft dimenfions 
by which the terms are fet in order, muft be divided by the like term in the 
fecond, namely «* divided by x° will give x in the quotient. Then the produ& 
of this quotient into the divifor muft de fubtra¢ted from the dividend, and we 
{hall have the firft remainder — 2443 + 12405 — 82%, which mutt Le reduced 
to the moft fimple expreffion, (as ought always to be done,) by dividing by 
— 2a; then the remainder will be «3 — 64°x + 40°. And becaufe the di- 
menfion of x in this remainder is the fame as in the divifor, by the faid divifor 
this remainder muft be diviced ; from whence in like manner muft be fubtracted © 
ube produét of the quotient into the divifor, and we fhall have a fecond re» — 
mainder ax* + 24°%x — 24°, or dividing by 4 it will be x* + 2ax — 24° 
Now becatife in this remainder the dimenfion of w 1s lefs than in the divifor, 
the order muft be inverted, and this remainder muft be made the apes: and 
the firft divifor the dividend. And making the divifion, the product of the 
quotient into the fecond divifor mufl be | fubtra&ed from the fecond dividend, 
that is from x3 — ax? — 8a°x + 64°, and the remainder will be — 3ax? 
— 6a°x + 63, which dividing by — 34 is x* + 24x — 2°. Now whereas 
this laft remainder is the fame as the divifor, it will be the greateft common 

i divifor 


Ait Sate O RARE SR de ; wi 
SISI PRIA Bed aa ee at = y 
E ee ae ene ja : h S 
SIRENA CRA 


LI 
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divifor of the two formulas 24 — g4x* — 84?%x* + 18a?v — 84%, and x3 — ax? 
— 84°%x + 64%; which being multiplied into 6, or da* + 240x — 227d, will 
be the greateft common divifor of the two formulas at firft propofed. 


Let the two formulas be «* — 40% + 112°x* — 204% + 120% and 

x* — 30% + 1243x* — 164°x + 2444, being ordered according to the letter x. 

And as this is of the fame dimenfions in both, we are at liberty to take which 

of them we pleafe for the divifor. Let the firft therefore be divided by the 

fecond, and fubtracting the product of the quotient into the divifor from the 

dividend, the firft remainder will be — ax? — a@?x* — 408% — 12a*, which 

being Avia by — 4 is 4° + ax? + 4a’ + 1243. Here inverting the 

order, let this remainder be taken for the divifor, and the firt divifor for the 

-dividend. Then making the divifion, and fubtracting the produ& of the 
quotient into this fecond divifor from the fecond dividend, the fecond remainder 

will be — 4ax3 + 82%x® — 284?x + 2444, which being divided by — 4a will 

be «3 — 2ax* + 7a*x — da’. By the fame fecond divifor let the divifion a 

this fecond remainder be continued, and making the fubtra&ion as ufual, w 

fhall have a third remainder — 34%x + 3a’ — 1843, or dividing by — uw 

it will be «* — ax + 6a*. Let the order be again inverted, and let the fecond 
divifor be divided by this third remainder #3 + av? + 40°x + 1245, and 

making the fubtraction as ufual, the remainder will be found to be 20x* — 24?» 

+ 124; or dividing by 22, it will be xx — ax + 624, the fame quantity as 

that which was a divifor before, and which is therefore SE Hi common 

divifor of the two propofed quantities. 


Let the two formulas be /* — aaff — 820ff + aabb, Die fi — aff — 2abf 
+ 24a°b, which are ordered according to the letter f. Let che Art be divided — 
by the fecond, and the product of the quotient into the divifor being fubtrafted 
from the Bitch will give the firft remainder af? — a*f? + 2abff — biff 
—— 20°bf 4 a7b*, And if we go on to divide by the fame divifor, and the 
product of the divifor into the quotient being fubtra&ed from the dividend, 
we fhall have a fecond remainder 2abff — è debe 2436 + a°b*, or dividing 
by 5 it will be 2aff — bff — 24° + a°5. Then invert the order, and divide 
the firft divifor by this fecond remainder, and taking the product of the quotient 

if 
24 


into the faid remainder, which has now ferved as a divifor, and then 


— db 
making the fubtraction, we fhall have a third remainder — aff + a*f — 2abf 
+ 2a°è, or dividing by — 2, itis ff — af + 24f — 2ab. The divifion is to 


be continued in the fame order, and the produ& of the quotient — 


7 into the 


divifor 2aff — bff + a°5 — 2a? being fubtraéted, we fhall have a fourth re- 
mainder — af + 2Of em 246 + a’, by which, inverting the order, the third 


de i ; 
spy mio the di- 


SB | vifor 


remainder muft be divided, and the produ& of the quotient 
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vifor being fubtraéted, we (hall have a fifth remainder 24f — 2ab, or dividing 
by 24, it isf —. Now if this is divided by the fourth remainder — af 
I 


into the divifor is 
2 bed 


+ 2bf — 2ab + a*, and the product of the quotient 


fubtra&ed, nothing will remain. Whence if by the denominator of the lat 
quotient, it being a fra&ion, the lalt divifor — af + 24f — 245 + a® fhall be 
divided, the quotient will be f— 4, the greateft divifor of the two quantities 
propofed. But becaufe it was at pleafure whether we chofe for a divifor that 
which was made the dividend, or vice ver/fé; that is, we might have divided 
— af + 2bf —24ab + aa by f — 4; let the divifion be actually made, and 
the quotient will be 24 — @ without a remainder; and therefore f — @ 
will be the greateft common divifor, as found above by means of the other 
divifion. 


Wherefore two formulas may have a greateft common divifor, though being 
ordered according to forme certain letter, 1t cannot be found in this manner; 
in which cafe it muft be fet in order again, according to fome other of it’s 
letters. Now if this be tried by fetting it in order according to any other 
letter, and if it will not then fucceed, the quantities propofed will have no 
greateft common divifor. ‘Thus it would not be found in the laft example, by 
fetting them in order according to the letter 6; which however is found by 
ordering them according to the letter f. 

: st — 7043 — Barx? + 18437 — Bat, . . È ‘sen 

Now the fraction gis os gx rar sg being given, if we divide the 
numerator and denominator by x° + 24x — 22°, we fhall have the fraction 
x — Sax + 40° | 

x — 3600 
i at — 40%3 + 110%x®% — 2003x + 1244 
Alfo the fraction ges ae Ge aaa? ? 


4 x% — 30% + 20% 
+ 60°, will become Ti PA 


by dividing by 47 — ex 


And the fraction tan , by dividing by f — a, will become 
pe + af — bf — ale : | 
fr 206 i 


Thus thefe fractions are reduced to more fimple expreflions, as is faid above 
at § 30. : 


ld 


Reduction 


i 
a 
È 

Y. 


ae 
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Reduétion of Irrational Quantities to more fimple Expreffions. 


37. It has been obferved already, how irrational quantities arife, which are Surds re. 


otherwife called Surds, or Radicals. For when the root required cannot be duced how, 


actually extracted, then we have recourfe to a radical vinculum, which infinuates 
it. But it often happens that the quantity under the vinculum is the product of 
two factors, one of which is a true power of the fame name as the root required. 
As if it were Vaabe, or Vb — ax; the firft of which is the produé& of aa into 
dc, and the other is the produét of aa into dè — x. Thus alfo Yer — ay is 
the cube-root of the product of 43 into x — y. In this cafe the root may be 
extracted out of fuch of the factors as will admit it, and wrote without the 
radical fign, and the other factor may remain under the fign. And this is called 
extracting the root in part, or reducing the radical to a more fimple expreffion. 
Thus /aabe will be reduced to 2V be. And Waab — aax will be the fame as 
avi= x; Vax — ay Will be reduced to 247 —y; and fo of others. In like 
manner, becaufe / 48aaée is the root of the produ of 1624 into 3d¢, it will 
ab — 409° + 4ab3 


be reduced to 444 32c. Thus, becaufe Ani verga venia is the root of the 
— 4ab bb . — 4ab bs — i 
produ& of al tal into ab, and the root of eee is = ; ss 


5 4 li oom DA Zin2y2 nem 
the root reduced will be * : — ab. Thus the root / a... when re- 


duced, will be rada + amp. And the root #3a%p16a' will be 2047 77. 


Thus 4/25 — 3a°6 + 3ab® — 33, which is the root of the product of aa — 2ab + 28 
into a — 4, will be reduced to a — è x Va — 5. But very often it cannot be . 
known by infpection only, what are the factors from whence the propofed radical‘ 
proceeds. In which cafe we muft have recourfe to the method of finding all 
the divifors, which I fhall give in it’s proper place ; and if among thefe fhall be 
one, which is exactly a power with the fame exponent as the radical indicates; 
the propofed quantity may then be reduced in the manner now explained. 


Redubtion of Radicals to the fame Denominatien. 


38. Thofe are called radicals of a different denomination which have: a dif- Radicals how 

ferent index or exponent, To reduce them therefore to radicals of the fame reduced to 
the fame dea - 

nomination, 


index, we mutt proceed thus. If the index of one of the radicals is an aliquot 
part of the index of the other, the greater index muft be divided by the leffer, 
ar | | ly 2 | and 
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da 


Surds how 
added or 
fubtracted. 


and the quotient fhows that power, to which the quantities muft be raifed which 
are under the radical of the leffer index, and to which muft be prefixed the 
radical of the greater index. Let it be propofed to reduce to the fame index 
the quantities v7 Vax and Va; or which is the fame, &/x and 2/2, Becaufe 
4 divided by 2 gives 2 for the quotient, therefore the quantity:a of the leffer 
index mutt be raifed to it’s fquare, which is 44, and it will be ./aa, and there- 
fore is reduced to the fame index or PERO as ax, ‘Thus x/ 3353 + abs 
and fad will make </ 235 + abs and wa#83. But if one of the exponents is 
not an aliquot part of the other, the leaft number muft be found which is di- 
vifible without a fraGion by each of the exponents of the given radicals, and 
this will be the index of the common radical. Then the quantities muft be 
raifed to the next inferior degree of the number, by which the exponents are 


increafed of the refpe@ive radicals, and then to the powers fo raifed let the 


common radical now found be prefixed. Let the two quantities </ 27 and ¥aaq 
be given, to be reduced to a common radical. ‘The leaft number divifible by 
2 and by 3 will be 6, and therefore </ will be the common radical, Now, 
becaufe the index of the fquare-root is in this cafe increafed by 4, and that of 
the cube-root by 3; therefore the firft will become {/a3g3, and the fecond will 
be w/ agg. If the radicals to be reduced are more than two, any two are to be 
reduced firft, then the third, and fo on fucceflively. 


The manner of reducing rationals to any radical, is plain of itfelf, without 


the affiftance of rules; by raifing the rational to any power of the fame name 


or index of the radical given, and then prefixing to it the fame radical, 


Addition and Subtraftion of Radical Quantities. 


39. To add them together, the radical quantities are wrote one after another 
with their proper figns. And to fubtra& them, the figns of thofe to be fub- 


tracted are to be changed, as is done in other quantities. Thus to add 544 de 


to 204/ bx to — OW 2); they muft be wrote thus, 544 dc + 2bV bn — cWN2y. 
To add 5aW abto gx ab to yW bx, they muft be wrote thus, 5x4 ab + 3xV ab 
+ yw bx ; and then reducing like terms, which ought always to be done, they 
will become 8x4 45 + 3W2x. To add a — è to V aa = xx) it muft be wrote 
a—b+ Naa — xx. And the fame is to be done in fubtraciion, having regard 
to the figns. 


Multi» 


% 


to 
+ 
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Multiplication of Irrational Quantitiese 


40, To multiply rational quantities by furds or radicals, the rational is wrote Surds how 
together with the radical, without any fign between, only prefixing to the pro- multiplied. 
_ duct fuch fign, whether pofitive or negative, as fhall be required by the common 
rules of multiplication ; and this is to be underftood always to be done. There- 
fore the product of 2 into 32 = xx WHI be 44/27 ave Lhe product of ad 
into — #28 will be — ab ab. And if the rational quantities or radicals {hall 
confift of feveral terms, or if they are complicate; every term of one muft be 
multiplied into every term of the other. Wherefore the product of aa — xx 
into Ww — yy will be za ae/xw — yy Where it is underftood, that all thofe 
terms are multiplied into the radical, which are under the vinculum. 


41, To multiply radicals among themfelves, fuppofing them to be of the surds multi- 
fame denomination, or reduced to fuch, the quantities muft be multiplied into pliedbyfurde. 
each other which are under the radical figns, and to the product muft be put 
the fame radical vinculum, with fuch a fign, either pofitive or negative, as the 
common rule requires. ‘Thus to multiply “dc into “my, the product will be 


Vbexy. To multiply VE into === “ia «e, the product will be 


at — x4 


e 
de 


42. Moreover, if the radicals fhall have rational co-efficients, whether nu- when they | 
meral or literal, thofe co-efficients muft be multiplied together, and alfo thehave rational 
radicals together, and the product of the co-efficients muft be put before the ©°-etlicients. 
radical, without any fign between. Thus e@/dbc into 44dxx will be aa¥b3cx*, - 


° 1 . EE i Nana è È PRETE . i 
which reduced is aabWcxxw. So 26 — Via x into N aa + sx will be 


yen ea ae b 
20N aa + xx _ — Vat = at. 


43. According to this rule, to multiply mab into nv ad, the product would Sometimes 
be mu aabb, But aabbis a {quare whofe root is 45, and therefore the product may become. 


will be mad. So that, to multiply two like quadratick radicals into each other, 06 
it will fuffice to take away the radical vinculum, and the quantities which were 
under it, multiplied into the produ& of the co-efficients, will be the total 
4 pe 2b O70 HSE TA AIAR nei 007 25 n 
product. Thus er AZ ae — «x Into — a V ax XX will be — a XK ax xx» | - 
ha . 2 2bexx ys fs : 4 
that 1s, — mi + vani But here it muft be obferved, that if the radicals 
i having. 
ra di 
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having no co-efficients, or unity only, are affected by the fame fign, pofitive or 
negative, the vincu/um being taken away, the quantities muft be left with the 
fign they have. And if the radicals have contrary figns, all the figns of the 


. = da — HH . da —— XX 
quantity muft be changed. For example, y —— into /———,, or elle 


ome XX è pe AA HN . AL na HH AL — KA : 
peu A fr nto ITS Na TMA be ei Alto vo into 
x : i “we 


— x i — aa + x dA XX . : 
di cp — . The reafon of which is, be- 
i Re ag + È ewe 


caufe VETTE wat and! to of any other,) is always underftood to have 


AG e HX 


+ 1 for it’s co-efficient, and — Vv to have — 1. Therefore the 


XI 


| dA — 
product ought to be 1 x ra 


QU — XX 


in che firft cafe, and — 1 x È in the 


° fecond. Here are other examples of thefe multiplications. 
/ ab + N za — we into NV ab + Waa — xx Makes the produ& ab +- V755=abxi 
+ a4 — KK + V 135 — abx?, OF ab 4 a — x° + 2/ arb — aba*. 


* 


Pee ae ge grape | 
be om eta into x + EE 2 makes the produc 


AIA a ee N 40% + Pes N 404 + yt am 9% : 
ef ae it gf Ae shat, is, 
| /4at + 9° 
#19 a a 


2 
Y—t9 — Vigq=a5pp into 4 — 3q — VW igg — yp makes the produc 
Yigg + qV tag =aipp + 191 — #7DP, that is, digg — LPP + 9 V faq = ah pp 


=z 

| Rational co- 44. Becaufe aWax, 2-5 X Wax — xx, and fuch others, are the products 

ee how of a rational quantity into a radical, and we already know how to reduce any 

ae Os rational to any radical we pleafe ; we can always make the rational multiplier to 

vinculum,  pafs under the vanewlum without any alteration of the quantity. Thus a/777 
will be the fame as W 43 —atx3 a — è X ay will become W atxy—zalay tony ; 
Ax9 mn Will be © main? — naix; and fo of any others. | 


Different 45. If the radicals to be multiplied are not of the fame name, they may be 
SA reduced to fuch, and then the multiplication may be made as before. But very 
) often it will be more commodious to infinuate it only, without aCtually per- 
forming it, and this by writing one radical after another, without any fign inter- 

pofed, except the mark of multiplication. Thus Za — as X I xy will denote 

the product of thefe two radicals, 7 : i 


Divifion 


4 
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Divifion of Radical Quantities. 


ase 


46. In every term of the dividend and of the divifor, if the fame radical is How furds 
found, omitting this, the rational quantities are to be divided as ufual, and are to be 
what refulrs will be the quotient. Thus to divide 544/73 by 34.43, the quo- divided. 


tient will be = To divide 67a 4a by 2/7 FA, or 64V 2 4.8 by 


2b a + 6, the quotient will be == + To divide aa’/ ca + xx — 20%4/ ga pon 


+n Sa 4 a by 24/74 + ax — Aaa + xx, Omitting the radical, and di. 
viding aa — 24% + xx by a — &, the quotient will be 2 — x, To divide ~ 
aa + bb by aa + 85, becaule the dividend is 224 3 X Aaa + db, che 
quotient will be \/aa + db. | | 


47. But when the radicals are not the fame, though they have the fame when the 
exponent of the root; let the quantities under the vinculum ba divided by the index is the 
rational quantities in the ufual manner, and to the quotient prefix the common aes a the 
vinculum. ‘Thus to divide #435 — ais by Waa — 5, dividing a3 — 485 by SESIA 
a’ — d° there arifes a4, and therefore the quotient required is 445, 


48. And if the exponents of the roots are different, they may be reduced when the 
to the fame, and then the operation will be as before. Thus to divide index allo is 
/ a + 2035 — 2a: — © by a + b, the fquare of a + 5 mult be found, and different. 
put under the vinculum, which will -be then Waa + 2ab + sb. Then by the 
quantity under this virc4lum the other quantity muft be divided, and the refult 
will be aa — 26. Therefore the quotient required will be Waa — bs. 


By combining thefe rules with thofe of common divifion, quantities {till more 
complicate may be divided. Thus to divide 254 — ab*c — a°8V be + dev be 
by a — V6c, it may be performed as is ufual in divifion. 


“Pividedd. at —< abe = gi he bedii 
Rem. — abc — be be Quotient @°3 = 2° 


Thus dividing 45 — abe + a°4/ dc — bel be by a — be, the quotient 


will be 42 + bc + 2445. And when the divifion will not fucceed, the 
quantities muft be wrote in form of a fraction. si; 


Extraftion 


"The {quare- 
root of furds 
extracted, 
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Extraaion ef the Square-Root of Radical Quantities. 


49. When quantities any how compounded of rationals and radicals are 
quadratick radicals, the rule for extracting the fquare-root will be this. Taking 
fuch a part of the quantity propofed as is greater than the remaining part, from 
the fquare of this greater part let the fquare of the lefler part be fubtracted, and 
to the greater part let the fquare-root of the remainder be added, and likewife 
be fubtra&ed from it. The fquare-root of the half of this fum, and of the 
half of this difference, being taken together, and taking the fame fign to this 
fecond as belongs to the minor part, will make the fquare-root of the propofed 
quantity. Thus let us extra& the fquare-root oi the quantity 3 + y3; fub». 
trading the fquare of 1/8 from the fquare of 3, there will remain 1, the root 
of which is allo 1. Adding this therefore to the greater part, or 3, they will 
make 4, and fubtracting it from the fame, it will make 2; now the fquare-root 
of the half of 4 is 2, and the fquare-root of the half of 2 is 1; therefore 
2+ 1 will be the root required. 


If we would have the fquare-root of 6 + 78 — 712 — 24; from the 
fquare of 6 + 8 fubtraGing the fquare of — /12 — 24, there remains 8, 
the root of which 4/8 being added to 6 + 78, the greater part, will make 
6 +- 2/8, and fubtracted from the fame greater part will make 6. Therefore 
6 + 2/8 


—— a that 1s, 3 + 4/8, and the 


the firft part of the root required will be / 


fecond part will be — ve, that is — 4/3, (for the leffer part of the pro-. 


pofed quantity was affected by the negative fign ;) whence ¥3+,/8 — 73 will 
be the root required. But by the laft example it may be feen, that y/3+ 8 
is the fame as 1 + y/2; therefore, laftly, the root of the quantity propofed will 
be i + ¥2 — 3. | 


Let us extract the fquare-root of aa + 2x4 4a — ax. Taking from the 
fquare of aa the fquare of 2 aa — xx, there will remain a* — 4aaxx + 444, 
the root of which is 42 — 2xv. This added to the greater part aa, and taking 
the half of it, will make aa — xx: and fubtra&ed trom the fame, and taking 
half the difference, will make xx. Therefore the root required is Waa — ax + #. 


Let us extract the fquare root of the quantity aa + 5ax — 20V ax + 4xx- 
From the fquare of aa + sax, the greater part, fubtra&Qing the fquare of 
— 24faxe+44xx, there will remain 44 + 64° + ga’x’, the root of which is 
aa + 3ax. This added to the greater part, and taking it’s half, it will be 
ga + sex; and fubtra&ing and taking the half, it will be ax. Therefore the 
root required will be Waa + qa — Yan. o 

To 


sa oe see 


pia 


Ade. 


Bz 
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To extract the fquare-root of this quantity a/e + df/be + 2448cd. From’ 


the fquare of ay/de + dYbe fubtracting the fquare of 2Yabed, there remains 
agbhe +— 2abcd + bed, the root of which is a/4¢ — d¥bc3 which being added 


| to the major part, and fubtracted from the fame, and taking half of the fum 


and difference, the half of the fum will be a/c, and half of the difference 
d\/bc. Therefore the root required is Wav6 + 77/00, that is, //aabe + 


&vbcdd, or $/ aabe + x bedd. fhe root cannot be extracted, the quantity 


muf be put under a radical winculum, as ufual. 


The Calculation of Powers. 


- go. There is nothing now to be obferved concerning the Addition or Sub. 
tration of Powers; they are to be written one after another with their proper 
figns in the firft cafe, and in the fecond by changing the figns of the quantities 
to be fubtracted. But as to the other operations which belong to their ex- 
ponents, it may be firft obferved, that, taking unity for the firft term, and any 
quantity whatever, as a, for the fecond, and then fucceflively the other powers 
of the fame quantity 4 in order, it is plain we fhall form an increafing geome. 
trical progreflion, 1, 4, a*, @*, a*, &c.; and that the exponents of this pro- 


Powers how 
calculated 
when the 
exponents 
are integers. 


greffion will form an arithmetical progreffion increafing, which will be 0, 1, 2, 


3, 4,5, &c. The firft term of this iso, becaufe unity being the firit term in 
the geometrical progreffion, in this the quantity 4 is raifed to no power; for 
i 2. — = a°, Wherefore, multiplying either —, or a°, by a, which does 


not deftroy the equality, the product will be a = cae which are magnitudes 


_ plainly identical. And befides, if we continue the fame geometrical progreffion 


: . . ‘ne 2 dol 1 I È . po) 
below unity, it will be 1, FM a &c. And likewife, conti- 


nuing the arithmetical progreffion of the exponents, they will become 0, — 1, 


— 2, = 3, — 4, &c. And therefore the exponents of fuch powers will be 


i dI . —1 —2 — 
a ora. &c. will be the fame asa 14 44 3, 


negative. So that na 
PONE: a 


&c. And in general, —- will be the fame as a; that is to fay, we may 
; | 


always make a power to pafs into the numerator of a fraction out of the deno- 
minator, and vice veri, only by changing the fign of the index. 


si. Moreover, if we fhould defire to introduce new intermediate terms into When they | 
the geometrical progreffion, the exponents of thefe would alfo be intermediate are fraGions. 
9 terms 
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terms in the arithmetical progreffion, analogous to the former. So, becaufe 
YW ais a geometrical mean between unity and 4, the exponent of this ought to 


be an arithmetical mean between o and unity, and therefore muft be —; fo 


that a? will be the fame as 4/4. If two mean proportionals are interpofed 
between 1 and a, of which the firft will be “a, and the fecond #aa, there mutt 


o i : I 2 + 
be two arithmetical means between o and 1, which are a and ——*; fo. that.¢ 


will be the fame as Yz, and a? will be the fame as Waa. If three mean propor- 
tionals are introduced, they will be x/@ the firft, 4/42 the fecond, and </aaa 


the third, and their exponents will be Wi o — : set therefore ¢/a will be the 


: 1 | 2 x | 3 
fame as a*, and x/ 44 the fame as a*, or a”, and x/a* will be the fame as d*. 
And thus we may proceed to as many mean proportionals as we pleafe ; fo that, 


n 


in general, it will be n/a”, the fame as a”. 
The fame things obtain in refpe& of the progreflion produced by defcending 


} A I San Ù n I 
below unity. Thus, as Ta is 4 mean proportional between unity and ai 


: —I. ° ; ì a 
between unity and @ ', fo it’s index fhould be an arithmetical mean between 


; I ; — L 
o and — 1, that is — —; therefore — will be the fame as @ *, or 


/ a 


Thus likewife — and —— and a~* will be the famiei ind Da ci, a7 


Na” ak aa” aî 


I © 


n 


n n 


—, anda ” will be the 


| will be the fame. And fo, in general, — ai 
fame. 2 


And what has been faid concerning integral or fractional powers of fimple 
quantities, 1s to be underftood alfo of compound quantities. Thus, for ex= 


is the fame as aa vw OE degree \” will be the fame 


ample, = 
aa+ bb) 


n 


—a 


as aa+-00)”; and the like of others. 


Powers how 52. From the nature of the two foregoing progreffions, the geometrical and 
multiplied or arithmetical, we obtain a method for the multiplication or divifion of any two 
one powers of the fame quantity, whatever they may be; and that is, by adding 
the exponents together when the powers are to be multiplied, and by fubtra&- 

| ng 
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ing the exponent of the divifor from that of the dividend, when the powers are 
to be divided. For, as to multiplication, as the produ& is the fourth propor- 
tional from unity and the two factors, thefe four terms will be in a geometrical 
proportion, and their exponents in an arithmetical progreffion. Therefore the 
exponent of the fourth, that js of the product, muft be greater than the ex 
ponent of the third, by as much as the exponent of the fecond is greater than 
the exponent of the firft. But the exponent of the fecond is greater than the 
- exponent of the firft, which is o, by it’s whole quantity ; therefore the exponent 
of the fourth ought to be greater than the exponent of the third by the whole 
exponent of the fecond ; that is, it ought to be equal to the fum of the ex- 
_ ponents of the fecond and third. As to divifion, it has the fame proportion as 
multiplication, but only inverted. It’s firft term is the dividend, it’s fecond the - 
divifor, the third the quotient, and the fourth is unity. Therefore as much as 
the exponent of the dividend is greater than the exponent of the divifor, fo 
much the exponent of the quotient ought to be greater than o. Therefore it 
ought to be exa&ly the difference of the exponents of the dividend and the divifor. 


So that to multiply 44 by 4, or a* by at, the produét will be 4° ** 


3+2 


Or 95....L0o 
l . ner = Z 
, or a. To multiply a° into 4°, 


i ke 
TF that 


multiply a? into a’, the product is @ 


é 


Pc ae, xi) as 
the product 1s 4 7, ora. To multiply 4° into a’, the product is a4 
nw ts es as ii L TORE ea RO CASSA È 
is a°. To multiply a? into 4°, the produ& is 27375, that is 2~**. To 
rigido giant dk fee pa 
multiply a” int “, the produ&i 1 = 
ply 4 nto 4... , the product is 4 pali a. 


And fo to divide a? by a’, the quotient will be at, or a’. To divide a§ 


Dede ve 5 the quotient will be ait? ora’. To divide-a? by a’, the quotient 


; . ge 
» the quotient will. be a? "*, or 


E 
CI 


L 3 2 
i Z— 3. ha peri 
will: be 4° .*,.0r.4%; To divide. a*;by 4 


2 Pete Fa - DIVA 
7 ag eg CORE | near | 
a’. To divide a by 4 , the quotient will be a ~ , that is, 
Lat Far i 
VD OF 


mi 

53. And becaufe in the progreffion before confidered, taking any term powers may 
whatever, the fame term with a double exponent will be the fquare of the term be raifed, or 
fo taken ; and a term with a treble exponent will be the cube of the affumed roots extra&= 
term; and a term with a quadruple exponent will be the fourth power; and‘? re 
fo on. Anda term with half the exponent will be the fquare-rdot of ‘the term” 
aflumed ; aterm with a-thitd: part, acfourth part;.8c, will be the cube-root; the 
fourth root, &c. of the term affumed. It follows therefore that, to reduce':one 

| Fa power 


Extended to 
compound 
quantities. 


Simple di- 
vifors how 
found; as 
alfo com- 
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power to another, it will be fufficient to multiply the exponent of the given 
power by the exponent of that power to which we would raife it : and to extract 
any root, it will be enough to divide it’s index by the index of the given root. 


X3 


: ; ; y 2 : ” | 
Thus to raife 2° to it’s cube, it will be 4°, or 2°, To raife a* to the cube, 


eat oe sc. ot ‘rte. lay 

it will be a®**, ora*. To raife a * to the fifth power, it will be 2 *”9, or 

) | +2 aie 
in : 2 Pa 3 r : . mt 

a *. To raife 4 to the power whofe index is + —, it will be a i 


1 \ : 5 
Thus to extract the fquare-root of 45, it will be 4%. To extract the cube-root 


3 + dat 
IL DI ee Pa 2 - s GI 
of a*. it will be 4°. To extract the root r of 4 it will be 2 
3 >] 


= |> 


“ur 


3 oc. 


54. What I have here faid concerning the powers or roots of one and the fame 


fimple quantity, may be underftood in like manner concerning the powers or 


roots of any compound quantities, as is evident. And by this method the 
calculus of fractions and radicals will be much facilitated. 


-_ 


Of Linear or Simple Divifors of any Formula whatever. 


55» Any quantity or formula whatever, whether complicate or not, is faid to 
be prime or fimple, when it 1s not exactly divifible by any other quantity, except 
itfelf or unity. And it is called compound when it is exactly divifible by fome 
other quantity. Thus, for example, 4 + 2, aa + xx, #3 — aax + aab, and 
fuch others, will be prime or fimple. But 48 is compound, becaufe divifible by 


“a or b So aa — xx is compound, becaufe divifible by 2 + x orzt—% 


And fo of others. 


Two or more formulas are relative primes, when they have no common di- 
vifor, and that the leffer is not a divifor of the greater. Such between them- 
felves will be aa and 22. Alfo aa + 245 + bb and aa + bb, &c. And on 
the contrary, they are abfolutely and relatively compound, between themfelves, 
when they have fome common divifor, or that one of them can divide the 
other. Such are 44 and ad, which are both divifible by a; fuch are aa — xx 
and 4 + x, which are divifible by a + x, &c. 


In order to have all the fimple divifors of any quantity, either numeral, or 
literal, or mixt, it muft be divided by the leaft of it’s divifors, and the quotient 


again by the leaft of it's divifors, and fo on continually till a quotient arifes, 


which 


/ 
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which can no longer be divided except by itfelf. ‘The quantities thus arifing, 
unity being comprehended among them, will be all the fimple divifors. And if 
they are taken two by two, three by three, and fo on; according to all the com- 
binations poffible, they will give likewife all the compound divifors. 


For example, let us find all the divifors, fimple or compound, of the number 
300. Let the given number 300 be wrote at A, and at one fide, as at B, fet 
down it’s leaf divifor, as 2. Then dividing by 2, write the quotient 150 at A 
under 300 ; and again divide this number 150 by 2, and over againft it at B 
write the divifor 2, and the quotient 75 at A under the firft quotient 150. 
Now, becaufe 75 is not divifible by 2, let it be divided by 3, and write the 
divifor 3 over againft it at B, and under it at A the quotient 25. The leaft 
divifor of 25 will be 5, which muft be wrote over againft it at B, and the 
quotient 5 under it at A. The laft quotient 5 is not divifible unlefs by itfelf; 
therefore it muft be wrote afide at B, and we fhall have all the prime divifors ; 
to which we may add unity, becaufe it is always a divifor of any quantity. 
Now to have all the compound divifors, according to all the combinations, let 
the firft and fecond divifors be multiplied together, and the product 4 be wrote 
at B over againft the fecond divifor. By the third divifor let all above it be mul- 
tiplied, and let the products 6, 12, be wrote afide, fetting down but once thofe 
that may chance to be repeated. In like manner, by the fourth let all above it 
be multiplied, and the products fet down as before: and fo on fucceffively to 
the laft. Now the numbers wrote at B will be all the divifors of the propofed 
number 300. | o 


a B 


I 
2 
+ Peel 
75°) TS SHO? ta 
TIRDaS (o iirlo Bn BO ot is ii ci 
29 gorgo 00.568 (380 


I 


Let the given formula be 21222, of which we are to find all the divifors. As 
it is not divifible by 2, let it be divided by 3, which is to be wrote over again 
it at B, and the quotient 742% under it at A. Let 7455 be divided by 7, which 
is to be wrote over againft it, and the quotient 455 underneath. Let abd be 
divided by 4, which is wrote afide, and the quotient 44 under it. Then divide 
bb by è, which is wrote afide, and the quotient 4 underneath. This is to be 
divided by 4, and wrote over againft it; and then we fhall have all the prime 
divifors 1, 3, 7, 4, 4, è, of the propofed. quantity. To have thofe that are 
compound we muft multiply 3 into 7, and the produ& is 21. Multiply 3, 7, 
21 into 4, and the products are 34, 74, 214. Multiply all the divifors 3, 7, 
21, 4 34, 74, 214 into 4, and there will arife 32, 72, 210, ab, 342, 7ab, 214d È 

Cri 


Compound 
formulas how 
refolved. 
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Pa 


and fo proceed. ‘Thus the column B will contain all the divifors of the quantity 
propofed, both imple and compound. ; rt 


Ag B. 
I 
21450 3 
EPO a, sae 
abb a° 3a. Ya 210 
bb BBO. 4° db deb ab 3ab nah 210 
7, b bb 306 7bb 2166 abb 30bb nabb 21066 
I 


In like manner, let 245% — 6aac be given. Let it firft be divided by 2, 
and the quotient ab — 3446 by a, and the new quotient bb — 340 by itfelf, 
as being divifible by no other quantity. And therefore all the divifors will be 
asin the column B. | 


i * B. 
) I 
20bb —m CARE 2 
abb — 3aac a. 24° 
bb — 3ac bb — gac, 2bb — bac, abb — 3000, 20bb — 6400 
x i | 


56. But if the laft quotient, or perhaps the formula itfelf at fir& propofed, 
fhall fill be compound, and yet is not divifible, after the foregoing manner, by 
any fimple quantity, fo that all it’s divifors are compound terms; the way of 
obtaining them is different, and may be thus. The quantity is to be fet in order 
according to fome one of it’s letters, as has been already fhown at § 24; and 
if there are fractions, they muft be reduced to a common denominator. Then 
all the divifors of the laft term muft be found, compounded of numeral divifors 
if there are any, and of the letter‘of'one dimenfion. And if the greateft term 
has a numeral co-efficient, it muft be divided by fome one of thofe divifors, by 
which that co-efficient of the greateft term is divifible. By every one of thefe 
divifors, firft added and then fubtra&ted from the letter, by which the formula 
is ordered, the divifion muft be tried; and all thofe by which it fucceeds will be 
fo many divifors of the propofed quantity. 

Let the formula y? — aay? + 5a°y — 24° be given. The divifors of one 
dimenfion of the laft term are a and 20. Therefore the divifion muft be tried 
by each of thefe added to the letter y, or fubtraéted from it, becaufe the co- 
efficient of the greateft term y is unity; that is, by y + a, or by y + 24. 
Firft let it be divided by y — 22, and the quotient is yy — 24y + 42, which 


alfo is divifible by y — a, giving y— @ in the quotient. Wherefore the di- 


vifors of the formula propofed are y — 4, y—a, and y— 24, from the 
product of which it is derived.. 
Let 
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Let the formula be 6y* — ay? — 21aayy + 3a’y + 200%. The divifors of 
one dimenfion of the laft term are a, 24, 44, 54, 104, 204; and becaufe the 
firft term 6y* is divifible by 1, 2, and 3, we muft try the divifion by y + sa as 
IE 49 L 20, 94 Ca, 56,3 £ 100, y 4, 9 EPL a, 


20 i Be 
7 But becaufe it would'be too tedious and 


IE a, 9 £ gt 


 troublefome to try all thefe divifors ; in order to know among fo many which 
are to be felected, we may make y = z + a; and fubftituting this in the place 
of y, and alfo it’s powers, there will arife another formula, which is this. 


62* + 24023? + 36aazz + 2402 + 64° 
— 42° — 3423232 — 340% — at 

— 214423 — 42052 — 214° 

— —- 3403 + 344 

+ 204° 


Which by collecting the terms will be this, 


62* + 23423 + 124°2° — 1808s + 70% 


Now all the divifors of the laft term 74* of this formula are found to be a 
and 74, which divided by 2 and by 3, the numeral divifors of 624, will make 
— 4, 7% —. a, La. And becaufe it was made y= 2+ 4, if thefe 
divifors can be made ufe of in the fecond given formula by 2, they will alfo be 
ufeful in the firft by y, when they are increafed by the quantity a, that is by 


° I : eke 
making them d- a, +4 a, = 4 Therefore let thefe divifors be com- 


pared with the divifors of the firft formula, and choofe only thofe which agree 


with them, that is rite and = 4 by which added to and fubtraéted from y, 


the divifion muft be tried ; which will fucceed with y+ A a. But notwith- 


ftanding this operation, if there fhould ftill remain too many divifors to be 
felected by this comparifon, we may make y = z — 2, and another formula 
will arife. From the divifors found by this, the quantity 4 muft be fubtracted, | 

and then they are to be compared with thofe which are fele&ted by means of the 
fecond ; and by them which agree, which will be fewer in number, the divifion | 
is to be tried. And proceeding in the fame way of operation by new fubfti- 
tutions, making y = 2 + 24, y = z— 29, &c. the divifors may be reduced 
to fuch {maller numbers as will be fufficient, I 


57. When 
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How the eo» 57. When the propofed formula has it's firft or greateft term multiplied by 

efficient of any number, inftead of applying the rule aforegoing to this cafe, it may be 

the firlt term. reni c : f la i her. £ which i 

nay bere. More convenient to change the formula into another, the firlt term of which is 

du multiplied only by unity ; and then find the divifors of the fame, from which 
you may afterwards pafs to thofe of the propofed formula. 


Let the formula be, for example, 


39° + gay — 1200) — 1240. 
+ 3oxy + gaby 


Make 3y = 2, (or, in general, zy = 2, ‘putting # to reprefent the numeral 
co-efficient of the higheft power,) and thence y = —-z. This being fubfti- 
3 


tuted inftead of y, and it's powers exprefled in like manner, we fhall have the 
formula 2° + 942° + 342° — 364°z + 27abz — 1084°5, all divided by 9. 
Let the divifors of this be found, (at prefent omitting the denominator 9,) 
which will'be x + 124, 2 — 3a, z + 34; and taking account of the deno- 
minator g, one of thefe is to be divided by 9, or two of them by 3, and they 


| = b 
will be, for example, % + 122, = = DL 2 2°; but it was made vr: 


and fubftituting this value of z in the divifors, they will become 3y + 124. 
y — 4,9 + è, which are the three divifors of the formula propofed. 


Sue To Hi 


Of Equations, and of Plane Determinate Problems. 


Equations 58. Equation is a relation of equality, which two or more quantities, whether 
and their numerical, geometrical, or phyfical, have with one another when compared 
i together; or which they have with nothing when compared to that. The 
Nt aggregate of all thofe terms which are wrote before the mark of equality, is 
called the Firft Member of the Equation ; and the aggregate of all thofe which 
are wrote after it, is called the Second Member, or the Flomogeneum Compara 
tionis. "Thofe terms of the equation are homogeneous, when each of them is 
of the fame dimenfion ; and therefore in an equation they are faid to obferve 
the law of homogeneity, as in this equation axx — Zbx = a3. And thus, on 
the contrary, they are faid not to obferve the law of homogeneity, when the 

terms are not fuch, as in this equation x* — ax’ = 4, | 


59. A 
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sg. A Problem is a propofition in which it is required to do or to find fome- A problem, 
thing, by means of other things which are known, or of certain conditions what. 
which are given, and therefore called the Data of the Problem. So thofe things 
which are required are the Qua/ita of the Problem. | 


Go. Of Problems fome are Determinate, and others Indeterminate, The detet- When pro- 
minate are thofe which have a certain number of folutions, or which can be blems are 
refolved by one or more determinations, but always in a finite and limited determmate, 


i di ; . when inde» 
number. Such it would be if we fhould inquire, inate. 


Fig. 1. where we ought to cut the right line AB, fo that 
K C B the whole line, to it’s greater fegment, fhould have 


| the fame ratio, as the greater fegment to the leffer. 
Becaufe one point only can be affigned in this line, for example C, which will 
have the property required. The fame thing 


. Fig. 2. “would be, if in a given circle AED we were 
| | to find a point, fuppofe C, in the diameter 
E «AD, from whence raifing a_ perpendicular 


CE, terminated in the periphery; this per- 
pendicular fhould be juft equal to a third 
| part of the diameter. For there are only two 
‘points, each at an equal diflance from the 
centre, that can fatisfy this demand. 


Now if it were propofed to find, out of the right line AD, fuch a point E, fo 
that drawing from it two right lines EA, ED, to it’s extremities A and D, the 
angle AED fhall be a right angle; it will be found, that there are infinite fuch 
points as will refolve the problem, or the whole periphery AED, as is known 
from Euclid. In the fame manner, if a point C is required in the diameter AD, 
from whence raifing the perpendicular EC in the circle, it hall be a mean 
proportional between the fegments AC, DC; it will be found, that all the 
| points of the diameter will folve the problem (and therefore fuch points are 
infinite in number); which is therefore called an Indeterminate Problem. 


Determinate problems have occafion for one unknown quantity only, but 
indeterminate ones of two at lealt, though the manner of forming an equation 
is the fame in both. Of thefe I fhall treat particularly in Se&. IIL. 


61. The given or known quantities are ufed to be denominated by the firft Known and 
letters of the alphabet, as has been faid already; but the unknown, or fuch as vnEnown 
are required, by fome one of the laft letters. And here it may be obferved, see 
that if the quantity fought is a line, it ought always to have it’s origin or be- guithed, 
ginning at fome determinate fixed point. And as that which is required is 
already fuppofed to be done or known, by calling it, for example, x; fo that 
from thefe quantities fuppofed as known, others that depend on them come to 

Gs be 


Feuations 
how derived, 
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Fig. 2. be known or given, as it were by hypothefis. 
Thus, AD = a being given, and C being 
fuppofed the point required, and therefore 
calling ACC, atowill pe: CD xe — #3 
and thus we may argue of feveral others. And 
further, though many of the quantities are not 
| |  exprefsly given, like as in the line AD; yet, 
AVE DI CD however, they are given implicitly, and as it 
were by conftruction. Thus, in the right-angled triangle AED, if the hypo- 
thenufe AD = a is given, and the fide ED = 4; then, by the 47th propofition 
of the firft Book of Euclid, the fide AE = Wa2—68 will be therefore 
given. Thus, in the femicircle AED, the diameter AD = a being given, 
and the feement AC = 2, it will be CD = @ — 8; and therefore, by 
Euclid, vi. 8, it will be CE = Wa — 56. Or becaufe AC was called x, it will 
be CE = Wi, — xx, which is given both by hypothefis and by conftrudtion, 
— Thus, in the right-angled triangle ACB, from the 

Fig. 3. PR right angle B letting fall the perpendicular BD, 
she ee let be given, for example, the two lines AC = a, 
and AB = 4; then in like manner will be given 
all the other lines BC, BD, AD, DC. For BC = 
N da = bb; DY Huet, 1, 47, as faid before... And 
by vi. 8, CD will be a third proportional to AC 
and CB; wherefore it will be CD = ants by 
the 17th of the fame book. AD will be a third proportional to AC and AB, 


atid erections peel ie . DB will be a mean proportional between AD 


sae Tee 


and DC; or elfe it will be a fourth proportional to AC, CB, AB, and there- 
oo + fore, by 16 of the fame book, it will be DB = 
FA CORI 0 pre ae 


Thus, in the right-angled triangle ABC, 


a 
HO DE 3s, parallel to BC, andare given AB = 2, 
BC = 4, AD = «; then, by 4 of vi., will be given 
x/aat+bb 
a 


AED Fite fade Sera . And the fame may 


A Pare bs B be obferved of infinite others, 


62. Thus, by fuppofing that already done or known, which is to be done or. 
known, and by treating given and fought quantities indifferently, all the con- 
ditions may be fulfilled, which are required by the propofition or problem, and: 
sii | we fhall thus arrive at an equation. Let there be a 
fig. 1. FP SD right line AB, which is to be cut in extreme and 
A C % mean proportion. Let AB = a, andlet C be the 

point 
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point required. Let AC = x, and therefore CB =a2—wx. The condition 
implied is, that it ought to be AB.-AC:: AC. CB; thatis,a.vitv.a—x. 
But by the nature of a geometrical proportion, the rectangle of the means muft 
be equal to that of the extremes; fo that 44 — ax = xx, and thus we are now 
come to an equation. Again, let there be three numbers given, the firft is 4, 
the fecond is 5, and the third is 10. A fourth number muft be found, fuch 
that, if from the produét of this into the third the firft be fubtra&ed, and if the 
remainder is divided by the firft, the quotient fhall be equal to the fecond 
number given. Let the number fought be denoted by x; thea the produ& of 
this into the third will be 10%, from which fubtracting the firft, the remainder | 


will be tox — 4, and dividing this by the firt, the quotient will be eu rh 


which by the condition of the problem fhould be 5, that is è RARI 
is the equation required. . 
| Again, in the triangle ABC, ‘are given the fides 
Fis. 4. c AC =a, BC = 4, and the bafe AB = c; we are 
| to find in this fuch a point D, that drawing DH 

H | parallel to BC, the fquare of DH ‘may be equal to 

the rectangle AD x DB. Make AD = », whence 

DB = c¢ — xx; and becaufe of like triangles ABC, 


| ADH, it will be DH = . Then by complet- 
LT ——— 5-35 ing what the problem requires, we fhall have the 


cas big __ 
equation re” o OX — KN, 


63. If the given triangle ABC is right-angled at B, we fhall have no need Some lines te 
to denominate AC = a, but otherwife = W35 +e, to exprefs thereby the be pi 
i condition of a right-angled triangle. a 
in the femicircle AED is given the diameter 
AD = 2a, and the fegment AC = è; hence 
confequently is given the line CE, and there- 
fore it ought not to be expreffed by a letter 
at pleafure, but to be denominated from the 
property of the circle, by making it = 
N 2ab — bb; thereby exprefsly to indicate, that 
it is an ordinate in the circle at the point C. 

And in general it is to be underftood, that the 
fame ought to be done in all like cafes. 


64. But perhaps it may make fome difficulty, that very often the lines given New lines to 
in a figure, by which the problem is propofed, are not fufficient to obtain fuck 9" STAWR: 
quantities or denominations, as are neceflary to arrive at an equation, Such a 

| G2 | cafe 
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Figi € cafe would be, if two indefinite right lines 
ARI AE, AF,-were given in pofition, and a point 
| E/ | C out of thofe lines: and if it were propofed 


| or to draw a line CF in fuch a manner from the 
| ‘aa point C, as that it fhould include a triangle 

lan a AEF, equal to a given plane. The expreffion 

_ of the triangle AEF would be half the rectangle 
of AF into EG, letting fall EG perpendicular 
to AF. Now make AF = x; but yet it will not be poffible to determine the 
value of EG from the lines hitherto defcribed. Upon fuch occafions it will be 
neceflary to conftru& or complete the figure, by drawing parallels, raifing or 
Jetting fall perpendiculars, forming fimilar triangles, defcribing circles, or by 
ufing the like expedients of the common Geometry ; for which it is not poffible 
to give any general rules, as they will depend on the various circumftances of 
problems, on fagacity, induftry, and practice, and often upon chance. But 
commonly thefe propofitions of the firft Book of Euclid are ufed to be of good 
fervice, 5, 13, 16, 27, 29, 32, 473 fome of thefecond; thefe of the third, 
20/:2.hy Ga 21, OTe, BO, telo mites tithe Io 3, 4, 5,0, 75.8 3 
and fome of the 11th and 12th when folids are concerned. ‘Therefore, in the. 
problem now propofed, from the point C draw CD parallel to EA, and EG, 
CB, perpendicular to FA produced. Now becaufe the right lines AE, AF, are 
given in pofition, and alfo the point C ; the lines AD, CB, will be given in 
magnitude. Therefore make AD = a, CB = 4, AF = «, and let the given 
plane be = ce. And as the triangles FDC, FAE, are fimilar, as alfo the tri- 
angles DCB, AEG; we Mall have the analogies DF. AF :: (DC AE ::) 
DCR AE e Eercrore Po ‘= Si . And be- 


A+R 


caufe the triangle AEF, that is, half the. re&angle of AF into EG, ought to 


iper ‘ . b | 
be equal to the given plane cc, we fhall at laft have the equation mie ee... 


Equations. 65. The propofing of the problems only, which hitherto I have taken for 
how formed examples, has brought me immediately and dire&ly to an equation ; becaufe it 
from different Was required that the two quantities fo found fhould be made equal. But this 
values of the ì , SA A : 
fame-quan- method will not thus fucceed, when from certain quantities given, Il fhall be 
tity. . — propofed to find others, without fuch a condition as will lead us exprefsly to an 
equation. Then it may be needful to ufe a little art to obtain it, and that will 
be by means of different properties, and compounding the figure if neceffary, 
to find two different expreffions of the fame quantity, and fo to make an equa- 
tion between them. I faid by means of different properties, becaufe the fame 
| property, however managed, will always give the fame expreffion, 1 fhall 
produce three examples of this, which I think may fuffice at prefent. 


Given 


rr 
mer 
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fig, 61 Dio Given the ifofceles triangle CDB, the diameter 
| . AB of the circle CADB is required, in which it 
may, be:linfcimbed;;:Make CD = a;~CB = BD 
jmzoby BA «ex; whith is the diameter requited ; 
and draw CA. The two triangles ABC, BCE, 
~yjA will be fimilar, becaufe the angles BCA and CEB . 
ife) are right ones, and the angle BCE = BDC = 
BAC. Therefore it will be AB. BC :: BC. BE; 
that:r,..#,444} de BE: whence BE — i 


Moreover CE is the half of CD, whence CE = +2, ! 


| And becaufe of the right-angle CEB, it will be CBg =“ + É. But the 


4 


fquare of CB is allo = 24, Therefore we fhall have the equation vp Sh 
DA ae 
È Lar 


In the triangle ABC the three fides are given, 
and from the angle A letting fall the perpendicular 
AE upon BC ; the two fegments BE, EC are re. 
quired, «Male; AB = 4; AC 45 2, BC. a 
BE = «; then it is EC—=c—x%. By the 47 of 
the firft of Euckd, the fquare of AE will be equal 
| i to the fquare of AB, fubtracting the fquare of BE ; 
B È —© that is AEg = ABg — BEg. But by the fame 
it will be alfo AEg = ACg — ECg. There. 


fore ABg — BEg = ACq — ECg. And reducing to an algebraick ex- 


preffion, it will be aa — ax = 66 — ce + 26x — xx, that is, aa = bb — co 
+ 20%. tag | 


| I Again another way. Let EF be drawn perpendicular to AB; then, by the 8 of 


the fixth of Euclid, it will be AB. BE:: BE. BF s and therefore BF — —, Thence 
AF = a— a + And, by the fame propofition, it will be AF, AE:; AE. AB;. 
and therefore AEg,= aa — xx. From the point E drawing the right line 
EM perpendicular to AC, by the fame way of arguing it will be found, that 


AEq= db — co + 26% — xx; and making a comparifon between. thefe. two. 
values, we fhall have the fame equation as before. 


The: 


- How we are 
to proceed 
when angles 
are con- 
cerned. 
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The quadrant AHM being given, and the tan- 
M_ gents AI, HK, of the two arches AH, HD; it is 
required to find AB the tangent of the fum of thefe 
two arches. Makethe radius CA = a, AI = è, 
+ HK =2 and: AB: x. To obtain an‘ equation, 
from the point D let be drawn DE perpendicular 
upon AC. Then by the fimilar triangles CBA, 
CDE, we may find the values of CE and DE, Let 
us examine then if we cannot contrive to denomi- 
nate the fame DE in another manner. Therefore 
drawing DF perpendicular to CH, by means of 
the fimilar triangles CAI, CEO, we may have the 
lines EO, CO; and in like manner, by means of the fimilar triangles CHK, 
CFD, we may have the line FD ; and from the fimilar triangles CEO, FOD, 
we may obtain OD; whence we fhall finally arrive at OD in another manner, 
independent on the firft, and then ED = EO + OD, which will give us an 
analytical equation. 


I have here produced the order of arguing only, which might be ufed to 
bring us to an equation ; omitting the actual operation, becaufe the problem 
will be completely folved in another place. 


66. It will often require fome particular expedients to be made ufe of, in 
fuch problems in which angles are concerned ; for by fome artifice we muft pafs 
from the properties of angles to thofe of lines, which may enter the problem in 
their ftead. I will take an example of this from the 10th propofition of the 

fourth Book of Euclid. Let it be required, upon 
fig. 9. pò the given right line AB, to conftruct an ifofceles 

\ | triangle ABC, of which the angle at A (ball be 

\ half of either of the angles ABC, or ACB. 

“Let the triangle ABC be fuch a triangle, and 

"| therefore the two angles ACB, ABC, will be 

: equal to each other, and thence the fides AC, 

: AB, will alfo be equal. Let the right line CD 

A DU E B bedrawnin fuch a manner, that it may bife& 
the angle ACB. Then the two triangles ACB, 

CDB, will be fimilar, from whence we fhall have this analogy, AB. BC :: 
BOC BD baticis BO = DC = AD; ‘and ‘therefore ‘itwill‘be AB. AD: 
AD. DB. And now fee the problem propofed reduced to another, which is, 
to divide the given line AB in extreme and mean proportion. Wherefore this 
fecond problem being refolved, the point D will be found, and the problem at 
firft propofed will then be folved. For bifecting DB in E, and raifing the 
perpendicular EC, it will meet in C an arch BC, which is defcribed with radius 
AB from the centre A. Then if from the point found C we draw the lines 
CA, CB, the triangle ACB {hall be fuch as is required, 


67. Now 
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67. Now when the equation of a problem is found, all that remains to be Equations 
done is, to derive the value of the unknown quantity from it; that 1s, to re- how reduced. 
duce the unknown quantity to be equal to fome known and given quantities, . 
in which confifts the folution of the problem. And this is called the Refolution 
‘ef the Equation. | ai 


For this purpofe we muft call to our affitance the following Axioms. - 


1, If to two equal things we fhall add equals, or if we fhall fubtra& equals 
from them, the fums or the remainders will alfo be equal. | 


2. If equal things are multiplied or divided by equals, the products or 
quotients will alfo be equal. : | 


3. di irom equals a root be extrated with an equal index, the roots or 
quantities refulting will be equal. 


4. If equals are raifed to a power with an equal index, thofe powers or re- 
fulting quantities will be equal. | 


From the firft of thefe axioms we learn, that if we fhould defire that any 
term of an equation, which is on one fide of the mark of equality, fhould pafs 
to the other fide; this may always be done without deftroying the equality of | 
the terms. Let the equation be av + 6b = — xx + cc; if we add xx to both 
the members of this equation, it will be ax + 28 + ax = «x — xx + ce, in 
which xx — xx expunge one another, and there will remain ax + 22 + xx = ce, 
where the term xx has paffed into the firft member of the equation ; from whence 
if 4b is to be taken away, it will be av + bb + ax — bb = ce — 0b; but 
bb — bb expunging one another, the remaining equation will be av + xx = 
cc — bb, where the term 28 has paffed into the fecond member of the equation, 
‘Wherefore in general, when we would have any term pafs from one fide of the 
equation to the other, it will be enough to expunge it on one fide, and write it 
on the other with it’s fign changed. In confequence of this, we may at pleafure 
make a term pofitive which in the equation is negative, and fo on the contrary ; 
and that will be by writing it on the oppofite fide, and changing its fign. 
Therefore aa — xx = bb will be the fame as aa —-bb = xx, or xa = aa — bb. 
Wherefore if there fhall be the fame term on each fide of the equation, and 
affected with the fame fign, they may both be expunged without injuring the 
equation. As, if it were ax — xx = bb — xx, it would be reduced to ax = bb. 
For, tranfpofing the term — xx, it would be then ax + xx — xx = 28, where 
wie — xx deftroy each other. The fame thing would follow, if, inftead of 
tranfpofing the term which is common to both members, it were added to both 
if in the equation it were negative, or fubtra&ed from both if affirmative. 


68. From the fecond axiom we learn, that if an equation fhould have frac- Reduced by . 
tions In It, it may always be freed from them without prejudice to the equation ; multiplica. 
by reducing every term to a) common denominator, and' then’ rejefting that" 
sb; deno» 


Reduced by 


«divifion. 


Reduced by 
raifing 
powers. 
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denominator: becanfe equal quantities multiplied by equals make equal pro- 


ducts. Let the equation be 4 — — = 4, Reducing all to a common deno- 


® e e ab sh i sth bh ° ni : * cd 4 
aminator, it will be —— = a : and aches all by 3, or rejecting the 
2 


«common denominator, it will be 42 — xx = 42. And if befides we would 


have the term — wx to be pofitive, it will be ab = bd + xx, or otherwife 
att na present © 5, . 

xx = ab — bb, Let the equation be — — — = 4. Reducing to a com- - 
| aan — 2bx0 2aah 


mon denominator, it will be 


SI Sid multiplying all by 20, it 


e 
ae 


will be cax — 2bvx = 2405. And if we defire befides, that the term — 2dxx 


fhould be pofitive, and moreover that all the terms in which the letter x is con- 


cerned fhould be on one fide of the equation, make 20xx — aax = — 2aab; 
or reducing the whole equation to one fide, by which it will be equal | to no- 
thing, it will be 20xx — aax + 2442 = o. 


69. By the fame axiom we may free any letter, or any power of a letter, in 
any ale from it’s co-efficient, or from any quantity in which it happens 
to be multiplied ; and that is by dividing every term by that co-efficient. Now 
let there be 2xx — aan = — 2445, and let it be required to free the term 2axx 
from it’s co-efficient 25, Then dividing each member of the equation by the 


26 
= — aa, Again, if the equation is av — <= = bb — 


| ; : oben — 2 n 
fame quantity 25, the quotients °°° = — 222 fhall ftill be equal, and 
| Zhaw 
24 


aax 
2b 
— dx, and if it were defired that xx fhould be pofitive, freed from it’s fraction 
and co-efficient, and that all the terms which any how contain the letter x 


therefore xx — 


fhould iy on one fide of the il and known terms on the other; write 


then 2— 3 = + de + ax = db + -—, multiply all the terms by 2, and it will 


ne: ; then divide every term by 32, and 


ZQAUX 


36 


4 é 
de equation will become xx + ay + ts = ab + a0 which has 


all the conditions required. 


70. From the fourth axiom we learn, that if an equation contains radicals or 
furds, it may be freed from them, by writing the furd term or terms on one 
fide of the equation, and the rational quantities on the other, and then fquaring 
each member of the equation if the root is quadratick, or cubing if cubick, &c. 
Thus if we had 4/72 — xx + @ x, we mutt write it thus, “aa — ax = * — 4, 
and then  fquaring, GA XX TKK — 20% + aa, that is 240% = 2x%, Or ¥ = a. 

Thus 
8 
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Thus ifthe equation were & 777 Dai — 24 x = 0, write it Yaar Di = 4 
— x, and it will be, by cubing, aay — 4? = a? — 30% + jax? — 03. That is 
40°% — 3ax° — a’ = ©, or by dividing by a, 447 — 34° — a* = 0. | 


But if the radical terms be two ot more, fo that they will not vanith at one 
operation, it muft be repeated as often as there is occafion. Thus 4 dx = 4 + 
Wax: write it thus, Vox — Wax = a; then fquaring, it is 6x — 2V abux + 
ax = aa, that is dx + ax — aa = 24 abxx. And fquaring again, oxx + aaxx 
+ at + 24044 — 240bx — 20° = qalux; that is 2°x° — 200x° + d°x° — 2a°bx 
— 204% bat = o. Ihusy = V ay va yy — aw ay — yy by fquaring will be 
yy = ay + yy — OV ay — yy, that is ay = a gy — yy, Or Y SV ay = jy Ando 
{quaring again, yy = ay — yy, or 2) = 4. : | | 


71. Thefe things being premifed, the manner of refolving equations will be How equa: 
eafy, in order to obtain the value of the unknown quantity, in fuch terms as tions are to 
are known and given, and which ferve to the folution of the problem. Bur Pe refolred, 
firft the equations are fuppofed to be freed from all afymmetry, that is from ra- 
dicals, if the unknown quantity be under a vineulum; and then reduced to the 
moft fimple expreffion ; by expunging fuperfluous terms, if fuch there be; by 
dividing of each member that fhall be multiplied by the fame quantity; or by 


# e ° Sata bi 7 tog b 3 5 
multiplying if fo divided. As if, for example, we had —“—* == SEO ae i 


it would be reduced to xx — ex = aa. Further, by the fir& term of an equa- 
tion is meant the aggregate of all thofe terms, which contain the highe& power 
of the unknown quantity. By the fecond term is meant the aggregate of all 
thofe terms which contain the next inferior degree of the fame quantity, and fo 
on. By the known term is meant, the aggregate of all thofe terms which 
do not at all contain the unknown quantity. Whence in the equation axx — bux 
a dix — gax = a? — 0}, or elle axx — bxx — bbx — aax — a + 6} = 0, the 


firft term will be axx — bxx, ora = 3 X wx. The fecond will be — ba" — 4ax, 
that is — 22 + 55 X x. The known term is + g? + 83. In the equation | 


aan am abex + at — b* — ab = o, the firft term will be 77-25 X ax; the 
fecond is wanting, and the known term is a*— 4*— 2°. In the equation 


axe + 543 — aaxx — a* = o, the firft term will be 7-+3 X #3, the fecond 
— a°x°, the third is wanting, and the fourth or known term is — 4%. And 
__ thus it is to be underftood in all other equations. Here it may be obferved, 
that a term fuch as 4gaxx — bbxx, (which is likewife to be underitood of any 
other compound term, having contrary figns,) may be either a pofitive or negza- 
‘tive quantity it will be pofitive if 4 be greater than 2, but negative if the 
contrary. So that when it fhall be ordered hereafter to make fuch a term of an 
equation pofitive, we muft have regard to this explanation, | | 


H va Lu 1S 
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Equations 72. This being fuppofed, in order to refolve an equation; firft, if it have a 

Petry aa fraction, in the denominator of which the unknown quantity is found, it mu& 

dali Gaiphe be reduced to a common denominator. Secondly, the term of the higheft 

anes. power of the unknown quantity mul be made pofitive, and all the terms con- 
taining the unknown quantity muft be wrote in order on one fide of the equa- 
tion, and the known terms on the other fide. And thirdly, if the fir& term, 
or that which contains the higheft power of the unknown quantity, fhould have 
a denominator, it muft be freed from it’s fraction by what is faid, $ 68. Laftly, 
if it have a co-efficient, or be multiplied into any given quantity, it muft be 
freed from this, by what has been taught, § 69. 


Hence it is eafy to perceive, that by proceeding after this manner, if the 
equation {hall be fimple, or have an unknown quantity of one dimenfion only, 
it will be now intirely refolved, and that unknown quantity will be found equal 
to known quantities only, which was the thing propofed to be done. As if the 


° bbe — Aix È 
equation were aa — ff = —————, and aa were greater than 25. Then to 
aes 23? 


make that term pofitive which contains the unknown quantity, write it thus, 
aax — bba 


È = ff — aa; and freeing it from the denominator, it will be aax — dbx 


wa ì ue 2mff — 2maa 
= 2mff— 2maa ; and then from the co-efficient, it will be x = Ls acs 


in which the value of « is now intirely known. If aa were lefs than 23, we 


Q2INMAA x 27] Bis: È 
E i, which comes to the fame without 


might then write it thus, x = 


any occafion of tranfpofition. 


Equations 73. When the unknown quantity is raifed to any power, which power is the 
refolved, — fame in all the terms in which it is found; or, which is the fame thing, if all 
having fimple 


thofe terms are conceived to make but one term; then the equation is to be 
refolved by the third axiom before, and we fhall have the unknown quantity 
equal to known quantities only, by extra&ing fuch a root out of both members 
‘of the equation, as is denoted by the index of that power. Let the equation 
axo + bax: 


powers,. 


be 46 = aa — => + Now to make the term pofitive in which # is. 


are + bex 


found, write <> @a— bb ; and to free it from it’s fra&tion and co- 


26 X aa — bb 
laftly, by extracting the {quare-root, x = + 4246 — 2%. Here I put the fign 
of the root ambiguous, becaufe of what is faid at § 15. For the fame reafon, 


if it were x? — 4° + 4°, we fhould have x = 2/274 2; and fo of all others. 
in general, | 


efficient, write it xx = 


, or by divifion, xx = 2¢ X 773; and 


74>. But: 
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+4, But if the equation contain the unknown quantity raifed to it’s fquare, Affected 
together with the rectangle or product of the fame into known quantities, which quadraticks 
is called the fecond term (and fuch an equation is called an Affelted Quadratick toe 
| as itis called a Simple Quadratick when this fecond term is wanting); this being 
prepared as is aforefaid, to both members of the equation muft be added the 
fquare of half the co-efficient of the fecond term, (that is to fay, the fquare ot 
half chat quantity, whether integer or fraction, by which the unknown quantity 
is multiplied,) and then it is plain that the firft member will always be a fquare, 
the root of which will be the aggregate of the unknown quantity, and of the 
half co-efficient with it’s proper fign. And then extracting the root, this ag- 
gregate fhall be equal to the fquare-root of the other member of the equation ; 
and tranfpofing the half co-efficient as a known quantity, we fhall finally have 
the unknown quantity equal to the fum or difference (according to the nature 
of the figns) of the radical and the faid half co-efficient. Thus let the equa- 
tion be xx + 2ax = 0d: if we add to each member the fquare of half the 
co-efficient of the fecond term, that is 42, the equation will be xx + 20x + aa 
= aa + bb, and extracting the fquare-root, it willbe x + @= + Va + bl, 
and by tranfpofing, itis * = + Waa+ hb — 4. Rol, 


‘ Let the equation be bby — aax — max + ci =o. Making the greateftterm 
| pofitive, and ordering the equation, it will be max + aax — ble = -. and dividing 
by m, and adding on both fides the fquare of half the co-efficient of the fecond - 


dA — ap at —2aabb+h4  g4—2aabhb+ b+ ab? 


a + 


47212 Amn 2 


term, it will be xx + ; and ex- 


17 
| iI, da BS fas — 20% + 54 253 
traCting the fquare-root, it is x + COR ad So ala 


2m m* 
and reducing the radical to a common denominator, and tranfpofing the known 


t — db . . bb = 4 252 4. h4 
i ite , it will be a = = aa ob fa But the root of. 
this radical may be actually extracted, and is either + aa 2 bb Sg wi bb 


becaufe of the ambiguous fign +. Therefore there will be two values of x, 


bb — bo Dj i ae bb — bb 
773 2717 272 


one is x = 
2772 277 


aa 


— e 


77 


RI 
Cene] 


| 5. Therefore the ambiguity of the fign, which the extraction of the Tquare- The ufe of 
root aiways brings with it, fupplies two values of the unknown quantity, which the ambi- 
‘may be both pofitive, or both negative, or one pofitive and the other negative ; $US fign. 
and fometimes both imaginary, according to the known quantities of which they | 
are compofed: For example, in the final equation x = + Waa + 55 — @, one 
value or aa + 55 + 4 will be pofitive, becaufe, as aa + #6 is greater than 4, 
| 3 the 


Ufe of ima- 
ginary quan» 


tities. 
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the difference will be pofitive. The other value — 4/47 +25 — 2 will be 
negative, as is evident. In the equation x = 4 + Waa— di, (fuppofing 4 to 
be lefs than a,) both the values will be pofitive, becaufe 4/7 22 — 33 is lefs than a. 
And for the fame reafon, in the equation x = + Waz— 35 — 4, both the 
roots will be negative. Now, if 4 were greater than a, both would be ima- 
ginary, as I have already obferved at § 15, becaufe then Waa — 55 would be 
the {quare-root of a negative quantity. In the equation x* = 4% — J+, which 


requires twice the extraction of the fquare-root, that is, xt = + at 3 
and thence x = + VW + Va — #4, there are four values of x; two real ones, 
of which one is pofitive and the other negative, that is, ¥ = + VV + Wat—#, 
fuppofing b to be lefs than 4; the other two are imaginary, that is, x =< 


4+ 4/ — Va =; and when è is greater than a, all the four roots will be 
imaginary : and thefe obfervations may eafily be applied to all other equations. 
Thefe negative values or roots, which by fome authors are called falfe ones, are 
not lefs real than the pofitive, and have only this difference, that if, in the fo- 
lution of a problem, the pofitive be taken from a fixed point, or beginning of 
the unknown quantity towards one part, the negative are taken from the fame 

point towards the contrary part. Let A be the 


Fig. 10. beginning of the unknown quantity x in a certain 
i problem, and let the final equation (for example) 
Cc A B bex= +4. If we take AB = a, and it be 


| determined that the pofitive values fhall proceed: 
from A towards B; then fhall AB = a be the pofitive value of x. And con- 
fequently, taking AC = AB, but on the contrary part from the point A, we 
fhall have AC = — @, or the negative value of x. And the problem fhall 
have two folutions, one at the point B, and the other at the point C. But the 
practice of all this will be beft underftood by the folution of the problems 
which are here to follow. | 


76. Therefore, whenever the equation to which we are led by the conditions. 
of the problem fhall fupply us with none but imaginary values, this plainly 
declares, that the problem as now propofed does not admit of a real folution,. 
but is abfolutely impoffible. The fame thing is to be concluded, when the- 
final equation brings us to an abfurdity, fuch as if it Mould give us a finite 
quantity equal to nothing, or the whole equal to the part, or fuch like. We 

i fhould come to an abfurdity of this kind, if in the 
Fig. 1. right line AB = a, it were propofed to find fuch 
Ace aio ie pone Cva shat. the {quare of the whole line 

| | fhould be equal to the two {quares of the two feg- 


ments.. For, making AC = +, it would be 24 = xx +aT x <= HK + aa 


‘me 20% -l- xx, that is 2xx = 24x, or x = 45; which is as much as to fay, that 
the part is equal to the whole. We fhould likewife fall into an inconfiftency, if, 
i afluming. 
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dig. 11, | H = affuming a right line, as AB, and raifing an 
| +‘ indefinite perpendicular upon it BH, we 
fhould feek for a point in this, as C, from 
whence we might draw the right line CA to 
the given point A, fo as that the two lines 
CB, CA, may be parallel. For, making 


BA =a, BC =», and taking BD = +, 
A | B and drawing DM parallel to BA; becaufe 

are ‘ | of fimilar triangles CBA, CDM, it would be 
DM = — a, But if CA and CB are parallel, it ought to be DM = BA, 


n: bie te ; A 
and therefore — 4 = a, which is an impoffible equation. 


. , Now if it fhould be pretended, that the fir& of the two foregoing equations, 
or 24% — 24% = O, is no otherwife abfurd, but that it fupplies us with two 
values of x, which, though ufelefs, are however real and confiftent; relying 
upon this argument, that if we divide the equation by 2x — 22, there will refult 
x = o, a real value which folves the problem. For taking x = o, or dividing. 
the line AB in the point A, one part of it will be o, and the other will be a ~ 
Therefore the fquare of the whole line will be equal to the fquares of the two. 
fegments; that is, 24 = o + aa. Now dividing the fame equation by 2%, 
there will refult x = @, which is a real value, and refolves the problem, by 
dividing the line in the point B. Whoever fhould argue thus, as I faid before, 
Ifhould not venture to oppofe him; but whatever is the true notion of this 
and fuch like equations, it is however certain, that they only make us know 
what we knew before. | | 


For an example of an equation which brings us to an abfurd conclufion, I 
have taken one which gives us a finite quantity equal to nothing, or the whole 
. equal to the part. Yet this muft be underftood only when the unknown quan- 
tity cannot be of an infinite magnitude, and the problem is no more than a 
determinate problem ; for otherwife fuch equations may be very true, as will be 
feen hereafter. : | 


77. Sometimes we may meet with equations which contain the fame quantities what we 
on both fides the mark of equality, and therefore when reduced bring us finally learn from. 
to this conclufion, that o = o. Such equations as thefe (which are called identical © 
Identical Equations) inform us only, that the value of the quantity required i ancy 
may be what.we pleafe, as it vanifhes out of the equation ;. and that the propo- 

&tion is rather a theorem than a problem. Here follows an example of. this. 


3 


“Equations 
and problems 
how divided. 


Equations 
‘may fome- 
times be dee 
‘prefled to a 


. lower degree, 
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Parsee. 3 In the given rectangle ACDE, from a given point 
E ada B in the fide AC is drawn BF parallel to the fide 
AE; in BF is required fuch a point H, that 
drawing the lines HA, HC, HD, HE, to the fe- 
veral oppofite angles, the fum of the fquares of 
HA, HD, fhall be equal to the fum of the {quares 
of FEE, HG: Make AB — 4, BCM — c; 
and fuppofing H to be the point required, let 
BH = x, and therefore HF = c— x, Now the 
{quare of HA = aa + «x, that of HC = 46 + xx, 
that of HD = 35 + cc = 2cx + xx, and that of HE = aa + ce — 2cK + we. 
And hence the equation az + xx + 06 + ecc — 20K + xx = 16 + xx + ca 
+ cc — 26£ + xx. Now as it is an identical equation, the fame as o = 0, 
which is as much as to fay, that in the right line BF, wherever we take the 
point H it will always agree to the property required. 


78. Equations which reduced contain the unknown quantity of one dimenfion 
only, are called Simple Equations, or of the firft degree. Thofe which contain 


the unknown quantity raifed to the fquare, whether they are quadraticks fimple 


or affected, are faid to be of the fecond degree. Thofe which contain the un- 
known quantity raifed to the cube, however the other terms may be, are faid 
to be of the third degree. And fo accordingly are thole of the fourth, fifth, 
and higher degrees. Moreover, thofe problems which are exprefled by fimple 


equations, as alfo thofe of the fecond degree, are called Plane Problems, be- 


caufe they may be conftructed by the common Geometry of Evclid, or by rules 


and compaffes only. All the others are called Solid Problems, becaufe for their - 


conftruction is required the defcription of certain. curves, which therefore are 
called Solid Places. 1 {hall fay nothing here of the Refolution and Conftru&ion 
of Solid Problems, intending to treat of them exprefsly in Sect. IV. 


“9. There are many equations, which at fir fight feem to be of that degree 
which is intimated by the index of the greateft power of the unknown quantity, 
which, however, when duly managed may be brought down to an inferiour 
degree. Of this kind are all thofe in which, befides the firft term, which is 
that of the higheft power of the unknown quantity, and the term which is 
entirely known, one other term is contained, in which the unknown quantity 
afcends to a power which is the fquare-root of the power of the firft term. As 


- if the equation were this, xt — 240xx = b*; which being managed by the Rule 
q 3 5 3 y 


of Affected Quadraticks, 1s reduced to this, xx = aa + 2+ + 643 and there- 


fore x = + Vada + Va + bt. After the fame manner, this equation 


— G2 nl a + 455 
rei «e epr $ 


3 è 


and 


4° + ax? — 5° = o, being reduced, becomes x? = : 
therefore 


SECT. II, ANALYTICAL INSTITUTIONS. 55 


therefore # II, and infinite others of a like nature. There 
are others of the fame kind, which by means of the extiaction of a root may 
be brought down to an inferiour degree. Thus xt — 2ax? + qaxr — 2bbxx 
+ 2abbx + 46 = aabd + *, having it’s firft member a fquare, the root of 
which is xx — ax — 58, may be reduced to a lower equation, mx — ax — bb 
= + 59 ca + bb. Thus, in the equation x? + g4xx + 3aax = 88, if we add 
a? on both fides, it will be x* + 3axx + g44x + a? = a} + 03, of which the fir& 
member is a cube, whofe root is x + 4. Therefore the equation reduced lower 
will be.x + a = 4a +85. But it is not always thus eafy, to know what 
quantity may be added or fubtracted to or from the firt member of the equa- 
tion, fo that it may become a perfect power, nor can any method be affigned 
for it; fo that the indultry and praQice of the analy{t can only be of. fervice in 
thefe cafes. | 


So. But, if the propofed problem fhould be of fuch a nature, that one une Problems wilt: 

_ Known quantity being afumed, would hardly or not at all be fufficient to have often require. 

all the denominations that are neceflary for finding the equation; in this cafe pace ee 
may be taken one, two, three, or as many more unknown quantities as are tities ae 
needful, And if the problem be determinate in it’s own nature, it will always one. 
| fupply conditions for as many equations as are the unknown quantities affumed. 
Then, by means of each of thefe equations, one of the unknown quantities 
will be eliminated, or it’s value may be found by the remaining and the given. 
quantities ; fo that finally we fhall arrive at the lat equation, which will contain 
one unknown quantity only. The manner of performing thefe operations will. — 
be beft underftood by the examples. 


Firft, let there be two fimple equations, or of the firft degree; as, fuppofè: 
for example 4 + x = 4 + y, and 2x + y = 35; and let us eliminate y, and. 
retain x. Now, by means of which we pleafe of the two equations; fuppofe of 
the firft, by the help of proper tranfpofitions of the terms, we may find the i 
value of y, which will be y= 4 + x — 4. This value may be fubftitutéd. 
inftead of y in the fecond, and we fhall have a new equation 2% + @ +x—-d 235, 


4b — a 


that iso = . And this value being fubftituted inftead of x.in either of: 


the two propofed equations, we fhall have the value of y = “2°, This may 


alfo be obtained by deriving two values of y from the two equations, ‘and com- 
‘paring them together. For ‘from the firft equation we fhall have vela x 
-— 5; and from the fecond, y= 36 — 2%; wherefore it will be, by comparifon,, 


| ie 
4@ PF è = 36 — 2x, and thence x = 4 È 


a © 
» as before, 


St. After: 


How they are 
‘to be elimi- 
nated. 
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81. After the fame manner we mult proceed, when the equations contain the 
unknown quantity, which is to be eliminated, raifed to the fecond dimenfion 3 
if by means of one of the two given equations, or by the tranfpofition of the 
terms alone, or by the rule for fimple or affected quadraticks, we can have a 
value to be fubftituted in the other equation. Let the two equations be 
xx 4 54% = 39), and axy — 3xx = 444. Now if we would eliminate y, the 
4aa + 34% 16a*+24aaxx-+Qx* - 

2% Axe i 
This value being fubftituted in the firft equation, it will be «x + sav = 
IE. i > which, by reduction, will be 23x* — 20443 + 7244X% 


fecond equation will give y = , and therefore yy = 


40x ‘ 
+ 48a* = o. But if we would eliminate «, finding it’s value by either of the 
| V yy 1200 
two equations, for example by the fecond, we fhould have x = = + sr ì 
tà a ae ayy —12407=2yWV yy = iz 
This being fubftituted in the firft equation, it will become as Ga e 
* 


FR ace at So n 3yy. This being freed frorh radicals, and fet in order, 


3 3 
after a long calculation will come out 6934 — goay? + 7240) + 404%) 
+00! = 0. 


Quantities to 82. Often by two equations, in which the unknown quantity to be eliminated 
be eliminated is raifed in both to the fame degree, may be found by means of either, of them 


by compa- 
rifon. 


fecond, xx = 


the value of the highelt power of the unknown quantity ; and that is by putting 
that highet power alone on one fide of the equation, and all the other terms 
on the other fide: then thefe two values being compared to each other, will 
give an equation of a lower degree. The fame operation may be repeated 
again, and fo on, till we have an equation truly fimple in refpe& of the un- 
known quantities, and confequently it’s value expreffed by the other unknown 
quantity, and by fuch as are known. Then this value being fubftituted in 
one of the given equations inftead of the unknown quantity and it’s powers, 
we fhall have an equation exprefled by the other unknown quantity only, and 
fuch as are known. 


_ Let the two equations be y* + aay = 2xx, and y? — dex = 4ax, out of 
which y is to be eliminated. - Therefore by the firft it will be y = bax — ayy 
and by the fecond, »? — 24% + 2xx. Then by comparifon, dxx — gay = 
fax 4 bxx, or y = — x. Then making a due fubftitution in either of the 
two equations, we fhall have — x° — aax == bxx, or x° + bx = — aa, Again, 
let the two equations be wx + 54x = 3yy, and axy — 3xx = 4aa, from which 
we are to eliminate x. It will be by the firlt xx = 2yy — 5ax, and by the 
2a) — 44a 


4 


+ Therefore the equation will be 3yy O 50x = nni 
From 


SECT, Il, ANALYTICAL INSTITUTIONS, 57 


oyy + 4aa 
: ay + i5a | 
one of the propofed equations, in the firft for inftance, it will be as is found 
above. — : 


From hence we fhall have x = 3 and this value being fubftituted in 


But if in the two equations the unknown quantity to be eliminated do not 
afcend to the fame power in the higheft terms, the equation of the lower degree 
is to be multiplied by fuch a power of the fame quantity, that it may be of the 
fame degree as the other; and then you are to proceed as before. Thus, if we 
have y} = xyy + 344x, and yy = xx — xy — 3aa, and we are to expunge y; 

multiply the fecond equation by y, and it will be »3 = xxy — xyy — 2407. 
Therefore xyy + 3aax = xxy — xyy — 344y, which, being compared with the 
value of yy given by the fecond propofed equation yy = xx — xy — 344, will 


. KXY — 240) — 204% > DI 
give es hn are mee s i a — 3442, or. ZXKY meron 3aay lL 3a4aXx ee DAI, 


Fibs nad ces 4 aS a 
ee Wen being fubftituted in one of the propofed 
34x — 344 


and therefore y = 


44° — 1204x* + gatxx 


equations, fuppofe in the fecond, will be FAC de Le 


Ke om 344 


2x4 — 3aaxx 


Sear reducing to the fame denominator, x° + 184%x* — 454% 


+ 270° = o. 


In particular cafes particular expedients may often be ufed, and there may be 
more expedite methods of coming to a conclufion; but thefe do not fall under any 


rule. An example may be feen of this in thefe two equations, x + y + — | 
= 20), and xx + yy + 2 = 14088. If we would eliminate x we muft 


tranfpofe y in the firft equation, which will then be x + 2. = 206 — y; and 
J 


4 
x2 


{quaring both parts, it will be xx + 2yy + = 40085 — goby + yy, that is. 


ue +99 + 2 = 40085 — 40by. But the fir& member of this equation is 


the fame as that of the fecond propofed equation, and therefore it will be 


400%) — 40by = 14006, or y = = rites | | 


83. By a calculation more laborious and long, but performed after the fame when there 
manner, if there be three, four, or more equations, and as many unknownare feveral 
quantities, we may reduce them to one only. For by means of one (dato tations. 
we may exterminate one unknown quantity, the value of which, exprefled by 
the others and known quantities, may be fubftituted in every one of the remain- 
ang equations. Then by means of another equation we may eliminate another 

| | unknown 


Sometimes 
the number 
of equations 
may be in- 
fufficient. 
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unknown quantity, and it’s value may be fubftituted im thofe that remain; and 
fo on to the end. Let there be three equationsa +y =c+2,2+x=44+7, 
z+y = 4 + x, and we would have only one equation including z. From 
the firft equation take the value of y, that is ye + 2— 4, and fubfliture 
this value in the other two, which are then z= + # SM a+c¢+2—vw, and 
Ztc+2z2-*=d4+ «x, or rather 2x = a + c, and 2% mb — + 24, 
which will then be in the place of the fecond and third. In this la&, inftead 
of 2x fubftitute it’s value from the other, and then it will be 2% — è — ec 


+ 2+ c, that is pane : È di Alfo, the fame may be done after another 


manner, thus. From each of the three equations given take the value of y, for 
example, that isy=c+2—xy=2%+x—T— gdg,y=z5+%—z. By 
the comparifon of two and two of thefe equations, which you pleafe, you will 
form two equations which have no y. From one of which equations you may 
take the value of one of the unknown quantities, and fubftitute it in the other. 
Thus, if you make the two equations ¢ + z — x =2 + x = 4, and c + 2 


— + Z54+ — 2, from the firft take the value of x, or x = £ È È and 


ate 
2 


=—b + 


a PE a c 
fubititute it in the fecond; then c + z— 3; 


— 2; that is, 


5 N ni? e 
iu di. , as above. In the fame manner we muft proceed’ if the given 


equations be more in number, and more compounded. The ufe of the rules 
here taught will be feen in che folution of the problems. 


84. Whenever the conditions, or the data of the problem, do not fupply us 
with as many equations as are the unknown quantities affumed, but that two of 
them will at laft remain; the problem will always be indeterminate, and we 
cannot find the value of one of the unknown quantities but on fuppofing and 
determining the value of the other; in which cafe every indeterminate problem 
becomes determinate. ‘To give fome idea of thefe indeterminate problems, 
though by way of anticipation ; let it be propofed to feek two numbers, the 
fum of which is equal to 30. I call the firft number x, the fecond will be 
30 — x by the condition of the problem, nor fhall I then have any means of 
forming another equation. ‘Then I will call the fecond y, and by the condition 
of the problem it will be x + y = 30. Now becaufe it is not poflible to find 
matter for another equation, by which to eliminate one of the two unknown 


| numbers, the problem of it’s own nature will be indeterminate. But if I affign 


a determinate value to one of the unknown quantities, and fuppofe, for ex- 
ample, that y = 8, then it will be x = 30 — y = 22. But becaufe we may 
affign infinite values to y fucceffively, the values of x will alfo be infinite, and 
confequently the problem is capable of an infinite number of folutions. I will 
take another example of this from Geometry. Let it be propofed to find a 
Lene | rectangle 


i * È 
cea rr 
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rectangle equal to a given fquare. Let y be the bafe of the reCtangle required, 
it’s height x, and aa the given fquare. Then I fhall have the equation aa = xy; 
and not having matter for another equation, the problem remains indeterminate; 
there being in fact infinite rectangles equal to the given fquare, the bafe may be 
varied infinitely, and the height alfo relatively to it. But if I add this condition 


to it, that the bafe, for example, fhall be equal to half the height, or — x, 
then it will be y = — x, and the equation will be — xx = aa And thus 


one of the unknown quantities may be varied an infinite variety of ways, and. 
likewife the other, fo that the problem may have an infinite number of fo- 
lutions. 


85. On the contrary, if the conditions of the problem, which are to be More equa- 
fulfilled, fhall fupply us with more equations than there are unknown quan. tions may be 
tities, the problem will be more than determinate, and by that means may cero 
become impoflible. For, in order to be poffible, the values of the given QUan- the probl 
tities muft be reftrained to a given law, which will often afford innumerable become im- 
cafes in which the problem will become poffible. In the foregoing example, poible. 
of finding two numbers the fum of which fall be 30, when nothing more is 
required, it will be an indeterminate problem ; but if the condition be added, 
that befides the difference of the fquares of thofe numbers fhall be given, 
fuppofe for example 60, the problem will then be determinate, we having in 
this cafe two equations, that is, x + y = 30, and xx — yy = 60; fo that, 
taking from the firft the value of y, and fubftituting it’s fquare in the fecond, 


it will be ¥ = oe, or x = 16, and confequently y= 14. But befides, if we 


fhould annex a third condition, that the fum of the fquares of thefe numbers 
fhould be equal to a given number, the problem is more than determinate, and 
therefore poffible in one cafe only, in which the number given for the fum of 
the fquares is juft the fame as thofe fquares, that is 452. Thus, in the other 
example of a rectangle equal to a given fquare, if we require that the rectangle 
fhould be upon a given bafe, the problem will be determinate ; but more than 
determinate if we fhould alfo require, that it’s fides fhould have a given ratio 
to each other. It will be poffible only in one cafe, wherein this ratio is exactly 
the fame as refults from the other condition of the given bafe, and from the 
equality to the given {quare. me ; 


86. The equations being refolved, and the values of the unknown quantities How fimple 
being found in geometrical problems, it remains to give the conftruétions of equations 
thefe values; that is, from the given lines of the problem we mutt find fuch, aoa con. 
that may exactly reprefent the unknown quantities, which were propofed: to be meee 
found. In the firft place, let the value of the unknown quantity be a fimple re 


12 > rattonal 
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x ‘n ab CI ° ? e csi 
rational fraction, fuch as x = ——. If we convert this into an analogy, it will 


be c.d: 4.3; fo that the fourth proportional required is = “Abed Wed 65s 204A 


| upon the indefinite right line AC taking AB 
Fig. 13. 3 . 26, and at any angle drawing BD = 4, and 
through the points A, D, drawing the inde- 
finite line AE; if we make AC = a, and 
draw CE parallel to BD, it will be CE = 
< = x. Or elfe in any angle EAC draw. 
ing the indefinite right lines AE, AC, if we 
mike Abe: A ee A 45 and 


ABC PT _K  fromthe point B to the point D draw the 
right line BD; from the point. C draw CE 
| parallel to BD, it will be AE = Rad . Therefore by thefe or other theorems or 


c 
problems of Geometry may be found a fourth proportional to the three given 
quantities, or a third if only two be given; and we fhall have the value of the 
abc 


VHT 


had by taking any one of the letters of the denominator, and two of the nu- 


unknown quantity expreffed by lines. If it be x = » the firft analogy is 


b . . 
merator ; for example, n.d :: 4. —, which is therefore the fourth. Then 
3 


let this be found as before, and call it f; therefore it will be x = sly The 


fecond analogy then will be thus, 2.f::c.x = a , which will be the fourth 


= ee. Taking therefore (Fig. 13.) AB =m, AC = a, BD =5, it will 


- an 


be CE = a = f; whence producing CE indefinitely, take Clin 'Ckar: 


Or if they 
confift of fe- 
veral terms. 


and draw HE; if from the point K the right line KI be drawn parallel to HE, 
it will be CH. CE :: CK . CI; thatis, 0. ::¢. 2 =Cl=«. 


mit 
If the dimenfions in the numerator and denominator fhall be more in 
number, the analogies muft alfo be more, but always in the fame order. 


87. Whence if the value of the unknown quantity fhall be compounded of 
feveral fimple fra&ions, or of integers and fractions; find the lines which are 
equal to each term, and adding or fubtracting them according to their figns, 
they will give the line which expreffes the value of the unknown quantity. 


88, From. 
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88. From this rule we may derive a method of transforming any plane into How the 
another with a given fide ; a folid into another with one or two given fides, &c.; co. ee 
that is, any term of two, three, or more dimenfions, into another which fhall è transforme 
include any given letter, if it be of two dimenfions; or one or two given letters, edat pleafurey, 
if it be of three dimenfions. Thus let the term be 35 which we defire to tran{- and fo oe 
form into another, which fhall include the letter 4. By this letter 4 let dd be. Cono 
divided, and it will be —. By the given rule (Fig. 13.) a line may be 
“a bb : : 7) | ees 
found equal to —, which call m. Then is — = m, and therefore 22 = am, 

Let ffe be fo transformed as that it may include 45. A line may be found equal 
to ae which call #7. Then it will be as a My OY fie. — aba! Tt it had 


fe 


been required that it fhould only include 4, we fhould have made — 3 


and therefore ae = fu, or ffe = afn. This is manifeft, and needs no other 
examples, 

89. This being fuppofed, let the value of the unknown quantity be a com- How come 
plicate fraction, or more than one, that is, let the denominator have feveral Plicate terms: 


may be tranf+ 
03 


bb + ce 
into another, which fhall include the letter 4, and let it be bm. Then we (hall 


terms; asexn = . One of the terms, fuppofe cc, is to be transformed formed. 


» whichis refolved into thefe two analogies, 6.0 :1 2. = yathe 


a3 

have ee 
fourth, and b +m. na, Rai ga a , the other fourth. And making as ufual 
the conftruction by the help of fimilar triangles, we Mhall have the line which 
is the value of the unknown quantity x. We might as well have left the term. 
cc in the denominator, and have transformed 44 into another, which fhould have 
included the letter c, for example cz; then the fraction would have been 


at 


A ; ry . se. 2 x * dr - \ aa 
ala. which is refolved into thefe analogies, ¢. a ira. =, ande + n. 


3 I È i si i 
-. Let the fraction given be x = ; in the denominator the 


3. 

‘Halo | A Se 

cof ca a+ 53 

term J? may be transformed into 447, and the quantity to be conftru&ed will be 
£3 À 3 : bb 

———. This may be refolved into three analogies, 4.4336. 2, and. 

ch o | i i Ra a i | 

| Bb — . #? and @+4.¢3: ae pari If the denominator fhould: 

have three terms, then perhaps two of them muft be transformed ; if it fhould’ 

| 3 have: 


Other frac- 
tions con- 


firucted. 


‘laces Bs Bat ee IT. eo 
ii 9 a 3 ws a 
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have four, then three are to be transformed, &c. Thus, if there were given 


b3¢ by, e è ; bs 
eS conii after having made 4° = aan, and dec = aap, then it would 


bic 
a + a°n — a% i 
bb ee b3 b3 B3¢ 


AG+t—P.63—. 
, and da - a at+anu—a’p 


bersi = This, in the fame manner, is refolved into three ana» 


e ar 
b3¢ 
ar + b3 — bee * 


pou 


_ It can make no difficulty if the numerator of the fraction fhould be com- 
plicate, or have feveral terms; becaufe the fraction will be equivalent to fo 


: aa + bb . 
many fractions as are the terms of the numerator. Thus ——— is the fame as 


\ 
aa bb | ; . ; 
==> +-+. Therefore each being refolved in the manner here explained, 
a°î — c ai — c3 = 
the fum or difference of the lines fo found, according as their figns may re- 


quire, will give the line which is the value of the unknown quantity required. 


go. But without multiplying operations, by reducing a fraction with a com. 
plicate numerator to feveral fra€tions, it will be enough to make ufe of a con. 
venient transformation of the terms of the numerator and denominator, after 
the fame manner as has already been feen for the denominator. Thus let it be 


— «+. transform the term dc into am, and the fraction will be “+2”. 
até a+ é 

pera ee 0 o, da + am . aacc = abcf Pn 

whence it is @ + b.a+miia. eure Let it be af 4 UF s make f= 


aact — aacm ace — acin 


am, and the fraction will be >> prep al that 1s pr re GS) then 7.3 o Be 


ac ac ace — acm 


HK sie are 11 pp e Fra 


But if the numerator and denominator of the fraction be fuch, that without 
transforming any term they may be refolved into their linear components; then 


no ufe is to be made of transformation, which would only multiply operations 


È ° ti ene : 
unneceflarily. Such will be the fractions en 4 aL, and fuch others. 
The firft of thefe may be refolved into thefe two analogies, 4 + c. 41: 4. i: 


aa aab 
a+¢° aa—« 


anda— c.8:: + And the fecond into thefe two, c. 41: 


aa + ab ai — abb 


aa + ab a 
i RITO Gi ee 


a+b. . Thus very often, 


without 
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without transforming the terms, it will be more convenient to make ufe ot the 
Extraction of Roots, for refolving a fraction into analogies. Thus the fraction 

i : i ii da E EOF 
cl may be refolved into this analogy, 4. Waa + de i: Waa + be + i 
a è 


be ov 3 "071/7000 BP in 

though more fimply thus, @ + —, The fraction ir vee DS refolved into 

da; . PRA ina Licei aa + bb | 

thefe two analogies, Waa + co è Vaa + d tt Waa + db» va? and 
è 6 


aa + bd a3 + abb 
N aa 4 cc ; aa + cc 


Frog Aedes, 3 . a? + bbe i 
transform a term; as in the fra&ion da — which cannot be refolved even 


A ag e . Yet fometimes it may be neceflary to 


by radicals, unlefs one of the terms of the numerator be transformed, fuppofe 


i ; 3 | 
bbc into acm, fo that it may be HI “For then it may be 2 +e, e: 


dA — 


av a? + cm 


| | Sanaa et av aa + cm a + acm 

* ge be s and a@—c e Vv se a — —_ n 
A za + cm a 3 V aa + em Gc eM ay 
ai + bbc | 


zz» The fame obtains in fractions more compounded. 


Among the variety of ways here produced, it cannot eafily be determined 
which will be beft in particular cafes; perhaps more than one fhould be tried, 
that we may pitch upon that which will furnifh out the fimpleft conftruftion of 
the propofed problem, — 


gt. As to what concerns the finding fuch lines as are expreffed by radicals ; Radicals how 
in the third place, let the value of the unknown quantity be an integer quadra- conftrufted. 
tick radical, fuppofe x = 4/45. That is, x is a mean proportional between 
| a and 6, Take AB = a, and dire&ly to it 
Fis. 14. D BC = 4, and bifecting the eompofed line AC: 
in H, with radius HC defcribe the femicircle 
ADC, and from the point B raife the perpen- 
dicular BD terminated at the circumference. 
The rectangle of AB into BC will be equal to 
the fquare of BD; that is, 46 = BDy, and 
Mi È a therefore 44a = BD = «x. Let it be x = 
sa N 244; taking AB = 26, and BC = a, it will 
pia be BD = ¢f24a, &c. 
And if the radica! confifted of complex quantities, as a = 4/ 4aa + ab, OF 
elle « = 344 E ob + zac; in the firft cafe, making AB = 4a +8; and in 
the fecond, AB = 34+ 6 + 2c, and taking BC = 4; if a femicircle ADC be 
defcribed upon the diameter AC, anda perpendicular BD be raifed, that per-. 
| | pendicular 


6 


Pesos 
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pendicular in the firft cafe will be equal to Jaa as È mor a and in the fecond, 
N 30a + ab + 2400 = Wi 


And, in general, let the terms under the vinculum be as many as you pleafe, 
and combined with their figns in any manner, it’s value may always be con- 
flructed by means of a femicircle, when every term is multiplied into the fame 
letter; making, for example, one of the fegments CB equal to that letter, and 
the other fegment BA equal to the fum or difference of all the terms divided by 
that letter, and raifing the perpendicular BD. It is eafy to perceive, that if 
the combination of the figns fhould make the fesment BA a negative quantity, 
that then the quantity under the vinculum would be negative, and therefore that 
the value of the unknown quantity would be imaginary. Such would be 


x = “ab — ac, fuppofing ¢ to be greater than J, 


How radicals 92. Now if every term be not multiplied by the fame letter, they may become 
are to be ; ; i af a È 
sai fuch by transforming thofe that are not fo. Thus, if x = W aa © 45, make 


in orderto 25 = am, and it will be x = Wz0 + am “Then taking AB = a + m, that is 
conftruftion, 


AB-2a+ - , and BC = a, and defcribing the femicircle, it will be BD = 
Va bb =% In like manner, having given x = a2 46) = ac, make 


bb = am, cc = an, and it will be Waa + am — an = *; and taking AB = 
a+m— n, and i it will be BD = Was + bb — «= 


Quadraticks 93. But however ‘the terms may be, without making any alteration, qua- 
conftruéed dratick radicals may always be conftru@ed, either by a right-angled triangle 


inate ag or spa that and a circle together. Let it be x = Waa + 85, and take 
tion, | AB = a, and BC =. perpendicular to AB, 


Fig. 15, AD ai at will be AC Va da Io y 240, 

make AB — a, and BC = a, and it will be 
Artie Mori gaa, make, asrat 
firft, AB = BC = a, and upon the right line 
AC raifing the perpendicular CD = a, it will 
be AD=V 344. If x = W5aa, make AB 
ed; sec ee 2,-then AC Se “gaa It ate 


i) snake AB #9, BC —2.20d 
perpendicular to AB, and upon AC raife, the 


AL B perpendicular CD =¢; then the hy pothenufe - 


AD will be = # ==" 2a 4 ob + «cj and fo on 
to quantities more compounded, If* = Waa + b, though the term dc be not 
transformed, 


+ See oe a 
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Fiv: bo Mo. transformed, in the manner fhown above, 
| O ‘faking JAB =a, BC = 6, BD, ‘upon 
the diameter CD defcribe the femicircle 
CED, then the ordinate BE will be = dc; 
and drawing the hypothenufe AE, it will be 
Bt Moss V adit bce Hr DN aa be Bee es 
upon AE draw the perpendicular EM = e, 
apesit, willbe AM = x = Waa 4 be tae 

VA Leta = Vaa+ be + co, taking BC—=d2+c, 
AC B D BD=5, it will be BE = VET5, and 
AE = Waa + be + cc If there fhould be more terms, the operations might 

increafe, but not the difficulty. Let x = Vaa=55; 

Fig. 17. M on the diameter AB =a, let the femicircle ACB 
be defcribed, in which infcribe the chord AC 
= 4; then, becaufe of the right angle ACB, it 

Wall De Gs sale I CAVIE, 
produce AC to M, fo that it may be CM=43 
and drawing BM, it will be = x = Yaa—d34 Fa. 

: If x =.Waa—bb—bh, in the femicircle ACB 

A | 5 infcribe the chord AC = V7% + 33; then BC 
A gm Ob bh: KM ori ea Be taking AB = è 

: in the firft cafe, and = J + e in the fecond, 
add directly AD = c, AH = a, if with the 
diameters BD, AH, be defcribed the two 
femicircles BCD, AEH; the ordinate AC in 
the firft cafe will be = We, and in the fe- 
cond = Wj. + ce, and therefore, taking AE 
= AC, and drawing the chord EH, it will be 

Won — be inthe fir cale, and 2" 4/ 23 — 6, — co 
in‘the:ferond: -Hfit were Ma 4/4, Diva; 
make AB = #4, AD = c, and befides, taking 
CF = € perpendicular to AC, it will be AF 
= Yic+e. Wherefore, making AI = AF, 
Will Deen es c/o | 


‘Ifx = &%77%, thtisx=Vy7# +7, transform the fecond term 24 
| into aamm, and it will be x = Wa + am*; and taking the fquare 44 out of 


AfFelted 
quadraticks 
how con- 


ftructed, in- 


2 
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the fecond radical, it willbex=V aaa Fam 
Make AB = a, and the normal BC = m, 
it will be AC = Warm Produce CA 
to-H, fo that it mev.be AHx= AB — a. 
Upon the diameter HC defcribe the femi- 
circle HDC, and from the point A draw AD 
perpendicular to the diameter ; it will be AD 


WEY vale min c= RIT 


Cafes more compounded are eafily reducible to thefe here fpecified, I {hall 
add nothing about fiaftions compounded with rational quantities or radicals, 
becaufe they require nothing more than applying, or perhaps extending, the 
rules already given. ; | 

94. As to the confruétion of affeéted quadratick equations, which are the 
higheft I intend to treat of in this Section, I thought their refolution to be 
neceflary, and have given rules by which to obtain the values ot the unknown 


| dependent of quanucy, and fo to conftruct them in the manner juft now taught. Yet this 
their folution, previous refolution is not abfoiuiely necefiary, and without this they may be 


conflru&ed after the following manner. 


All the infinite number of affected quadratick equations may be compre- 
hended and expreffed by this formula, «x + ax + 4b = o, that is, by thele 
four, which arife from the four different combinations of their figns. 


i : Ie XX + ax — bb = o. 

Qe KK — OX ca bb =O 
3. «x + ax + 56 = o. 
di KX — ax + bb = o. 


It is to be underftood, that the letter 4 reprefents the whole quantity 
which forms the co-efficient of the fecond term; and 4 is the {quare-root of 
the aggregate of all the known terms. Now to contract the two firft, take 

CA = a, AB at right angles to it, and equal 

Fig, 20. he to & With radius CA let a circle AED be de. 
fcribed, and from the point B let the right line BD 

be drawn, terminating in the periphery at D, and 
pafling through the centre C. Then will BE be the 
pofitive value of the unknown quantity, in the equa- 
tion xx + 44 — db = 0, and BDit’s negative value: 
as on the contrary, in the equation xx —ax—bb=0, 
BD will be the pofitive value, and BE the negative 
value. And in effect, byrefolving the two equations, 
| | “they 


foi 
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they are x = = 1a ce N kaa + bb, and w= 14 + + Visa + db And by the 
conftruction, it being CA =CD=CE= La, and AB = 6, it will be CB = 
VW taa + bb, and therefore BE = Aaa + bb — 74, which is the pofitive value 
of ‘the unknown quantity in the firtt equation; and BD taken negatively, 


ee gra - Yiaa + bb, will be the negative value. Thus BD, taken pofi- 


tively, = 14 + ica + bb, is the pofitive value of the unknown quantity in 
the fecond equation ; and becaufe of CB greater than CE, EB will be negative, 


=la—- Visa + by which is the negative value. 


Fig. ar: The third and fourth formulas are thus conftru&ted. Taking 
CA = ta, and AB at right angles equal to 4, as in the fore. 
going e conttruction ; and with radius CA defcribing a femicircle 
ADH ; draw BD parallel to AC. The two right lines BE, 

BD, will be the two values, or the two negative roots of the 
equation xx + an + 66 =0; and the two pofitive values in 
the equation xx — av + 25 = o. Now refolving the equa- 


tions, the third will give us «x = — 14 + Viaa — 8, and the 


fourth a = ta + Visa — db. Therefore, drawing the right lines 
CD, CE, and CI perpendicular 10.BD, it willbe ID = IE = 


N zaa — bb, and therefore BE negative = — ta + Wiz — di; 
the negative value of the unknown quantity in the third equa- 
tion, becaufe BI is greater than IE. And BD taken negative will be = — 24 


— Wiza — tb, the other negative value in the fame third equation, On the 
contrary, BD will be pofitive, = 14 + viza — 85, and BE pofitive, = 14 
— Visa — $b, both being the pofitive values of the unknown it In the 
fourth equation. 


Therefore, to conftrué any affected quadratick equation, it will faffice to: 
affame the radius CA equal to half the co-efficient of the fecond term, and the 
tangent AB equal to the fquare-root of the laft term; and the reft as in one or 
the other of the two figures, according as the laft term fhall be pofitive or 
‘negative. Thus, for Resti to conftru& the equation xx + ax — bx — aa 


+ co = o, make AC= = at and AB = aa = co in ‘the. fr of the two: 


figures, if a be greater than ¢; and AB= V& = da, in the fecond, if 2 be 
lefs than c. By this at cata it may be feen how we are to proceed in all higtaer 
cafes. | 


A cafe may happen, that, in the contain of Fig. 21, the eae line BD 


| fball not cut, but touch the circle ADH; or that it may neither cut nor touch 


dt okt will taiich it when itis AC = AB, that is, +@ =37#, and the two values. 
s pi the unknown quantity of the equation,. BE, BD, fhall be ERNIA ‘one pofitive 
Ka 7 and: 


Or otherwife 
thus con- 


firucted, . 
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and the other negative. It will neither touch it nor cut it when BA is greater than 
AC, that is, 2 greater than 14; and the unknown quantities will not have any 
value at all, but will be impoffible or imaginary. And this agrees perfectly 
with the analytical refolution, becaufe when it 1s 14 = J, it will be 122 — bh=0, 


and therefore the two values x = — 14 + Viaa — 55, ands = ta + tua — bb, 
will be x = — 14, and x =: ia. And when {a is lefs than è, then Wiga 9 


will be an imaginary quantity, and therefore the two values of the unknown 
quantity will be imaginary. 


95. In thefe conftructions it is neceffary to find the fquare-rost of the lat 
term of the equation, which is to fupply us with the tangent AB of the circle. 
If therefore this laft tetm is equal to a reCtangle, or if we have a mind to make 
it fo, which thing is in our own power, the four formulas aforegoing may be 
thus confiructed, after another manner. 


I, «x + ax — de = O. 
2. KK — AK — be = O. 
gerani eCard be. o. 
4, XX — an + de = oO 
Fig. 22. «Let the circle BAD be defcribed with any dia» 


meter, provided it be not lefs than either 4 or B— c; 
where I fuppofe 4 greater than ¢, or that 4 is the 
greater fide of the rectangle given, and c the leffer 
fide. Now, from any point A in the periphery let 
the two chords AB = a and AD = 6 —€¢ be in. 
{cribed in the circle, and let this laft be produced 
to F, fo as thatc°DF = ¢.. With centre C of the 
fi: circle, and with radius CF, let a fecond circle 
FGH be defcribed, which may cut the chords AD, 
AB produced, in.the points F, E, G, H.. .This. 
being done, AG will be the pofitive value or root, 
and AH the negative, in the equation xx + ax 
— bc —o. And onthe contrary, AG will be the negative root, and AH the 
pofitive, in the equation xx — ax — bc = 0. 


Now, to apprehend the reafon of this, it is neceflary to have recourfe to two 
properties of the circle, which are demonftrated by geometricians ; which are, 
that the right lines EA, DF, are equal to each other, as alfo the two GA, BH, 
are equal, and that the rectangles EA x AF, and GA x AH are alfo equal. 
Thefe two theorems being fuppofed, the line BA 1s to be bifected in M. Then, 
by Euclid, ri. 6, the fquare of MG will be equal to the fquare of MA, together 
with the re&tangle BG x GA, that is HA X AG, that is FA x AE. But 

2 the 
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the fquare of MA, by the conftru@ion, is equal to taa, and the rectangle 
FA x AE is equal to de. Therefore it will be MG = V iaa + be, and thence 


AG = — 14 + Wiaa + bc, the pofitive value. But AH = ta + Wiz + ke 24a + bey 
whence AH negative = — 14 — 4 iaa + be the other value which is negative; 


both exactly as “they arife from the refolution of the firft equation. For the 
fame reafon, AG negative will be = 14 — / faa + be, and AH pofitive = 14 


+ Wiaa + be, which are the values of the unknown quantity in the fecond 
equation, 


Fig. 23. As to the third and fourth equation, let any circle RAD 

A be defcribed with a diameter not lefs than 4, or è + c. 
From any point of the periphery A let two chords be 
infcribed in it; that is AR.= a, and AD = + c; and 
making DE = 6, with centre C of the firft circle, and 
with radius CF, let another circle GHF be defcribed, 
which fhall cut the two chords AR, AD, in the points 
G, H, F, E. This being done, AG, AH, fhall be the 
two negative values in the third equation, ‘and che two 
pofitive in the fourth. For, bife&ing RA in M, it will 
be, by Euclid, ii. 6, the fquare of MA equal to the 
rectangle HA X AG, that is RG x GA. that is DE x EA, together with 
the fquare of MG. Therefore it will be tag = de + MGg, or MG = 


Wiaa— be. And therefore — MA + MG, that is GA negative, will be 
= — 14 + Viaa— ke. And — MG— MR, that is GR negative, will be 
= — da — Viaa — be, both the negative values of the unknown quantity in 
the third equation. In like manner, MG + MR, that is t¢ + Wiga — bc, 


will be GR pofitive; and MA — MG, that is 3a — Wig, — bo, will be AG 
pofitive, both the pofitive values of the anknown quantity in the fourth equation, — 


It is plain, both by the conftruétion of Fig. 23, and by the refolution of the 
third and fourth equations, that when it is de = 122, the circle HGEF will 
touch the right line RA, and the two values will be equal. And if dc Mall be 
greater than 124, it will neither touch it nor. cut it, and then the two values 
will become imaginary. | | 


Eas thus laid down the adipe rules, I fhall proceed to fhow their Dc 
in the folution of fome particular Problems. — | ni 


PRO. 


An arithme- 
tical problem. 
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96, Let there be a certain fum of fhillings, which is to be diftributed among 
fome poor people; the number of which fhillings is fuch, that if 3 were given 
to each, there would be 8 wanting for that purpofe ; and if 2 were given, there 
would be an overplus of 3 fhillings. It is required to know, what was the . 


number of the poor people, and how many fhillings there were in all. 


=~ 


A problem 
of equable 


motion, 


Let us fuppofe the number of poor to be x; then, becaufe the number of 
fhillings was fuch, that, giving to each 3, there would be 8 wanting; the 
number of fhillings was therefore 3x — 8. But, giving them 2 fhillings a- piece, 
there would be an overplus of 3 ; therefore again the number of fhillings was 
2% + 3. Now, making thefe two values equal, we fhall have the equation 
3% = 3 = 2x + 3, and therefore x = 11 was the number of the poor. And 
becaufe 3% — 8, or 2x + 3, was the number of the fhillings, if we fubftitute 
11 inftead of x, the number of fhillings will be 25. 


PROBLEM Il. 


97. The velocities of two bodies being given, their diftance, and the differ- 
ence of time in which they begin to move in a right line; the point in that line, 
and ‘the time is required, in which the bodies will meet. 


Fig. 2 4. Let the firft body be at A, the velocity 
cgay of which is fuch, that it would defcribe the 

AM BCD {pace ¢ in the time f. Let B be the fecond 
body, with fuch a velocity, that it would 

defcribe the fpace 4 in the time g. Let the difference of time in which they 
begin to move be 4, and let their diftance AB be e. Firft, let them move the 
fame way, and let them come together at the point D. Make AD = x, then 
BD = x—e. To obtain an equation it muft be confidered, that, having 


given the difference of time from the beginning of the motion of the body A, 


and of the body B, the time muft be found employed by the body A, and alfo 
by the body B, and to the leffer of thefe times, or to that of the body which 
moves laft, muft be added the given difference, and then thefe two portions of 


| time ought to be made equal. : Therefore, by the rule of proportion, we muft | 


fay, if the body A defcribe the fpace ¢ in the time f, in what time will it 
| 5 defcribe 
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defcribé the/tpace:W?.That is, ¢ of it x. Ze , which is therefore the fourth 


term. Likewife, if the body B defcribe the {pace d in the time g, in what 


time will it deferibe the fpace w — e? That is, d.giia — e. ==, which 


is the fourth term. Therefore the time of the body A is È., and the time of 


the body B 1s P_i , and their diffcence | is 5. And if the body A began 
to move after the body B, it will be % + a = “ne 8°: and reducing to a 


common denominator, it will be fax + cdb = egx — cge, that is, ox — fd 
| cdh + cer _. i. 
=— df 


If the body Ai move before the body B, it will be ii mali ge Pi, 


and reducing to a common denominator, it is grin cdb + cca — ceg, that is, 


= edb + ceg; and, dividing by cg — fd, it is 


ego — dfx = ceg — cdb, And, dividing by eg —df,itisx = = oa. 
Now, if inftead of x we fubftitute it’s value now found, in the benicar of 


the whole time L + 4 in the-firft cafe, and in Li in the fecond, we fhall 


.. have the time sica 


I fhall apply the formula to fome examples. Let the body A have fuch a 
velocity, as to move g miles in 1 hour, and the body B to move 15 miles in 
2 hours; and let them be diftant from each other 18 miles, and let B begin to 
move 1 hour before A. Then it will DE BD at 9, e; 


| 324 + 135 


d=15,¢= 18; and therefore x = PST = ree: Subftitute this value 


inftead of x, and alfo the others, in the expreffion of the time cla + è, and it 
will be = 18. Therefore the two moving bodies will be ie at the 
diftance from the point A of 153 Ba after 18 hours from the beginning of 
the motion, | 


Let the body A have fuch a vetotiy as to move 4. miles in 1 hour, and the 
body B to move 5 miles in 1 hour, and let them be diftant 6 miles, and A 
begin to move 2 hours before B. Therefosei it willbe è = 2,f=Ii,c24,, 


«gi ie ni et DI Taking the formula of the fecond cafe, it will be 
A ies a = 16. And fubsicating this value of * with the others in the 
I I expreffion 


Eupyxa, a 
famous pro- 
blem of 4r- 
shimedes. : 
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Fi 


expreffion of the time Za, it will be = 4. Therefore the two bodies A and B 


will be together at the diftance of 16 miles from the point A, after 4 hours 
from the beginning of the motion. 


But if the two bodies move contrary ways, or towards each other, let them 
meet, for example, in the point M; then calling AM = «, and retaining the 
fame denominations as above, BM only will be changed, which will now be 
= ¢—w; and confequently the time of the body B to defcribe the {pace BM 


will be ee, Wherefore, if A begin it’s motion after the body B, it will 


be +b= a and if it begin it’s motion firft, it will be oe moe 
+ oS; of which equations the firft is fdx + cdb = ege — cgx, that is v¥ = 
cge — cdh ite Pe | si . __ ege + edb 
revo and the fecond 1s fdx = cdb + cge ——cgx, or x = ine gi 


Let the body A have fuch a velocity, as to defcribe 7 miles in two hours, 
and the body B 8 miles in 3 hours, and let them be diftant 59 miles, and A 
berin ta move-z hour before -B: YT hetefore. will bew Si f= 2; cy, 


g = 3, d= 8,¢ = 59; and therefore, taking the fecond formula « = ie : 
ot 5 ; es ‘sete His ae 1239 a 66 ; a 
and fubftituting thefe values, it will be «Ss rd? that isw = 35. There- 


fore the two bodies will meet each other at the diftance of 35 miles from the 


‘point A, after 10 hours from the beginning of motion; as will be feen by 


fa 


fubftituting thefe values in the expreffion “-, which is the whole time of 


motion, 


PROBLEM III. 


om 


98. Having given the mafs of the crown of King Hiero, made up of a 
mixture of gold and filver, and the fpecifick gravity of gold, of filver, and of 


the crown ; it is required to find the quantity of each metal in the crown. 


Let the mafs of the crown be reprefented by ™, the fpecifick gravity of gold 
to filver be as 19 to 104, and to the fpecifick gravity of the crown as 19 to 17. 
Make x the quantity of gold in the crown, and therefore m— x will be the 
quantity of the filver. The mafs of a body divided by it’s denfity or fpecifick 


gravity 
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gravity is equal to it’s volume ; therefore the volume of the crown will be | 


But the volume of 


eee 
03 


sa that of the gold ae , and that of the filver —— 

the crown is equal to both the volumes of the gold and filver together which 

13° ie Joy , 
are ine 2 MI 

eam ak m, and therefore «x = "n, 

85 X 17 

190 v 


or x = —-m. Hence, fuppofing, for example, the mafs of the crown to be 
2 3" È 3 


° 3 ra + . 778 ta si e 
compofe it. ‘Therefore we fhall have the equation oo -, that is, 

; ; I9— 10} 
by reducing it to order, ai 


Il 


3 pounds, the quantity of the gold in it will be 4xzt pounds, and of the filver 
ser parts of a pound. S I 


PROBLEM eV 


99. Let there be two weights fo related, that if we take from the firft 1 pound, An arithme- 
the remainder fhall be equal to the fecond weight increafed by 1 pound. And, tical problem, 
adding 1 pound to the firft, and taking 1 pound from the fecond, the fum fhall 
be double to the remainder. ‘The quantity of each weight is required. 


Let us call the firft weight x, and the fecond y. Then it will bex—1= 
> + 1.by the fr condition, and ps =y t by the fecond. By the fir& 
we obtain this value y = « — 2, which, fubftituted in the fecond, will give 
ett = «— 3, and therefore x + 1 = 2x — 6; that is, x = 7, and cons 
fequently y = 5. 

—_—_—_— 
; | PROBLEM V, 


Fig. 25. | 100. In a given circle DCM, a line AB being given, A geometri. 
DI «which is intercepted between the centre and the line cal problem. 
MB, drawn from the extremity of the diameter DM_ 
perpendicular to AC: it is required to find a point O 
in the tangent MO, from whence the rectangle of 

OM into MB may be equal to the rectangle of DM 

into ABS scsi es 

| Make AB-= 4, AM =a, MO = x; it will be 

MB = aa = 5, and by the condition of the pro- 

blem, «Wa 7% = 2ab, that issa= oo, 

, I aa = bè 
di From 


Another. 


PPO. Se | 101. A reangle being given, a paral- | 
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From the point D let there be drawn DO parallel to BM ; then the triangles. 
MBA, DMO, will be fimilar, and therefore it will be MB. BA :: DM. MO, 


2ab 
thati 18 Waa ob ad ae ob: ee 24 è MO = ores 


Se ean ee 
Waa — bb 


PROBLEM VI. 


lelogram is required, the fides of which are 
multiples in a given ratio of the fides of the : 
reCtangle, and it’s area fubmultiple. : 


Di 


H Let ABCD be the given rectangle, 
AB = a, BC = 8, and therefore the area 


= ae. Let the parallelogram required be 
BFHG, whofe fide BF fhould be to AB as 


È to nto e; and therefore BF — =. The fide 
BG fhould be to BC as m to e; and therefore GB = Se, Laftly, the area. 
BFHG fhould be to the given rectangle a, as e to r, Make BL = x, and 
therefore, drawing FL petpendiculas to BG, it will be FL = JT Da — xx, 


5 É. ~ « zZ Pay 
RR IR I Rn VIE RIOT 


Wherefore the Sa faieiporadl BFHG, that is FL X BG, will be — La iam È 
And, fince this fhould be to the rectangle ABCD as e to r, we {hall 


bm | aann ni, : : : 
have the analogy — i sO HK + ab :: e. r; Whence the equation 


ig init AI And taking away the eg, it will be 2 — xx = 
ee ce 4 


aact aann Aa 


, that Ru fo saa 3 and extracting the fquare-root, x = 


mm 
ERA eR 
aann aae* 
nora 
(444 WMS 


In the fide BA take BI = oe 3 and IM = = s and with centre I, radius 


ce 


IM, defcribe the femicircle MLP. The ordinate will be BL = oy a in i 4 


= x. ‘Then from the point L raifing the perpendicular LF = BI, and drawing 
9 | BF, 
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BF, da BG = a n > and compleating the parallelogram BHF Cry cli will be = 
| BG x BL SEI, will be to the rectangle BADC = es ab, as eto r. 


And the lide BF val be a to VELE BLg + LFy Fg = = — : which was to be con- 
ftructed. | si 


The extraction of the fquare-root has introduced an ambiguity of figns, and 
therefore two values of the unknown quantity, and confequently two folutions 
_ of the problem. But it is eafy to perceive, that thefe two values are the fame, 
and differ from each other only in this, that the fame conftruction may be made 
on the fide of B towards C. 


PROBLEM VII. 


102. To infcribe a cube in a given {phere. 


Let KQEP be a great circle of the usi geometri- , 
A it’s centre, AT = a it’s radius, AR half ofcal problem. 
| the height, or of the fide of the cube to be in- 
fcribed, and therefore make AR =x. Through 
the point R let there be conceived to pafs a plane 
n perpendicular to AT, the common fection of 
which, with the fphere, fhall be the circle 
QN SKFO, and the fquare infcribed in this 
| circle fhall be one face, or one plane of the pa- 
rallelopiped infcribed in the fphere. But, be-. 
caufe this parallelopiped ought to be a cube, it 
will therefore follow, that GR = SN = NO, 
Or AR Sk = IO; and befides, that the 
planes gici i it fhould be at right angles. Inthe circle KPEG; the or- 
dinate will be KR. = QR = Waa — aa; and taking RI = RA =x, it will 
be KI = WV2z2— ax +, and IQ= Vaz—az — x. And in the circle 
NKOQ, the ordinate IO = WKI x 1Q@ = Waa — 2xx. Therefore the equation : 
will be va dan = % and thence aa = 3x%, or # = + Viaa. Now, takin 
AU equal to a third part of the radius AB, upon the diameter CU defcribe the 
femicircle CRU ; the point R in which it cuts the radius AT fhall be the point 
required. And it will be AR = Wa, half the fide of the cube, taking it’s 
pofitive value on the fide of T, and chie: negative towards Z. Whence taking 
WAG =a AR, and ili the point R, G, the aii being cut by two planes 
La perpendicular 
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perpendicular to RG; and taking RH = RI = RA, and throush the points © 
J, H, the {phere being cut by two other planes perpendicular to HI, and by 
two others through SN, FO, perpendicular to NO, the cube will be infcribed. 
For, becaufe, by the conftruction, as it plainly appears, the planes are perpen- 
dicular to one another, and it being AR = RI! = + +2a;. it will. be, by the 
property of the circle KQEP, the ordinate RQ = 7 4aa, and therefore IO_ 
= vas — Yiaa, and IO = VKI x IO = 4a; and confequently all the 
fides are equal, as was to be demonftrated.. 


From the conftruction of this problem arifes a: pretty fimple fynthetical de-. 
monftration. Since AU is a third part of the radius AC, the rectangle CAU,.. 
that 1s the fquare of AR, will be a third part of the fquare of the. radius, and 
therefore AR = RI. If from the centre A of the fphere be drawn a right line 
AI to the point I, the fquare of AI will be double the fquare of AR, that is, two» 
third parts of the fquare of the radius. And if from the faid'centre A a radius. 
AO be fuppofed to be drawn,, the fquare of IO will be equal to the fquare of. 
AO, leffened by the fquare of AI; that is, equal to the {quare of the radius,. 
leflened by two third parts of the fame fquare, and therefore equal to one third: 
part of the {quare of the radius, and confequently IO is equal to AR, &c.. 


PROBLEM VII. 


Another. ig. 286. 103. Two concentric circles ACO, BDH, being 
producing | CT given, from the point O to draw a chord in fuch. 
we Si | manner, that it may be OM = DC. 


_ Let OC be the chord. required, and let F be the. 
centre. Make ‘PH: = a, FO 2, and. letting. 
fall the perpendicular ME to AO, let FE = x.. 
Wen Nive na e I 


therefore OM = 4/24 — abx + bb. From the point C. draw CA. to the ex- 
tremity of the radius FA. Then the two triangles OEM, OCA, will be fimilar, 


anc thai hs Obs OA. OC, That is, aa = deh nS 


2b, OC = Bit, by Fuld ii, 56 it is: DO x.OM5= 
? N aa — 2bx + bb 


BOxOH; and therefore DO. BO ::: OH ..0M; that.is DO = 


Lao 


V/aa—2be+bb. 


And confequently CD = CO — DO:= RL e E dae 
Naa —2bx +06 ni 


Bur, by the condition of. the problem, it ought to be OM = CD. Therefore | 
si it: 
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it will be 473s — 250 + aa = Waa — 2bx + bb, which is an identical equ ation, 
Whence we Sue that, however we may draw the chord OC from the point O, 
it will always be OM = CD. And this may alfo be known, by drawing from 
the centre F the perpendicular Fila a) chord whatever OC. For F being 
the centre of both the circles, the right line FL will bife& both DM and CO; 
and therefore, if from the equals LC, LO, we take the equals LD, LM, there 
will remain equals CD, MO. | | 


PROBLEM. IX, 


we Hie. 20% I ‘To4. The indefinite right line NZ being A geometri-- 


propoted, and three points N, A, K, being cal, or rather: 
given In it, a fourth point M is required, fach arithmetical, 
that. NM may be a third. proportional to NK, : 
AM. 
Becaufe che three points NA. rare 
given, make NA =, NK = b, ‘3 30 pina 1 
and therefore MN: = a + x. Then, by 
the condition of the problem, we {hall have 
PURI and, reducing this ana- 
logy to an equation, it will be xx = 42 + dx, 
or xx pi — ab, which is.an affected quadratick. Wherefore, if we add to 
each fide the fquare of half the co-efficient of the fecond term, that is Ep, AL 
will be ax — dx +-105 = ab + 400; and extracting the fquare- -Toot, it is. 
(-4 3 VITI talea ee 
On he right line NZ digli Dei ways indefinitely, take AR, AQ; equal: 
to each other, and each equal to NK = 4; and RF four times NA, or RF= 4a, 
Then it will be AF = 4¢ +24. With she diameter FQ’ let a femicircle FEO: 
be defcribed ; at the point A the ordinate will be AH = 4/45 + 35. Then 
adding dire&ly AO = NK = 4, and bifecting OH in S, it will be OS =. 


eo - #.. Then taking AM = OS, the point:required will be M;. 


2. 


as to the pofitive root. For, defcribing the rectangles SN, AU, MO, and: 


drawing the diagonals AI, AE; becaufe it is OS = aide RI ae 4ab + bb 


N gab ss bb — b: 


SI will be: 
AS= 
n equal to the nigi OA x AN. Therefore the fides. of thefe rectangles w ta i 


—— , and the rectangle OS x SA will be Stal to WS ACE 1856) 
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be to one another in a reciprocal ratio, that is, OA.05S:: SA . AN, or 
EM. MA :: IN. NA. Wherefore the two lines IA, AE, will be dire&ly to 
each other, and confequently the triangles IUE, AOE, will be fimilar, and 
therefore it will be AO. 0E :: ID UE; but AO = NK, 0E = AM, IU 
= OS = AM, UE = NM. Wherefore NK. AM :: AM .NM. 


The foregoing conftru&ion belongs only to the pofitive value of the unknown 
quantity, that radical being taken which is affected by the affirmative fin. But, 
in a like manner, that will be conftru&ed in which the fign is negative. For 
the other femicircle F4Q_ being defcribed, and drawing the ordinate AJ, it will 
be Ob = 6 — W4ab + bb, a negative-quantity; and bifecting 0% in S, it will 


b — V4ab + bb 
2 


pes = Se) GOO deal ase negative quantity, and therefore, 
taking Am = Qs from A towards F, m will be the other point which folves the 


problem. For, becaufe it is As = Ab — sb = cri IL 
fore Os X sA = ab = OA X AN; fo that, making the rectangle Ns, and 
drawing the diagonal Az, becaufe As Xx sO = OA x AN, and AN = si, it 
will be As. si 1: AO. Oe, and therefore Os = Oe. But Os = Am, therefore 
Ue = Nm. But, by the fimilar triangles AOe, Ue, we fhall have AO. Oe :: 
aU . Ue, anditis AO = NK, iU = Os = Oc = Am. Therefore it will be 
NK. Amt: Am.mN. 


Without refolving the equation xx — dx — ab = o, the problem may be 
conftructed independently, by the help of $ 94, in the following manner. 
Take RO = NK = 4, and dire&ly to it OD = 

Fig. 30. oF : NA = a. Then with the diameter RD let the 
N | femicircle RMD be defcribed ; the ordinate will 
be OM = WVad. With the diameter OR let 
another circle ARPO be defcribed, and from 

. the point M through the centre H let the right 


NK = 4, AM will be the pofitive value of the 
unknown quantity. And taking the part Am 
= Pm from A towards N, Am will be the nega- 
tive value. I omit the conftruétion of the fame 
equation by means of § 95, becaufe it is evident 
enough of itfelf, | 


line MN be drawn. And taking AN = a, 


# 


PRO. 
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PROBLEM X. 


centre C, and raifing the perpendiculars DF, BH ;. 
in BH produced, fuch a point G is required, that,. 
drawing the right line GF to the point F, the 
rectangle GF x FD may be equal to the rectangle 
AC x BD. ee er 


Draw FH parallel to AE, and. make the radius 
CA=r, CB =a, CD =.b; it will be DF = 
| 77 — 66 = BH, and make HG = x. Therefore 

HF = CB + CD =a + 4, and GE= f aa + 2ab + bb + xx. Then, by the 
condition of the problem, we fhall have Waa + 2ab + bb + xe X Vir = % = 
ar + br, and, to take away the afymmetry, it will be a°7° + 2ad7? 4. 877° = 
dr + 2abr + Pr? + r°x° — ab? — 206? — bt — bx, and, by reducing,. 
| ab + 2063 + bt 


ph — fr 


3 and, 


AO i 
AE ‘Therefore x, the quantity 


extracting the fquare-root, it is x = + TF 
fought, is a fourth proportional to FD, DC, and FH. Now, becaufe the 
angles in D and Hare right, if we make the angles GFH, gFH, each equal to 
the angle CFD, the triangles GFH, gFH, CFD, will be fimilar, and the 
| points G, g, (that is G in refpect to the pofitive value, and g in refpe& of the 
negative value,) will fatisfy the queftion, For it will be FG (or Fg) . FH :: 
FC .FD. But FH = BD, FC = AG; fo that it will be GF (gF) . BD :: 
AG. FD And therefore GP (eh) x ED = BD x AC. | | 


It is cafy to perceive, that, in refpe& of the pofitive value, it is enough to: 
draw the tangent FG at the point F, becaufe the angles GFC, HFD, are right 
dum And taking away the common HEC, the angles GFH and CFD will 

e equal, co LASA li 


P RO. 


105. The diameter AE of the circle AFE being A geometri- 
given, and the two portions CB, CD, from the cal probleme 


A geometri. 


«cal.problem, 
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PROBLEM XL 


Fig. 3% 106. From the extremities of the given. 


line AB, to draw two right lines AC, BC, 
in fuch a manner, that they may make the 


F 
es angle ACB equal to the given angle GDP; 
poss and that the fum of the fquares of AC and 
R BC may be to the triangle ABC, in the 


sun peace tane rifinire 


given ratio of 4d to a. 


fall the perpendicular CH, make EH=%, 

HC = y. Now, becaufe the problem is 

determinate, and here are taken two un- 
| _ known quantities, it will be neceflary to 
find two equations. Make EA = a, then it will be AH = ¢—v, HB = 
a + x; therefore the fquare of AC will be aa — 20% + xx + yy, and the 
fquare of CB will be aa + 24% + xx + yy, and the triangle ACB — ay; but, 
by the fecond condition of the problem, the fum of thefe fquares fhould be to 
the triangle ABC in the given ratio of 44 to 4; therefore we fhall have 
204 + 2x% + 2yy. ay it 4d. a, and thence the equation aa + xx + yy = 2dy. 
Befides, the angle ACB ought to be equal to the given angle GDP, and there- 
fore, PD being produced, if the angle GDP be obtufe, and taking GD at 
pleafure, draw GF perpendicular to PF; then the angle GDF will be known, 
the angle GDP being given. And, becaufe alfo DG is known, which was 
taken at pleafure, the two lines will be given, DF which make = 4, and GF, 


M 


which make = c. Then, from the point A draw AI perpendicular to BC pro- 


duced, the two triangles GDF, ACI, will be fimilara Now, becaufe of the 


fimilar triangles BCH, BAI, we fhall have AI = ——_'£— , BI = 

i * Naa + 20% + ax + yy 
Erre Cl = Ae naw, be 
N aa + 20% + 0x + yy Waa + 2ax + am + yy 


caufe it mult’ de<Cl AP <2 DEF... FG, we fhall have Sandi i Beene 
N aa + 208 + xx + yy 


A 3 ea o a 
pur i po c; and thence the fecond equation 2gaby = aac 
Vaa + 24x + xx + yy i 


To eliminate one of the two unknown quantities; from the two equations 


{by § 82.) may be deduced the value of xx, that is, from the firft xx = ady 


3 iy 


Let AB be bifeéted in E, and letting — 


3 
d 
4 
; 
4 
Ù 
5 
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2aby 


— yy — aa, and from the fecond, xx = aa — jy — ai Whence the equa- 


iù 2ab . ab ‘ 
tion 2dy — yy — da = aa— yy — — . That is, dy = aa — 2, or (mak. 


ing ae =f)y= rings which is a value of y expreffed by known quantities 


only. This fubftituted inftead of y in the equation xx = 2dy — yy — aa, we 


3 2aad a* 2d? — gif? — a4 
{h H have af lat XX = TC, — ——e “e 00, OT XX = : and thence 
. i St TERE O ape? 


% AM dd — ff — aa 
x= + Tx} 


Draw AK indefinitely, making the angle KAB equal to the given angle 
GDP; and from the point E let fall the indefinite perpendicular EM, and from 
the point A the right line AL perpendicular to AK. Then making DR per- 
pendicular to PD, the angle RDG will be equal to the angle DGF. In like 
‘manner, the angle LAE will be equal to the fame DGF, and befides, the 
angles at E and F are right ones. “Therefore the triangles LAE, GDF, will be 


fimilar, and.thence EL = La = f and AL = aa + ff. In EL produced 


, a value exprefled by given quantities only. 


take LM = 4, and with centre L, radius LM, let a circle be defcribed, which 
fhall cut AK in K.. And, .becaufe the angle KAL is a right one, the ordinate 
will be AK = VIT== aa. Whence, making Ex = AK, and drawing MA, 
and #H parallel to it from the point #, it will be ME. EA :: 2E. EH; 
that is, d+ f.a3: Vga . Ati — = EH = «. This 
being done, with centre I, and radius LA, let a circle OCQ_be defcribed, and 
at the point H raifing the perpendicular CH,.draw CA, CB, and ACB thall be 
the triangle required. For, by Euclid, ili. 32, the angle ACB is equal to the 
angle KAE, that is, by the conftruction, to the angle GDP ; and, by the pro- 
perty of the circle, PC = OP x PQ = “a 2; and therefore HC = 
And, by making the calculation, we fhall find, that the fum of the 


aa 
d+f° | 
fquares of AC and CB is to the triangle ACB precifely in the ratio of 4d to a, 


The ambiguous fign of the final equation gives us two equal values of x, 
one pofitive, and the other negative. If, therefore, EH taken towards A be 
confidered as pofitive, then E% taken towards B, and equal to EH, will be the 
negative value; which will require the fame conftru@&ion. 


It is evident, that the problem will be impoffible as often as 44 is lefs than 
Sf + aa, thatis, LM lefs than LA; for then the radical will become impoffible, 
or only imaginary. 


M | or) ERGs 


Another, 
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PROBLEM XH. 


Fis. 33: | E 107. The femicircle BED being given, 


ata : and a point A being given in the diameter 
, produced; from that point to draw a fe- 
oa: 4——-|_ _ cant AE in fuch manner, that the inter» 


cepted part GE may be equal to the 
radius CB. 


Make CB = c, AB= 4, AD = 4a, and 
AG = x. Therefore, by the condition of 
the problem, it will be AE =cec+m 
Now, by Euclid, ili. 36, the rectangle EAG is equal to the rectangle DAB, 
and therefore we fhall have the analogy AE . AD :: AB. AG. That is, 
C+ x. at:b.x. Whence the equation xx + cx = ab; which is an affected 
quadratick, and, being refolved as ufual, will give us x = + Wie + ab — 30 


On the right line DA produced, taking AR = AB = J, let the femicircle 
ROD be defcribed on the diameter RD; and drawing the ordinate AO, it will 
be = Yas. Draw OM =tc perpendicular to AO, and it will be AM = 
/ ic + ab. Then with centre M, and radius MO, let a femicircle QOP be 
defcribed, and it will be AQ = ia 4 ab — tc, the pofitive value of x; and 
AP = Vic + ab + tc. | Wherefore AP, taken negatively, will be the nega. 
tive value. Then, if with centre A, and radius AQ, an arch were defcribed, 
it would cut the femicircle BED in G the point required. And if, on the other 


— fide, the femicircle RGH be defcribed on the diameter RH = BD, an arch on 


the fame centre, defcribed with radius AP, will cut it in the point required g, 
which belongs to the negative value, For it being EA x AG = DA x AB, 


that is EA x Wice + ab — te = ad, it willbe EA = SR) . And 
Mic + ab — 76 


ab 


LLL TS 
Vice + ab — tc 


therefore EG = — Vic+ ab + ic; that is, reducing to a 


— tcc + ow Ecc + ab 
N Lee + ab — tc 
divifion, it will be at lat EG = c, as it ought to be. 


common denominator, EG = And actually making the 


The fame calculus will ferve for the conftru&ion of the negative value, only 
making ufe of the rectangle HAR inftead of DAB, 


Alfo, 
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Ho, : the folution of the problem may thus be demonftrated fynthetically. 
| Becaufe it is OAg = RAD, and EAG = DAB, and, by -conftruction, 


AR = AB, AQ! = AG; QP = BC, MO = MQ; it:will be AO7 + OM. 


‘= AMg = EAG + QMg; that is, by Euclid; u. 4, AQg + 2AQM + 
-QMg = EAG + QMy. And, taking awaythe common. QMg, it will, be 


AQg + 2AQM = EAG; and, by the third of the fame book, AQg + 2AQM 

== EGA. + GAg. But AG = AQ; therefore it will be 2AQM = EGA, 

that is, AQ..AG?: EG. 2QM. And therefore EG = 2QM = BC, | 
fio | nti ar bada 


PROB LOE M. XIH: 


J 


108. Two arches of a circle being given, and their tangents, to find the A trigono- 


tangent of the fum of thofe arches. metrical pros 
| blem, with 


Fis. 8 Re Let the two given arches be AH, HD, and thea general — 
ins tangentssAI = a,:-HK = 3, the radius CA =r, folutioa. 
1M the tangent of the fum of the given arches AB=x.. 
It will be CB = Vor + ax, CI= Vrr + aa, CK 
= Vrr + 6s. And, letting fall DE perpendicular - 
to CA, and DF perpendicular to CH ; becaufe of 
- fimilar triangles CBA, CDE, it will be CE = 


rr YA 


qe, Dj price .; and alfo, becaufe the 
Nrrtax WV 77 4 ax 
triangles CAF. CEO, EO. are fimilar, we fhall 
AE C | i 
bave,EO iS CO RETE DO: 
N rr tenn Tr + aa 
RY Sle. Sete thal fia I 
& vr ore we fhall have the equation ED = EO + OD, that 
" ar bW rr + aa as rx n rt — ar BN rr4+aa xp : 
Ln ile Sonat ce a 
V rr tax N rr + bb Verte V rr xe Nrr4+ bb At ARE 
this to free it from the radicals, it will ETA MS Pic ee Rao aa 


rr xa - TU PRO RE 
Then, reducing to a common denominator, and taking away fuch terms as 
deftroy one another, it will be r4xx — 207%x — 2abbrrx + aart = aabbux + bbr*; 
? 
2ar* + 2abbrr ~__  bbr* — aar* 3 ‘ 
Se a, which is an affected. quadratick, 


Therefore, adding to each member the fquare of half the co-efficient of the 
M 2 i Tecoug 


that 1s, AN cea 
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ar* + ab*r? 2art 4 206% 


fecond term, that is the fquare of , it will become xX — 


oe gaia 7 3° rt — aabb 
aar8 4. 2aabbr® + aabtr+ bre — atr4 | attr? + 2a*ber® + arbtr4 then’ extrac 
<n Le I) a ane ee Re = n € ak = 
r+ — aabb)* Tt — a*b* , 74 — qzh>\* i ce 


ing the root, and reducing the bomogeneum comparationis to a common denomi- 


art + ab?r* ber? + 2a%%5 + a43?254 
e I + ER voi 
gd — azb* remi / po. Li thm 2 e. But the quan 


i : 5 : - br* + aabrr 7 00; 
tity under the virezium is a fquare, and it’s root is rig OF otherwife 


nator, it will be x = 


br4 + aabrr 
74 — a°b* 
art + abbrr + aabrr + br4 
r+ — aabb 

ar* + ab3r* — aabr? — br4 


¢ = 7: Now; in the firft cafe, both the numerator and 


ii 


; Therefore, in the firft place, taking the pofitive root, it will 


be x = 


; and, taking the negative root, it will be 


arr + brr 
rr — ab 
in the fecond cafe, the numerator and the denominator are divifible by 77 — ad, 


the denominator are divifible by 77 + «5, and the quotient is ; and, 


mie SI i | 
and the quotient is —2, Therefore the two values of the unknown quan- 
rr + ab | , o 
: aes oe dd MO 1 a : : 
tity are x = ————-, and x = waa The firlt of thefe will ferve 


for the tangent of the fum of the given arches, and the fecond for the tangent 
of their difference, as will eafily be feen by folving the problem in this cafe. 
This value will be pofitive or negative, according as the arch, or it’s tangent 4, 
will be greater or lefs than the tangent 2. 


This foundation being laid, it will not be difficult to go on to the general 
folution of the problem ; that is, as many fucceflive arches as you pleafe, with 
their tangents being given, to find the tangent of the fum of all thofe arches; 
which may be done in the following manner. 


Firft, let there be three arches given, and let their tangents be a, 2, c. By 


: : xatòb . : 
the foregoing folution, ——— will be the tangent of the fum of two of 


thofe arches, the tangents of which are a, 2, Let this tangent be called 2, and 


rrxat db 
rr — ab 


therefore it will be z = «è But, by the fame folution, it will be 


TEX SL 
hai ge A i 
and 2 is the tangent of the fum of the two arches, whofe tangents are a, 0. 
7 Therefore 


, the tangent of the fum of the two arches, whofe tangents are 2, ¢3 
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oloni 


Therefore 2% ¢ whofe 
Thr o 26 


tangents are a, 3, c, And in this expreffion, inftead of x fubftituting it’s value - 


yr xatsbh 
axes , we fhall have the tangent of the fum of the three arches expreffed 

rX a+b+6¢ — abe 
rr — ab — ac — be 


Ri», the 


by the given tangents only a, 4, c, which will be 


fame way of arguing, we fhall have the tangent of the fum of four arches, 
their given tangents being 4, 2, c, f, which will be 


reo ale pe e e tangent of the fum 
rr x rr — ab ~ ac — af — be + bf — of + abef . 3 


of five, their given tangents being a, b, c, f, g, will be found to be . 


74 x a+b4etf+g—. — 7x rex abotabftaf+abg+ bef + aig + beg + bff + afe + cfe + abefg 
pr x rr abs ar af 20k SU esta ee fo + dhe + abef+ abcg + abfe + acfe +- befg 


And thus for as. ‘many more. arches as you pleafe. From hence may be 
derived.a ‘general rule, to form the fraGion which fhall exprefs the tangent of 
the fum of as many given arches as you pleafe ; which will be this. 


To form the numerator of the fraction there muft be taken the fum of all 
the poffible products of an odd number of factors, which can be made with all 
the given tangents. For example, if the number of tangents be feven, take 
the fum of all thefe tangents; then the fum of all the threes that can be made, 
then the fum of all the fives, and laftly, the produét of all the feven, Thefe 
fums are to be multiplied by fuch a power of the radius, as each has occafion 
for, that they may be of a dimenfion greater, by unity, than the number of the 
given tangents. And to thefe fums muft be prefixed the figns + and — alter- 


sr nately ; that is, to the fum of all, the ign + ; to the fum of all the threes, © 


the fign —, and fo on; and thus the numerator will be completed. 


To form the denominator muft be taken the fquare of the radius, then the 
‘ fum of all the products of an even number of factors, which can be made by 
the given tangents, that is of all the twos, of all the fours, &c. This fquare of 
the radius, and the fum of all the twos, of all the fours, of all the fixes, &c. 
muft be multiplied into fuch a power of the radius, as each has occafion for, 
that they may be of a dimenfion equal to the number of the given tangents. 
To the {quare of the radius is to be prefixed the fign +, to all the twos the 
fign —, to the fours the fign +, and, fo on alternately. And thus the deno- 
minator will be completed, 


Now the rule for knowing what muft be the number of all the twos poffible, 
of all the threes, &c. in a given number of quantities, will be this following. 


Write 
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Write down the number of quantities given, and thence continue the de- 
creafing feries of natural numbers. Under thefe numbers write down in order 
an increafing feries of natural numbers, beginning from unity. Afterwards find 
the product of fo many terms of the upper feries, as is the index of the combi- 


nation that is to be made.. Alfo, there muft be made the product of as many. 


terms of the feries below; and one product being divided by the other, the 
quotient will be the number required. So to know how many twos, threes, &c. 
can be made of 5 quantities, for example, write down the numbers thus : 


Bs 14g ea Ss ods 
I, 2, 3, 4 Se 


The product of the two firft numbers of the upper feries is 20, which, 
divided by the produ& of the two firft numbers. of:the lower feries, will give 10 
for the quotient. And therefore the twos will be 10:;. The produ& of the 
three firlt is 60, which, divided by 6, the produdtof the three firft of the lower 
feries, will give the quotient 10 ; and therefore the threes will be 10, &c. 

From the folution of this problem we obtain, by way of corollary, the fo- 
lution of another which is more fimple; and‘that 1s, the tangent of an arch 
being given, to find the tangent of any multiple of that arch. | For, in this 
cafe, it will be fufficient to make all the given. tangents equal to-one another, 
and equal to the tangent of the given arch. : For..example, make the tangent 
of the given arch = a, and let it be required to find the tangent of the double 
arch, the triple, &c. In the formula which we have already found for the 
tangent of the fum of two given arches, inftead of the letter 4 we muft every 
where put ‘4, and we fhall have a formula or expreflion for the double arch 

2arr 


————. In the formula for the tangent of the fum of three given arches, 


inftead of 2 and ¢ we muft put 4, and we fhall have the expreffion of the. 


: arr — a3 

triple arch SUITE 

prg bi 
4ar* — 403rr 

7 — 6a? + di ° 


fo of all others fucceffively. 


Sart — [04372 + as 
rt — 104°7% + sat 


That for the quintuple arch will be . And 


Whence we may form the following progreffion, or general canon, for the 


tangent of any multiple arch, according to any whole number whatever denoted 
by 2. 


————=—=< = — mf _.q6_66P6@66@@—_—1@_yT@ cere 


ee ie peri 


2. 8 AG: PU ad RISARCITO OD ae Me te Se 6. F 
SEDERE ZI e icon vit eee O i a tao pene O 


bui Bo ake ee 3. 4 Io 2: si Ma Agi 6 


is In like manner, that for the quadruple arch will be Ri | 


He 1,7} 2 i— Rotimi I 7, 7 Ne 4 71 = n.1 .N-2.,N-— «n 4a Sn n= 7% 
—— r 3 33 di Pb Sys 3 r al 


&c. 
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The tangent being found of any multiple arch, the inverfe problem will be 
eafily refolved. That is, the tangent of an arch being given, to find the tangent 
‘of ‘any fubmultiple arch, according to any whole number whatever. ‘That is 
to fay, to divide an arch or angle into as many equal parts as we pleafe. 
Wherefore let the tangent of the given arch be 4, and 7 the number according 
‘to which we would have the fubmultiple arch; we muft take the tangent found 
for the multiple arch by the number #, inftead of 4 we muft put «, and thus x 
will reprefent the tangent of the fubmultiple arch. This tangent of the multiple 
arch is therefore equal to the given tangent 4, whence we fhall have an equation 
to determine the unknown quantity x. | 


Therefore the tangent è being given, and the radius 7, the equation for the 
tangent of the fubtriple arch will be «3° — 32xx — 3rrx + brr =o. That 
for the fubquintuple arch will be 45 — 5dx* — 1orrx! + Lobrrex + 5r*x 
= Ort = 0. And fo of the relt, ih 


oP ROB LEM XIV. 


Li a” yA 
È è DI 


are in continued geometrical proportion. 


Take one fide at pleafure, or AL = a, and 
make OL = «. It will be, by the conditions of 


2 of the problem, fore and Lia Ss 
a we 


aumerefore “AT = 4/aa — —> and IO = V «ex — —, Therefore AI + IO 


Fabi 

a a 4 / a wx ' 
= AO} tat is, Madia — alee oe eee On 
were ax a a : | 


“ee at : xt 2XX a 
sagra et and fquatino. ii Se eA Kina VA Pi ia 
v XX o 4s by q 59 aa a n AX E oa È 


a ee da at he 
— —, that is — +--+ ww — aa 2 —Vax — —. uarin 
| La pena a NI pa Now, by fquaring again, 


it will be di = 2 + «41 — 254 mee 200XX + at = i 402%%. And laftl 
a* aa ; eee pees ihe Ya 
by reducing to a common denominator, and ordering the equation, it will be 
a — 20°x° — atx + 20°%° + 4° = o. This equation has the appearance of 
gne of the eighth degree, but it may be obferved to be a fquare, and therefore, 
extracting it’s root, it will be found to be «+ — gare — a* = 0, This is an 
| affected 


109. To. find a triangle ALO, the fides of A geometri» 
- which AO, LO, AL, and the perpendicular LI, cal problem. 


Ù 
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affeed quadratick ; therefore, tranfpofing — a*, and adding +2* to both fides, 
and extracting the root by the common rule for affected quadraticks, it will 
be xx — 1464 = + TH ga‘, that is, xx = 144 + tv ga‘, and finally, « = 
+ ‘ | | 

di NRE N 5a i 
“SOT Zz 

Allherefore the unknown quantity will have four values ; but it may be ob- 
| ferved, that the quantity V 544 is greater than aa, and therefore, if we take the 
“ radical N 5a* negative, that is — y/ 50°, then the quantity under the common 
radical vinculum will be negative ; whence the value of x will be imaginary, and 


therefore two values will be imaginary, that is a = + NET, And two 


aa = RAT 


will be real, that is # = + W—— s both equal, but one pofitive and 


the other negative. 


On the indefinite line AQ. take Aly = ge 10 = Ay 5, and: CB = ta, 
Then on the diameter AB defcribe the femicircle AFB, and erect the perpen- 


dicular CF. By the property of the circle, it will be CF = yv ares eat 


‘ Bife& AC in H, and with centre A, radius AH = — = eG a, defcribe 


‘the arch HO. From the point L draw LO = CF, and terminated at the 
arch HO. And if AO be drawn, and the perpendicular LI, then ALO will be 


the triangle required. For, becaufe it is AL = SASA 0) Bond DAVOLI 
AO = AH == se = LE 54; itwill be AO.LO:: LO.LA. But the 
aa + ees 


two fquares of AL and LO taken csi that is 04 4 ———_-—,, are equal 


to the {quate of AO, that is CE gori Wherefore the angle ALO is a 
right angle, and thence it will be AO. LO:: AL. LI. But, becaufe it is 
ao: AO. £033 TO. LA, it will Be liked LO Lat Là The 


other negative value, which is equal to the pofitive, would ferve for the 
conftru&ion that may be made under the line AB. 


PRO- 


| 110, To divide a given angle into three equal parts. 


PROBLEM XV. 


! 


The Problem propofed contains three cafes; one is when the given angle is 


a right angle; another when it is obtufe; and the third when it is acute. 


Figisggi eS be nie In the firft, let the given angle MAB be a right 
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The tri- 
fe&ion of 
an angle. 


M -D angle, which is fuppofed to be divided into three. 


which produced fhall meet the line AD in D; 
and from the point D let DM be drawn parallel 
to AB. Then making BC = #, it will be AC = 
V ga + xx. But, becaufe the angle CAD mutt 
. be equal to the angle DAM, and becaufe of the 
. parallels AM, BD, the angle DAM is equal to 
db 5 the angle ADC; the angles CDA, CAD, will be 
equal: i Wiherctors CDI CA 4/7 Pei 


+ 
a { 
Pad 


equal parts by the right lines AC, AD. Make. 
AB = a, and at B raife the perpendicular BC,. 


whence BD = x + Yaa + za But befides, the - 


two angles BAC, CAD, or CDA, ought alfo to"be equal, and therefore in the 
two triangles BDA, CAB, the angle CAB will be equal to the angle BDA, 
and the right angle at Bis common. Therefore alfo the third BCA = BAD, 


and confequently the triangles are fimilar. Whence we fhall have AB. BC :: 


BD. AB; that is, a@.4i:« + Waa+ ax . 43 and thence the equation 


aa = xe + 0/2 + xx; and tranfpofing the term xx, and fquaring, it will be 


| aaxx + xt = a* — 2aaxa + x*, and finally, 3¢ex~ = a*, or x = + Waa. 


Produce AB to S, fo that it may be BS = AB = ia. On the diameter 
AS let the femicircle ACS be defcribed; the ordinate BC will be = aa = x. 
Then draw AC to the point C, and take CD = AC, drawing AD. The 


| given angle will be then divided into three equal parts. For, whereas it is 
. BC = jaa, it will be AC = V4aa = CD, and AD = VABg + BDg = 


4aa 


a 
Waa + $aa + 20M > = 24. Therefore AD.AB::24.4:: 2,1, and 


DC. CB :: Via. Viaa :: 2.1; that is, in the very fame ratio as AD to 


: AB. Wherefore, by Euclid, vi. 3, the angle BAC = CAD; and, becaufe of 


Qi: — CA, it will be alfo the angle CAD = CDA = DAM. The negative 
ape which is equal to the pofitive, would ferve for the divifion of the angle 
wn DI | } | 7 

N : Let 


What are 
variable 
quantities 5 
and what is 
the law by 
which they 
Vary. 
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Fig. 36. Let the angle BAM be obtufe, and draw BD 


parallel to AM, and making the rel as above, 
draw AR perpendicular to BD. Since the angle 
ABD is known, as being the fupplement of the 
given angle MAB, and the angle R is right, and 
the line AB is given; the line BR will alfo be 
known, which make = 4. Whence AR = 


n Viggle tee me awe OAC OD 
a ae RO WV aa — 2bx + xa, and BD = x + WV Ga — 2be + cw 
Perce Then, becaufe of fimilar triangles ABC, ABD, 
i it will be AB.BC:: BD.BA; that is, @.x 


ee ET, 


Oe ket VF IR nar GS Or Ga. se KK A 
x aa — 25x + xx. Then taking away the afymmetry, it is 2bx* — 3aaxx 


+44 = o, which is a folid equation, or of the third degree, which at prefent 
] fhall leave unrefolved. | os 

Fig. 37. 
M 


dicular from the point A to DB produced will fall 
under the point B in R, and therefore it will be 


fore, repeating the fame argumentation as in the fore- 
going cafe, we fhall have the equation 2x3 + 3aaxx 
— a4 = o, which differs from the foregoing only in 
the figns. 


ut 
CO 
¢ 
Pha 
. 


Tr 
Tag 
Perey 

"wy Ù 

Sf Ri I SOGNI, 
ve 
ae 

= 

ae 
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The Confiruétion of Loci, or Geometrical Places, not exceeding the fecond Degree. 


111. What are Indeterminate Problems, and how they require two unknown 
quantities, has been already explained at § 84. Now, becaufe the value of one 
of the unknown quantities may be varied an infinite number of ways, fo, in like 
manner, the value of the other may be as often varied; whence they are called 
the Variable Quantities of the equation or problem, and their relation, or law 
which they obierve in their variations, is exprefled by an equation. Thus the 

; | equation 


aD Laftly, let the angle BAM be acute; the perpen- 


RG] + meand ACS Waa E bo + an Where. 
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equation dx = ay informs us, that, varying x as you pleafe, y muft alfo be 
varied, but with this condition, that x mult always have to y the conftant ratio 
of ato d. Thus the equation a4 = wy expreffes Tuch a law, that the produ& 
of the two unknown quantities muft always be conftant, and. equal to the pro- 
duc of a into 2. The equation av = yy implies, that the fquare of y muft 
always be equal to the rectangle of x into a conitant line 4; and fo of all other 
equations. 


112. One of the two unknown quantities, fuppofe x for example, mul have General pre» 
it’s origin from a fixed point, and muft be taken upon an indefinite right line. n LA 
Then, if a determinate value be affigned to this, from the extremity is to beep with 
raifed another right line in the given angle of the problem, which line is to be fome ex- 


taken of fuch a length as the other unknown line y ought to have, by the na- amples. 


ture of the equation, relatively to the affigned or aifumed value of x. And 
this ought to be repeated for every different value that x can afume. The line 
which fhall pafs through the extremities of all the y’s is called the Locus of the 
equation. The unknown line, which is taken from the fixed point on the 
indefinite right line, is called the 42/ci/s ; and the other, at the given angle to 
it, is called the Ordinate: and both indifferently are called the Co-ordinates of 
the equation. | ; A 


Fig. 38. H Now, for example, as to the equation 
-bx = ay; upon the indefinite line AM take © 
VAD = 44d in any. angle draw BC = 5, 
Here,..if we take x = AD, the fourth pro- 
portional will be parallel to BC, that is DE=y. 
And taking x = AF, then it will be FG = y, 
Alfo, taking x = AK, it will be KH= y, 
oe BD FK M And thus for infinite others. And the line in 
i which all thefe infinite points are found, C, E, 
G, H, &c. which are determined in this manner, will be the /ecus of the 
equation 2x = ay, and which will be a right line. 


In the fame manner, as to the equation 
ax = yy, if we take x == AB, and BC = yaw, 
that is, a mean proportional between AB and 
the given line a, it will be BC = y, And 
taking x = AD, and DE a mean proportional 

between AD and a, it will be DE = y. Tak- 

ing « = AG, and GF a mean proportional 
: between AG and 2, it will be GF = y. And 
AC ra fo of all others. Now the points C, E, F, and 
| infinite others determined in the fame. manner, 
will form the line ACEF, which is the /ocus of the equation aw = yy. And 
the fame is to be underftood of all other equations. o 

N 2 113. From 


Fis. 39. 


F. 


Different 
equations 
require dif. 
ferent /oct, 
and vice 
verfd. 


When the 
focus will be 
a right line. 


When the 
locus is a CO 
nic fection. 


Los: or curves 


diftinguifhed 
into orders. 


The /ocz to 
a right line 
conftructed, 
in fix cafes. 
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113. From the feveral different laws expreffed by the given equations, or 


from the different relations that the two variables or unknown quantities may 


have to each other, other /ocî or lines will arife, which will differ both in kind 


‘and in degree. So it is ealy to perceive, that the Jocus of the equation dx = ay 


will be a right line, as obferved before; for y to x having a conftant ratio, 
becaufe itis y = 2, any line ED (Fig. 38.) will be to AD, as any other FG 


to AF; therefore the triangles AED, AGF, will be fimilar.. This may be 
verified alfo by any other point H, &c. So that it muft neceflarily follow, that 
thefe points will all be in the fame right line. But the equation ax = yy re- 
quires, not that the lines BC, DE, &c. (Fig. 39.) but that their fquares, may 
have a conftant ratio to the correfponding lines AB, AD, &c. ‘Whence it is, 
that the points C, E, F, &c. will not be in one right line, but in a certain 
curve line, called a Parabola. Thus a curve of a different kind from this 
would be the /oc4s of the equation xy = 48; and a curve of a different kind 
and degree would be the /ocus of this other equation a3 — «> = y3, And the 
like of infinite others. | 


/ 


114. As often as the equation fhall not contain, in any term, either the 
fquare, or fome higher power, of one of the unknown quantities, or the pro- 
duct of the fame, the /ocus will always be a right line. 


115. And when, in the equation, there is found the fquare of one, or of the 
other, or of both the variable quantities, or their rectangle, either this or that 
as it may happen; and no term fhall include a greater power than the fquare of 
thofe variable quantities, or a product above the rectangle; that is, in no term 
the variable quantities, either alone or multiplied together, exceed the fecond 
dimenfion ; the /ocus will always be one of the Conic Sections of Apollonius. 


Thefe affertions cannot be better demonftrated than by actually conftru&ing all 3 


the feveral equations of this nature. 


116. Fquations which include the unknown quantities of one dimenfion 
only, that is, the Zoci to a right line, are called Loci or Lines of the Firft Order. 
Thofe which, either alone or multiplied together, include them of two dimen- 
fions, that is, /oci to the conic fections, are called Loc: or Lines of the Second 
Order, and therefore Curves of the Firft, Kind. Thofe equations in which the 
variables afcend to three, dimenfions, are called Loci or Lines of the Third 
Order, and therefore Curves of the Second:Kind. And fo on fucceffively. 


117. Now, as to the Voci to a right line, they are all comprehended under 


thefe fix equations following: y = oar i >: y= > + 6,9 = 


* Sag si aaa Pena 
MO PIET. RAPE IIR OT IRD ISIS RP SION LEE. E VEDI Arr 


RETE AE AS a, 
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Nic FP ay ae = = — andy= — > + c. For, by multiplication and 


divifion, we may always reduce y to be ia from fractions and co-efficients. 
By — a is to be vieni the aggregate of all the known quantities which 


Lp x, and by c the aggregate of all the quantities which form the a 
orconftant term. , 


Fig. 40. Ci o nia the two firft, upon AD 
| | FAO ys produced both ways indefinitely, take 2% 
& — AF = on each fide, and draw BC = 
making the angle ABC ‘fuch as the two 
variables of the problem ought to make. 
Through the points A, C, draw an indefi- 
nite right line HE; this will be the Jocus of 
ax 


the two equations y = =, and y=— <>. 


For, taking any line AD = x, and drawing 
DE parallel to BC, it will be DE= = pe A 


And taking AF = — #, and drawing FH parallel. | to BC, it will be FH = 


The third and fourth are thus eo dtaated: Take AN = = AM = ¢, and 
parallel to BC ; and draw NK, roe indefinitely, and parallel to HE. NK will 


be the /ocus of the equation y = È +; ; and MG the /ocus of the equation 


Y= = È — c. For, taking ab ==, it will ‘be DE = — But it is 


EK = AN = ¢, making DK parallel to BC. Then DK = @ + ¢ = y, 
‘And taking AF = — 4, and drawing FG. peal to BC, it will be FG = 
CEI 


As to the fifth, conftruct the fame triangle 
ABC, and produce the lines AE, AD, inde- 
| finitely ; ; draw AM = ¢, and parallel to BC, 
Then from the point M draw the indefinite 
line MK parallel to AE, which will meet the 
right line AD in Q, Then will QK be the 


locus of the equation ee = — ¢, For, 


taking any line AD = x, and drawing DE 
parallel 
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parallel to BC, it will be DE = =. But BE AM <c% therefore DK = 
ax 


o —e3y. The portion QM will ferve when sa is lefs than c, that is, 


when x is taken lefs than AQ; or lefs than - 5 On, tie thse Cate, cp will. be 


negative, and dd ought to be taken below AD, that is, the contrary way 
from DK. | 


For the laft formula, make AB = 4, 
BC = a, and the angle ABC equal to the 
fupplement of the angle of the variables. 
Make AM = c, parallel to BC, and draw 
MQK parallel to AC, cutting AB produced 
yn Q, Then will MQK be the /ocus of the 

ax 
equation y = € — =-+ For, taking any 
how AD = «, and drawing DE parallel to 


che, ie Wilh be DE = . But, producing 
ED to! K, it will be EK = AM = c, and therefore DK = ¢ — “ a 


Now, if x be taken greater than AQ; for inftance = AI, it will be IT = >> 


and therefore ¢— > is a negative quantity = y = IP; taken direétly con- 


trary to DK, and the indefinite line MR is the locus of the propofed equation 
in both cafes. 


Mie a 118. It may fometimes happen, that, in the folution of a problem the /ocus 
when one of of which is a right line, either one or he other of the two variables will difap- 
Mi pear, and will not enter into the equation. In fuch cafes, the /ocus will be to 
Wanlnese - 
fcifles are taken, according as either the ordinate or abfcifs vanifhes. Here is 
an example or two of this. 


Fig, 43+ M The right line AB being given, let it be propofed to 
find the /ocus of the points M out of this, fuch that, 
drawing the right lines MA, MB, to the extremities of 
AB, it may always be MA = MB. Taking any line 
AH = «, draw HM = y, and make AB= a. It will 
be HB = e — x, AM = Viax+ yy, and BM = 
VW aa — 40% + xx + yy; and thence the equation Wax +9 


A H B ane | Li 


the perpendicular, or to a parallel to the given right line upon which the ab- - 


= Pear 
ii 


Se Py Tie ee ee 


ae 
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= aa —2ax + ax + yy, and fquaring, xx + yy = aa — 20K + aK +, 
that is, x = 14; where y difappears, and x remains determined. This fhows | 
us, that, taking x = AH, which is half AB, and from the point H raifing 
an indefinite perpendicular, every one of it’s points will fatisfy the queftion, 
and therefore this will be the docus required. — 7 | 


1a) SI A Let the parallels CG, AP, be given in po- 
| fition, and between them let it be required to. 

find the /ocus of all the points M fuch, that, 
drawing MP perpendicular to AP, and MG 
making the angle MGC equal to a given angle 
AEC ; it may always be MP to MG in the 
conftant ratio of @ to 2. Make the diftance 
ae } AC = e AP = «, PM =», and producing 
A P PM to F, it will be FM = ec — y. Now, 
ea becaufe the angle AEC is given, and ACE is 

a right angle, and the fide AC is given, the fide AE will alfo be known, which 
_ may be called f. Now, becaufe of the fimilar triangles ACE, FMG, it will be 


AC. AE :: MF. MG; thatis, c.f::1c—y. MG = £4. Butbefides, 


it oughtto be PM. MG :: 4.2, Thenit will bey. 2°42 :: 4. 3, and 


i 
be + af 


which the unknown quantity x does not enter at all. Therefore, taking x as 


So that here is an equation, in 


therefore dey = acf — afy, or y = 


you pleafe, y will always be conftant, and equal to ; and therefore, 


acf 
| ii be + af 
drawing the indefinite line BM parallel to AP, and as far diftant from it as 


the quantity ii, this line will be the locus required, 


119. Having thus explained the conftruction of the Loc# to a Right Line, | The /oci to a 
come now to the conftruction of Equations of the Second Degree, or of tie cirele con- 
Loci to the Conic Sections. And here I muft fuppofe the learner to be fo well niet 
inftruéted in the chief geometrical properties of thefe fections of the cone, as 
to form from thence the firft and more fiinple equations of thefe curves ; to 
which fimple equations the more compounded ones may be reduced and re- 
ferred, by the methods now to be explained. 


And, in the firft place, it muft be known, that in the circle any ordinate is 

a mean proportional between the fegments of the diameter; that is, it’s fquare 
Is equal to the rectangle of the faid fegments. Therefore, in the circle MKCN, 
| if 
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TIT] ARP gag Re if you make the radius AC = a, and from the 

STE ON centre A any abfcifs whatever AB = x, and the 
| perpendicular ordinate BD = y, it will be MB 
—a+x, BC =4=- x, and therefore MB Xx 
BC = aa — xx; then it will be yy = aa — xx, an 
equation to the circle, in refpe& of the quadrant 
KC. But, becaufe the fame property may be 
verified alfo, taking BE for the ordinate, that 
is the negative ordinate — y, and as weil the 
fquare of — y as of y is yy; therefore the 
fame equation belongs alfo to the quadrant — 
CN. And now, if we take the abfciffes nega- 


| tive, as AH = — x, and the ordinates HF =y, 
HG = —y, their fquare yy will, in both cafes, be equal to the reftangle 
MH x HC. But when it is AH = — x, it will be CH = CA + AH = 


a — x; and MH = AM — AH = a + « by the rules of Addition and Sub- 
traction, And therefore the rectangle MH x HC will be ftill aa — xx. So 
that yy = aa — xx is the moft fimple equation that belongs to the whole circle 
with radius 4, taking the abfciffes from the centre. 


If the abfciffes fhould be taken, not from the centre A, but from M the 
extremity of the diameter, making any one of them MH or MB equal to 2, 
it will be HC or BC = 2a — «, and the rectangle of the fegments will be. 
equal to 2an — xx. But the fquare of the ordinate, as well pofitive as negative, 
is yy, fo that it will be yy = 24x — xx; the moft fimple equation of the fame 
circle, taking the abfciffes not from the centre, but from the extremity of the 
diameter. rs 


By the quantity or magnitude @, which denotes the radius, is meant any 
given quantity whatever, whether fimple or compound, integer or fraction, ra- 
tional or furd; fo that yy = aa — 66 — xx will be a circle with radius = 


; 3 x : b 
a oe a si — xx will be a circle with radius = VE; y = aW ab 


— x% will be a circle with radius = /aV 42. Thus yy = 24% — dx — xx 


: ; : i : È 24 — b : 
will be a circle with diameter = 24 — 4, or with radius = — fano 
i Se | ab 
E — xx will be a circle with diameter = = Li yi aVab — xx 


will be a circle with diameter = “ad. And fo of others. 


Here it is plain, that, in the equation yy = aa — bb — xx, and in all others 
like it, if the quantity 2 fhould be greater than 4; then aa — 28 being a 
negative quantity, the circle would become imaginary. For then the ordinate 


5 a ee 
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Y= aa = db = xx being equal to the fquare-root of a negative quantity, it 
would be therefore imaginary. © 


; Ò ee. pi x x ph ' 
For the fame reafon, in the equation yy = 2av — xx, the abfcifs x cannot be 
taken negative; for, taking x negative, the term 24x would be negative, and 


therefore the equation yy = — 244 + xx, that is y= I Zan — #9) would 
be an imaginary quantity. 


~ 


120. The primary property of the pollonian Parabola is this, that the {quare The fimplet 
of any ordinate whatever is equal to the rectangle of the parameter into the /0ci to aa | 
abfcifs; taken on the axis if the angle of the co-ordinates be a right angle, or RIGA, ser 

on a diameter if that angle be oblique. Then, 
Fig, 46. making the parameter = a, any abicifs AB = wx, 
the correfponding pofitive ordinate BC = y, and 
the negative BD = — y; then yy will be the 
fquare as well of BC as of BD, and ax will be 
the rectangle of the parameter into AB. Where. 
fore yy = ax is the moft fimple equation which 
belongs to the parabola with the parameter a. 
And here it is plain, that the abfcifs x cannot be 
taken negative, becaufe of the avoiding imagi- 
nary quantities.. And here alfo, by the quan- 
tity 4, which exprefles the parameter, is to be 
underftood any given quantity, into which the 


abfcifs x is multiplied ; fo that “4% 4 = ul 
will be a parabola, the parameter of which is = ais bb . And «Wab = yy 


will be a parabola, the parameter of which is ab. And the like of all 
others. | 


Fig. 47 : REC: 

PLL If the parabola fhould be differently 
placed, as in Fig. 47, and on the fame line 
AB, from the given point A, we fhould 
take the abfciffes, or x; the equation would 
be xx = ay, in which we may take the 
abfcifs either pofitive or negative, but the 
ordinates muft always be pofitive. 


O 121. Let 
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a eee Fg AB. 121. Let the oppofite hyperbolas. be re- 
hyperbola ferred to their axis, or to a diameter, ac- 
conftructed, cording as the angle of the co-ordinates is 


either right or oblique; and let CB be the 
axis, or the tranfverfe diameter, and HE the 
conjugate. By the known property of the 
hyperbola, taking D any point whatever, 
and drawing DM parallel to HE, the re&- 
angle CD X DB muft be to the fquare of 
DM, as the fquare of CB is to the fquare of 
| HE. Then, making CB = 22, HE = 24, 
and from the centre A taking any line AD = x, DM pofitive = y, DM ne- 
gative = — y, it will be CD = 4 + «x, BD=x—%, and therefore, by the 


faid property, xx —aa.yy 1: 404. 45h, that is, «x — ca = ni AG; 


taking Ad negative = — x, and the ordinates as before, it will be Bd = 
— x + a, Cd = — x — e, and the rectangle Bd x dC = xx — aa. 


| aayy | 
Whence, in the fame manner, we fhall have “Tp = 4a — da; the moft fimple 


equation expreffing the two entire oppofite hyperbolas referred to their axes or 
diameters, taking the abfciffes from the centre. And, if we fhall take the 
abfciffes from the vertex C, we fhall have the analogy (by the faid property) 


x Xx = 2a. yy ti gaa. 4bb; that is, the equation — 24x + xv = ous : 


And laftly, taking the abfciffes from the vertex B, we fhall have a x 2g 46. 


yy 32 4aa . 466; and therefore the equation 24% + xx = = È 


It is alfo a primary property of the oppofite hyperbolas, that the fame reét- 
angle CD x DB, taking the abfciffes pofitive, and Bd x dC, taking the 
abfciffes negative, is to the fquare of the ordinate, whether pofitive or negative, 
as the axis or tranfverfe diameter is to the parameter. Making, therefore, the 
parameter = p, and other things as before, it will be xx — aa. yy i: 2a. 0; 


that is, a = «x — aa; the moft fimple equation expreffing the two. oppofite 
hyperbolas as referred to a parameter, and taking the abfciffes from the centre, 
Now, taking the abfcifs from the vertex C, the equation will be ae fi 
— 20%; and laftly, taking the abfcifs from the vertex B, the equation will be 


20% ox = 2022, 


If 
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If the hyperbolas be equilateral, becaufe, in this cafe, the two axes or dia- 
meters are equal to each other, and equal to the parameter, each equation will 
become yy = xx — aa, taking the abfcifs from the centre; or yy = 2a” + wx, 
taking the abfcifs from the vertex. B; or yy = — 20% + xx, taking the abfeifs | 
from the vertex C. By the quantity 42 is to be underftood any plane however 
‘complicated, as alfo by the quantity 42. And by 22, as alfo by p, 1s under. | 
| aa + ff X yy | 

b fab 
we fhall have Waa+/ for the femiaxis, or tranfverfe femidiameter, and 27 aa4/f 
will be the whole axis or diameter. As alfo, W37a5 is the femiaxis or femi- 

diameter conjugate, and 24/7727 is the whole. In the equation <= = xx 
cin bbc 
——, it will be w — , the femiaxis or tranfverfe femidiameter, and è the 


conjugate. In the equation wv — dx = —, it will be J the femiaxis or 
. è ct i 


traniverfe femidiameter, and ¢+m the parameter. In the equation 


ftood any line whatever. So that, in the equation = xx — aa—Fff, 


zyyVaa—bb __ 
| | bi TT 
xx — ca + bb, it will be 2Waa — è the axis or tranfverfe diameter, and 
a — è the parameter. And fo on. | 


Fig. 49. 1) 


If the oppofite hyperbolas fhall be differ- 
ently fituated, as in Fig. 49, and upon the 
fame diameter CB equal to 24, produced, if 
you would have the x’s pofitive, and negative 
from the centre A, (it being HE = 24,) the. 
bbxx 


equation would be yy — 2s = oo. 


122. In the hyperbola between the The fimp'et 
afymptotes, the rectangle of any line AB / of the 
taken on the afymptote 4B, into the ordi- e. 
nate BC parallel to the afymptote MN, of afymptotes 
Ad x dC, is always conftant, that is, equal conftruéted, 
to a known rectangle. Therefore, making 
AB =x, BC’ = 4} ‘and. the known redt.* 
angle ab, it’ will be xy =abs” and, 
taking Ad negative = — x, and dC ne- 
gative = — y, the rectangle Ad x dC fhall 

pee" . be 


The fimpleft 
loci to the 
ellipfis con- 
firucted. 
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be alfo xy; and therefore xy = 42 is the moft fimple equation belonging to 
the oppofite hyperbolas between the afymptotes. It is plain, that the equation 
— xy = ab, or xy = — db, will ferve for the oppofite hyperbolas in the angles 
BAM, ZAN, one of the co-ordinates being always pofitive, and the other ne- 
gative, and therefore the product is negative. | 


Fig, ST. 123. In the ellipfis CEBH, taking from 
& 2 


the centre A any line AD upon the axis or 
tranfverfe diameter CB, and drawing DM 
parallel to the axis or conjugate diameter 
EH ; by the known property of the ellipfis, 
the rectangle CD x DB muft be to the 
fquare of DM, as the fquare of the axis or 
tranfverfe diameter CB is to the fquare of 
the conjugate HE. Therefore, making CB 

= 20, HE = 28, and from the centre A 
taking any line AD = «, and making DM pofitive = y, DM negative = — 9; 


- it will be CD=e+x DB = @ — *, and therefore aa — xx. vy 1: 404. 4bd; 


deli. 


‘that is, — = 44 — xx. And taking Ad negative = — x, and the ordinates 


| as before, it will be Bd = BA + Ad = 4—x, AC= AC—Ad=a4x, 
and therefore the rectangle Bd X dC fhall be alfo = 44 — xx. Whence, in 


bb 


aayy 
; “bb? 
the ellipfis, taking the abfciffes from the centre. And if we fhould take the 


the fame manner, we fhall have aa — xx = the moft fimple equation to 


abfciffes from the vertex C, we fhould have the analogy 2ax — wr. yy ti 


. aayy _. 
404 . 4bb; and therefore the equation 5° = 20% — 1%. 


It is alfo a known property of the ellipfis, that the fame rectangles are to the 


fquares of the correfpondent ordinates, as the axis or tranfverfe diameter is to 
the parameter. Therefore, calling this parameter p, and every thing conti- 


js . . o» 24 
nuing as before, it will be aa — xx. yy :: 24.p. Therefore it is -»# =) Ga 
— xx, the molt fimple equation of the ellipfis referred to it’s parameter, taking 
the abfcifies from the centre. And, taking the abfciffes from the vertex C, the 


4 . . . 22; 
equation of the ellipfis referred to it’s parameter will be om = 24" — KX. 


If the two axes fhall be equal to each other, in which cafe they are alfo equal 
to the parameter, both of the equations will become yy = 44 — xx, taking the 
abfciffes from the centre; and 24% — xx = yy, taking the abfciffes from the 
point C. But, if we confine it to an axis in which the angle of the co-ordi- 
nates is a right angle, the ellipfis will degenerate into a circle with radius = 4. 


4 The 


ert E ae 


po 


PA 
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The obfervation made in the hyperbola, concerning the given quantities az, 
bb, 2a, p, in refpe& to the diameters and parameter, is to be underftood equally 
of the ellipfis, to fave needlefs repetitions, © I 


124. Now, in equations belonging to the hyperbola and the ellipfis, as re- In thefe Voci 


ferred to the axis or diameters, taking the abfcifs from the centre ; as 


sa = XX e Ady ST = 4a — xx, 
the fquare-root of the conftant term, or of aa, will always be the tranfverfe 
femiaxis or femidiameter. And if the co-efficient of the fquare of the ordinate 
be the fame conftant term divided by any given quantity, the root of this divifor 
is always the conjugate femiaxis or femidiameter, that is, the root of db. But 
if this co-efficient be not fuch, or do not contain the conftant term after this 
manner, then the femiaxis or conjugate femidiameter will be different. Thus, 


for example, in the equation fia — xx — aa, the femiaxis, or half the tranf- 


| verfe diameter, is indeed always a, but J is not the conjugate. To find this we 
muft make an analogy : As the numerator of the co-efficient of the {quare of the 
ordinate is to it’s denominator, fo is the conftant term to a fourth, the root of 
which will be the femiaxis or femidiameter required. ‘Then, in equations to 
the ellipfis or hyperbola referred to the axis or diameter, taking the abfcifs 


- aay a aay 
from the vertex, as In a = 24K e KK, — TT WK = 240%, ene LAN 24%, 


the tranfverfe femiaxis or femidiameter fhall be half of that quantity, which 
multiplies the unknown quantity in it’s firft dimenfion, and the conjugate as 
before. Obferving, that when the co-efficient of the fquare of the ordinate is 
not the fquare of the axis or tranfverfe diameter thus found, the analogy for the 
femiaxis or conjugate femidiameter will be thus: As the numerator of the co-ef- 
ficient of the fquare of the ordinate is to the denominator, fo the fquare of half 
the quantity that multiplies the unknown quantity of the firft dimenfion, is to a 
fourth ; and the fquare-root of this fourth proportional fhall be the conjugate 
femiaxis or femidiameter, | 


é 


- Therefore, in the equation to the hyperbola oe = xx — aa, the tranfverfe 


femiaxis or femidiameter will be = 4, and the conjugate = face And Ande 
jugate = > 


by the property of the curve, it ought to be: As the rectangle of the fum into 
the difference, (of the tranfverfe femiaxis or femidiameter and the abfcifs,) is 
to the fquare of the ordinate, fo is the fquare of the axis or tranfverfe diameter 


to the fquare of the conjugate; it will be wv — aa NY tt 400 è 2, 


dI x ff = xx — aa, that is, DI = xx — ac, which is the propofed equation. 
eS Thus, 


To find the 
loci when re- 
ferred to a 
parameter. 


t 


102 ANALYTICAL INSTITUTIONS. BOOK I. 


Thus, in the equation 2 = “x «= 94, the tranfverfe femiaxis or femi- 


. . e : 5 bby 
diameter = 4, and the conjugate = Vv. In the equation xx — zan = 2, 
ò F CHI 
the tranfverfe femiaxis or femidiameter = 4, and the conjugate = 7 cm. In 
fs eee ; aad ou 
the equation = yy = «x — bb, the tranfverfe femiaxis or femidiameter 


cc 


will be = 4, and the conjugate = W%—4,, &c. 


° 2 
125. If the equations be referred to parameters, as ee = da — XX, OF 
2 . | : 2 
"n = wx — aa, taking the abfciffes from the centre; or 22 = 20x — xx, or 
2ayy | 


= 20% + xx, Or 


ari = xx — 2ax, taking the abfciffes from the vertex ; 
in the firft, the tranfverfe femiaxis or femidiameter will always be the root of the 
conftant term; and in the fecond, the half of the co-efficient of the unknown 
quantity of the firft dimenfion ; and the parameter will always be the quantity 
of the denominator of the co-efficient of the fquare of the ordinate, when the 
numerator of the fame co-efficient in the firft is double to the root of the con- 
ftant term; and in the fecond, is equal to the quantity which multiplies the 
unknown quantity of the firft dimenfion. But when the faid denominator has 


not the afore-mentioned conditions, the parameter fhall be the fourth propor- 
tional to the numerator, the denominator, and the axis or tranfverfe diameter. 


7 3 : ; b ‘ 
Therefore, in the equation to the ellipfis aa — xx = — s the axis or tranf- 


verfe diameter fhall be = 22, and the parameter = SE . And, fince it ought 


to be, by the property of the ellipfis, as the rectangle of the fum into the dif. 


ference of the femiaxis or tranfverfe femidiameter and the abfcifs, is to the 
{quare of the ordinate, fo the axis or tranfverfe diameter is to the parameter; 


è : 2ac P b : 5 
it will be aa — xx. yy: 2a. ogi that is, = = 44 — xx, which is the 


equation propofed. In the equation xx — aa = ur, which is to the hyper. 


È ua 8 
bola, the axis or tranfverfe diameter = 24, the parameter = = 4 ADS 


b—e 


equation to the hyperbola 24x + «x = yy, the axis or tranfverfe diameter 


m 


will be 24, and the parameter SL In the equation to the ellipfis aa — bb 


asa Tese ag 
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3 
= = , the axis or tranfverfe diameter will be = 24/75 — 3s, and the 
ac aa —bb 


parameter = ; 


; fuppofing 4 to be greater than 4, for otherwife the 
curve would be imaginary. x | 


126. Thefe things being premifed, and well underftood, the conftru&ion of The uci to 
more complicate equations, or of all other Loci to the conic feAions, will be the conic. 
very eafy ; and that by reducing fuch complicate equations to the fimple primary ea te 
equations here exhibited. So that, the defcription of fuch a conic fection being ee Tone 


fuppofed, we may proceed to the conftruction of the propofed equation. 


Now, to proceed with the greater perfpicuity, I fhall diftribute all equations 
‘to the conic fe&ions into three fpecies or claffes, I mean all complicate ones. 
Thofe of the firft clafs fhall be all fuch as contain the fquare of only one of the. 
unknown quantities, and the rectangle of the other unknown quantity into a 
conftant quantity. As, for example, ax + ab = yy. And moreover, all thofe 
fhall be faid to be of the firft {pecies, which contain rectangles of the unknown 
quantities one among another, and with conftant quantities, but have not the 
{quare of either of the unknown quantities. As xy + ax = aa — ay; the 
figns being of any kind; which is alfo to be underftood of the figns of the other 
two fpecies. | | 


Of the fecond fpecies I call thofe, in which there are the fquares of one or 
both the unknown quantities, and alfo their rectangles into conftant quantities, 
| but not their rectangle into each other; as xx + 24% = ay + by, or xe — 26 
CIT a, i 


Thofe are of the third fpecies, in which are contained rectangles of the two 
unknown quantities into each other, and other terms of what kind foever; fuch 
as xe + 2xy + 20 aa — xx + Ox, | | 


127. To diftinguith and conftru& equations of the firt fpecies, there is roof the 
occafion to make ufe of one fubftitution, which is, to put the unknown quantity firft fpecies 
which has no fquare, plus or minus (according to the figns), a conftane quantity, contracted, 
‘equal to fome new unknown quantity ; and thus to reduce the equation, (re- Mae 
_peating this fubftitution if there be occafion,) to a more fimple expreflion, fo a 
that the Jocus of the faid equation may be eafily known and conftruéted ; as 
may be feen in the following Examples. | 


EX. 


Cos ANALYTICAL INSTITUTIONS, ‘ BOOK T. 


EXAMPLE I. 


Let the equation be aw + ab = yy, and let the angle be given, which the 
co-ordinates make with each other. Becaule ax + ab is the fame as a X x+ by 
make x + 6= 2; then, by fubflitution, it will be az = yy, which is the 
Apollonian ea 


On the indefinite line AB as a diameter, 
with a parameter = 4, let the parabola CAC 
be defcribed, whofe co-ordinates AB, BC, 
contain the given angle; then let AD =. 
Taking any line AB = 2, it will beaBG ey. 


Fig, 52. 


“« = 2z—%6, DB will be x. Therefore the 
origin of the abfcifs x will be the point D, 
taking the pofitive towards M, the negative 
towards A, and the correfponding pofitive 
and negative ordinates will be y. 


If the propofed equation had been put ax — ab = yy, we fhould have made 
the fubftitution x — 4 = 2, and therefore x = z + 4. In which cafe, taking 
AE = 4 in the diameter produced, and doing the reft as before, the point È 
would then have been the origin of the abfcifs ies 


EXAMPLE II 


Let the equation be xy + ax — 22 — ay. Make y + a= x, and, inftead 
of y, fubftituting this value z — 4, we fhall have 2x + az = 204; and 
making another fubftitution of x + 4 = p, it will be pz = 244, the Apollonian 
piss between the afymptotes. 


a 


Let the indefinite right lines MM, FF, 
comprehend the given angle of the co-or- 
dinates, and between the afymptotes MM, 
FF, let the two oppofite hyperbolas be de- 
fcribed, belonging to the conftant rectangle 
24a. Taking any line AC = p, and the 
ordinate CE parallel to AM, it will be = 2. 
But, by the fubftitution, it is x =p — 4; 
therefore, making AB=a, it will be BC=». 

| And, 


But, becaufe, by the fubftitution, we have — 
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And, becaufe we have alfo, by the other fubftitution, y = z — a, making 
AN =a, and drawing NH parallel to FF, it will be DE =y. Therefore, 
drawing BQ parallel to AN, Q will be the beginning of the abfcifs x. Thus, 
to any abfcifs QD = x will ‘correfpond the ordinate DE = y, pofitive between 
the points Q and P, and negative beyond the point P, as HI. But, when p_ 
is taken lefs than 4, that 1s, AC lefs than AB, then, as it is-x =p — za, « will 
be negative, that is, towards N ; and to it will correfpond the pofitive ordi- 
nates y. Now, if we take p negative, and equal to AU for example, « will 
be negative, and equal to QO, and y negative = OE. If the equation were 
xy + ax = aa + ay, or elfe, xy + ax = — aa — ay, or this, wy — av = aa 
— ay, or this, xy ax = — aa + ay; the two firft would be divifible by 
5 2, and we f' ould have x = + 4. The two others would be divifible by 
y — a, and we fhould have x = +a. Therefore they, would not be /eci, but 
equations of determinate problems. But if it were xy — ax = aa + «slo che 
firft fubftitution would be y — 4 = 3, whence the equation ZX — 432 = 244; 
and confequently the fecond fubftitution would be x — 4 = p; whence finally 
the equation zp = 244; and therefore, in this cafe, to the co-ordinates 7, 2, 
muft be added the quantity 4, in order to have « and y. And therefore, 
taking from A towards U the line AR = 2, and drawing RG 4; to 
MN and equal to 4, then, through the point G drawing GT parallel to 
FF, G (hall be the origin of the abfciffes wd and the correfponding. ordinates 
{hall be y. 


If the equation were xy + av = — aa + ay, the fubftitutions would be 
Jy +a = 2, ande — a = p; which would give us the equation pz = — 244. 


Let the fame hyperbolas be defcribed, but in the other two angles, becaufe 
the conftant rectangle 244 is negative ; and let them be ie, te. Producing GR 
to L, this will be the origin of » both affirmative and negative. And ee 
the right line LQ, produced both ways, the ordinates y will infilt, that is 
negative from N towards H, and pofitive from N to the point 7; and again | 
negative beyond the point 4. 


If it were zy — ax = — aa — ay, the fubftitutions would be y——a= z, 
and x + 4 = p. Therefore, the fame hyperbolas fe being defcribed, and QB 
being produced to g, this will be the SUBIA of the abfciffes. x, and the ordinates 
y-will infift upon FE, : 


‘If, in the equations, the term “a fhould be negative, it may be made pofitiv a 
by tranfpofing the terms. 


The diverfity of fubftitutions, and of the pofition of the co-ordinates, which 
arifes from the different combinations of the figns in the propofed equations, 
and whatever elfe has been confidered here, is to be fupplied in what al | 
where, for brevity-fake, I fhall omit it. 


Hitherto I have fuppofed, that the conftant quantities of the equation are 
fwch, as.may make room for the aforefaid fubftitutions. If they fhould not be 
È fuch, 


ZLocîi of the 


.fecond fpecies 


conftrutted. 


106 ANALYTICAL INSTITUTIONS BOOK 1, 


| fuch, as, for example, if the equation were aa — dx = yy, we muft make 


aga = be, and then we fhall have Ze — dy = yy, and the fubftitution to be 
made would be that of ¢ — x equal to a new unknown quantity. Thus, if it 


were aci cx = yy, we mul make 42 = cf, whence the equation nea + cx 
mM i 


a i) i +: 
= yy. And then we muft put ou + x equal to fome new unknown quantity, 


aax — bbe + m3 
a + db 
in = ccf, and then it would be 


If it were 


= yy, we might make aa — 6d = cc, and 


ccnd ccf : 
Fe oes And the like of others, 


128. To reduce and conftru& equations of the fecond fpecies; let all the 
terms which contain the fame unknown quantity be put in order on one fide of 
the fign of equality, and on the other fide all the other terms in order likewife ; 
and in the firft member of the equation let the fquare of the unknown quantity 
be pofitive, and free from co-efficients and fractions. To the fame firft mem- 
ber, (and to the fecond alfo, to preferve the equality,) muft be added the fquare 
of half the co-efficient of the fecond term, if it be neceffary, fo as the firft 
member may be a fquare. ‘Then put the root of that fquare equal to a new 
unknown quantity ; which operation muft be performed in the fecond member 
alfo, if it require it. This will give us an equation reduced to the fimple@t 
terms, or to an equation of the firft fpecies. | 


Ex AMP Ih Tk 


Let the equation be xx + 2a = ay + dy. Add the fquare aa on each fide, 
and it will be xx + 24x + aa = aa + ay + by. And now, making # + 4 
— z, we fhall have zz = aa + ay + by, which is now reduced to the fir& 
fpecies. Then, making a + = c, and aa = ¢f, it will be ef + cy = 23; 
and putting f +9 = p, it will be xz = cp, an equation to the Apollonian 


| parabola. 


With parameter c = 4 + 3, on the di- 
ameter AB, and with the co-ordinates in a 
given angle, let the parabola CAC be den 
{cribed. Then, taking any abfcifs AB= Pi 
and BC fhall be z, either pofitive or nega- 
aa 


taking AD = Bek: it will be DB = » 


And, becaufe of the fubftitution x +4 Re 
| from 


tive. And, becaufe y=p—f=p— 


1 . 7 ” 
CR ES A A ADR AR tr CR EOE 


Ne ie oy CE EE e te 


CS nanan OE SISP EI 


RI SO SIA SI ES 


i ea e ra 


pias 


if 


ARI 


vi é 
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from the point D draw DH = a parallel to BC, which will be terminated by 
the parabola in H, (as will eafily be feen by fubftituting, inftead of p in the 
da 
a+b — 


zz = aa, and therefore DH = 2 = a,) and drawing through the point H the 


reduced equation dz. 6p, the value of AD, = —; for it will become 


line OE parallel to the diameter, it will be HE = DB = pe > = y, and 


| confequently EC=z-c4=% pofitive, and negative alfo when the abfciffes 
are pofitive. And to the negative abfèifles, that is, taking them from H 
towards O, both the negative ordinates will correfpond, — 


È e ce a n cm EN ne ri nare Dr 


EXAMPLE Iv. 


Let the equation be xx + 26% = yy — ay. Let there be added the fquare 
of half the co-efficient of the fecond term, that is 22; then it will be xx + 24x 
+ bb = xy — ay + db. And making x + d= 2, we fhall have zz = yy 
— ay + bb, that is, zz — db = yy — ay. And adding the fquare of ta, it 
will be zg — 46 + 144 = yy — ay + taa. Then make y — ia =, and 
it will be zz — bb + iaa = pp. And fuppofing 22 greater than 222, and 
making bb — aa = mm, it will be zz — mm = pp, an equilateral hyperbola 
with the femidiameters = m, and taking the abfciffes from the centre. 


Fig. 55. In the indefinite line BD I take BG 
= 2m = 2V bb — taa, and divide it 

equally in A. With centre A, the tranf- 
verfe diameter = 2AG,. equal to the 
conjugate, and with the co-ordinates in a 
given angle, defcribe, the two oppofite 
and equilateral hyperbolas. Taking any 
abfcifs pofitive and negative AD = z, 
the correfponding ordinates DH will be p, - 

| pofitive and negative. And becaufe, by © 
the fubftitution, it is ¥ = z= — 4, taking 
AE = è, tt will, be. ED = x. But, by 
the other fubftitution, it being y= p + fa, 
from the point E drawing EO = ta, parallel to the ordinate, which will 
terminate at the curve in the point O; and through that point O draw the 
indefinite line KK parallel to the diameter BG, it will be KH =p + Ga = qe 
Therefore the point O will be the origin of the abfcifs x on the right line KK, 
to which, taken pofitively, will correfpond the two ordinates y, one pofitive and 
the other negative. And taking it negative, but not greater than EG, two 
ie Poa } pofitive — 


Loci of the 
third fpecies 
fonftruéted. 
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pofitive ordinates will correfpond to it; but taking it negative and’ greater 


than EG, but lefs than EB, the ordinates y will be imaginary ; and taking 
it negative greater than EB, and lefs than EI, making BI = GE, the two 
ordinates will be pofitive; and laftly, one of the ordinates will be pofitive, 
and the other negative, when the abfciffes, being negative, fhall be greater 
than EI. 


Here it thould be obferved, that the root of the {quare yy i av + 14a is 
not only y — te, but alfo 14 — y, and therefore the fubftitutions fhould be 


two, that 1s, both y—t¢ =p, ad 1a —y = p. Yet, notwithftanding, in 


the prefent example, and in others that follow, I only make ufe of the fir&. 
For, confidering, in thefe conftructions, the new unknown quantity p is to be 
underftood both as pofitive and negative, herein will be comprehended thofe 
determinations alfo, which the other fubftitution would fupply, and which 
therefore would be fuperfluous here. 


If the quantity 24, which I have fuppofed greater than #22, fhould, on the 


contrary, be lefs, the /ocus would be to the fame hyperbolas, only by changing 


the places of the co-ordinates and of the conftant quantities. That is, the. 


final equation would be zz = pp — mm, the conftruction of which is here 
omitted, becaufe it is not different from the foregoing, only that the femidia- 


meters here are each equal to laa — 55 = m. Now, if it were d = 1aa, 
the /ocus would degenerate into a right line, as is plain. 


129. To diftinguilh and conftruct equations of the third fpecies, it is ne» 
ceffary that, putting the fquare of one of the unknown quantities made pofitive, 
and free from fractions and co-efficients, together with the rectangle of the fame, 


on one fide of the mark of equality, and on the other fide all the remaining. 
terms; adding to the firt member (and confequently to the fecond alfo) fuch a 
fraclion of the other unknown quantity, that the firft member may be a fquare ;. 


then putting it’s root equal to a new unknown quantity, and. making the fub- 


ftitution; by means of which an equation may be had, reduced to a. more. 


fimple expreffion, or to one of the two fpecies before- mentioned. 


Thus, in this equation, for example, zz — s-. = ay, adding — to both. 


ea aN ae by - 
members, the firft member. will be a {quare, the root of which is a — —% 


aa 


which is to be put equal.to a new unknown quantity p; and, making the 


_ fubftitution, the equation will be pp = 2 + 4, which is-now reduced to 


| the fecond fpecies,. 


ge | — #30. But 


i 
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| 130, But it may be obferved, that fometimes the new unknown quantity. to Complicate. 

| be introduced fhould be affected by fome conftant co-efficient, otherwife tro haar 
: Quel 4 . ecies re- 

conftructions would be much incumbered, For example, in the equation aan ia 


b bb } : ; fimple b 
"aa na + om = + fy + bx, the firft member of which,. without any Eaten: 


; . with ex- 
e s & hi ; e db e 

addition, is already a fquare, whofe root is: x + ds; if the term Sx were notamples.. 

there, or being there, if we would eliminate x out of the equation, we might 


do it, by putting, inftead of x, it’s value obtained by the fubftitution, fo that 
it may be exprefled by the new unknown quantity, and by y with conftant. 
quantities; therefore the fubftitution of x + 2 = 2 fhould be made. 


But if the term fy were not there, or being there, if we would eliminate y,. 
| pe ee Bi : é 
we muft make a fubftitution of x + a Ser — - And thus, refpectively, if the 


29 4 bbawe 


a aa 


x ok fy - bx, the term Fy not being there,. 


or elfe to be eliminated, a fubftitution muft be made of y + 2 (nti 2's: or ele 


equation were yy + 


term Sx not being there, or being to be eliminated, a fubftitution of yt Pty 
pi dix 


* 


bot, È 
= — Is to be made. 


In general, the reCtangle of conftant quantities into that unknown: quantity 
by which the equation is ordered, not being in the equation ; or being there, 
if we would eliminate that unknown quantity, we muft put the root of the fir® 
member equal to a. new unknown quantity. But if the rectangle of conftant 
quantities into the other unknown quantity, by which the equation is not. 
ordered, be not in the equation, or if, being. there, we. would eliminate that 
unknown quantity, we muft put the root of the firlt member equal to a new 
unknown quantity, multiplied into half the conftant co-efficient of the fecond: 
term of the firft member, | | 


EXAMPLE. V. 


2bxy bbax 


Inet the equation be ++ = ox Make y+ Led = x, andthe 


equation will be zz = cx, which is to the Apollonian parabola. If the angle of 
the co-ordinates x, y, of the propofed equation be not given, but left at pleafure, . 
| 8. the: 
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the conftru&ion of the Jocus would be mani- 
feft. For, on the indefinite right line AB 
defcribing the ifofceles triangle ACD, with 


| the bafe CD = 2, and the fides AC = AD > 
ae | = 4; and on the diameter AB, with a pa- 


P_D WB rameter = c, and with ordinates parallel to 

DC defcribing the parabola of the reduced 

a equation 23 = cx; taking any abfcifs at 
7 pleafure AB = x, it would be BM = 2, 

But, by the fimilar triangles ADC, ABE, 


K 5 we fhall have EB = id , and, by the fub- 

ftitution, it isy 22 — È = EM, and 

allo AE = AB—= «x. Therefore, upon the indefinite line AE taking any 
abfcifs AE = x, the correfponding ordinate EM, pofitive or negative, will be 
the y of the propofed equation. But, becaufe the angle of the co-ordinates 
x and y is fuppofed to be given, the conftru&ion aforegoing will not obtain, 
but we may proceed thus. On the indefinite line AB let a triangle ACP be 
defcribed, having the angle ACP equal to the fupplement of the given angle, 
which the co-ordinates of the propofed equation ought to make; and let AC=a, 
CP = 4. Produce AC indefinitely, and, taking any line AE = «, make KK 


parallel to PC, and it will be EH ==. Whence, if HK =a, it will be EK=y; 


and then AE, EK, are the co-ordinates of the propofed equation, and in the angle 
given. But HK cannot be yet the z of the reduced equation cx = 22, fince the 
abfciffes AH are not yet equal to the «’s, nor yet the lines AE. Obferve, there- 


fore, that AH will be = ser that is) dia, (making AP = f, becaufe, 


in the triangle ACP, having given the fides AC, CP, and the angle ACP, the 
line AP will alfo be given ;) whence the curve thus defcribed, calling AE = «, 


and HK = gz, will give us the equation de = zz, which would be exactly 
our equation reduced, if, inftead of the parameter c, we had defcribed the 
curve with the parameter = - Therefore, to conftru& the propofed locus, on 


the indefinite line AB defcribe the triangle ACP, the fides of which are AC=a, 
CP = è, and the angle ACP equal to the fupplement of that angle which the 
co-ordinates of the propofed equation ought to make. Then with diameter AB, 


parameter = = equal to the fourth proportional of AP, of AC, and of the 


parameter of the reduced equation, (which is general, whenever the /ocus is to 
9 | es! the 
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“er ecco 


Tea ae nin el ag i; 


sima ii 
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| the parabola,) and with ordinates parallel to PC, the Apellonian parabola mutt be 
defcribed. Then taking, on the indefinite line AE, any abfcifs AE = x, EK 
pofitive and negative will be = y, and the curve will be the /ocus of the 
equation propofed. For it will be HKg equal to the rectangle of the parameter 
into AH, or yy + mu adele Le II ae 


a ba af 


The fame artifice may be made ufe of in other equations, to the hyperbola 
and to the ellipfis, in regard to their diameters and parameters, with this differ- 
ence only, that in thefe the tranfverfe diameter, or conjugate, according as this 
or that ought to be changed, (and it will always be that to which the triangle 
ACP belongs,) will be the fourth proportional of AC, AP, and the tranfverfe — 
or conjugate diameter of the equation reduced. But as to the parameter, when 
| the equation is given by chat, the tranfverfe diameter being varied in the 
manner aforegoing, it will be the fourth proportional of AP, AC, and the pa- 
rameter of the reduced equation. But if the triangle ACP do not belong to 
the tranfverfe diameter, but to the conjugate, (the equation being given by the 
parameter,) it will be the third proportional of the parameter of the reduced 
equation, and of AP; as will eafily be known by the examples, 


EXAMPLE’ VL 


. Let the equation given be yy + site ce dEi = bx — cc'— 2¢y. Making a 


° 2 b D) ® » N sti 2 î Bi a P ®. è 

fubftitution of y + — = 2, it will be zz = bv — ceo — 202 + a » that is: 
abea vate ee a a Meee ba ena Ce | 

zz + 262 + co = da + —--. And making again another fubftitution of 


% -+ ¢= gq, it will be finally gg = ote an equation to the Apollonian 


our co-ordinates x, y ; on the indefinite right 
line BH let the triangle BCD be conftructed 
with it’s fides BD = a, DC =2, and with 
an angle BDC equal to the fupplement of 
that angle, which ought to be made: by the | 
co-ordinates x, y, of the equation propofed.. 
Then let BD, BC, be produced indefinitely,. 
and from the point B draw BA parallel to 
DC, and equal to c. Then from vertex A 
to the diameter AE parallel to BC, and with 
the ordinates EP parallel. to CD, let the 

parabola. . 


bag sn, | parabola. Now, to conftru& it relatively to. 


112. jb ANALYTICAL INSTITUTIONS "7 BOOK’ Te 
ab 4 2h¢ 


parabola PAP be defcribed, with the parameter = ao (meaning 


by f the known line BC,) and on the indefinite line BF taking any abfcifs 
BF = x, it willbe BH= AE = “, and EP = g, and therefore HP = q 


ba 


| b ei 

—-C= % and FH = Then FP = 2 — — = Y, pofitive and nega- 
tive when w is greater than BO; and both ordinates negative, when it is x lefs 
than BO. ca 


In the equation propofed, if the re&tangle 2cy fhall be affeCted by the affirmative 
fign, then the fecond fubftitution fhould be z — c = 9g, and the parameter of the 


ab — 2be 
a 


parabola equal to Then doing the 


fame things as before, inftead of drawing BH 
above the diameter AF, it fhould bedrawn below 
it, and the triangle BDC fhould be made above 
it, as is fhown by Fig.58. Moreover, if the term 


=. be negative,’ the firft fubftitution fhould 
bey — È = z, and thence y= 2 + cs. 


Therefore, in this fuppofition, as well in regard 

to Fig. 57 as Fig. 58, the triangle BDC thould 
be conttructed below BH, fuppofe as B4C. 

Wherefore, taking any line Bf = x above Bd 
produced, it will be fP =; obferving that, in this cafe, the angle BdC 
fhould not be made equal to the fupplement, but to the angle itfelf, which is 
to be made by the co-ordinates of the equation. 


EXAMPLE VIL 


Let the equation be xx + 20) + = = e + ch, Making the fubfti- 


tution of x + = = ue it will be + = ¢¢ + ch; and making ax +4 =p, | 


it will be zz = oe » an equation to the 4pollonian parabola. On the inde- 


finite 
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finite line AC defcribe ‘the ‘triangle APQ_ 
with the fides AP =, PQ = e, and the 
angle APQ_ equal to the fupplement of the 
angle which fhould be made by the co-ordi- 
nates of the propofed equation; and call the 
known line AQ = f; as ufual. Let AP, 
AG; be produced indefinitely, take AH = è, 
and draw the line HB parallel to PQ. From 
the point B let the indefinite line BD be 
drawn parallel to AP; and with vertex A, 
to the diameter AC, with the parameter = 
aac 
| E? al 
PQ, let the parabola MAM be defcribed. Taking any line AE = g, it will 


be CM = zg; then HE or BD = #, and DC = PF: becaufe of the fimilar 


triangles APQ, BDC. Then is DM = z— = = y pofitive and negative, 
and the lines BD, DM, are the co-ordinates of the propofed equation. 


| Fig. 59. 


d with the ordinate CM parallel to 


È : b bb j 
If the equation had been given «x + ae + Meri = cx — ch, making the 


fame firft fubftitution as in the foregoing equation, we Mould have E x 
aa 


— ch; and, putting a — db = p, it is 2z = di, which is the fame as the 


firft, nor is there any other difference, but only in the firft cafe there is «x = 
p — 4, and here.itis # =p +.4. Thatis, inthe prefent cafe the vertex of 
the parabola muft be at B, and the origin of the abfcifs x mul be in the point 
A, taken on the indefinite line AE. 


EXAMPLE VIIL 


DALIA 


1 1 x A ba oa . | È . 
Let the equation be «x + ai ch = ee. Make the fubftitution 
yee by bz | : ; bbaz : I 
of wii a and the equation will be agi $Y S83 and patting 
ie | aach | | 
b— xm p, twill be zz = rar an equation to the parabola. 


Q. On 
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On the indefinite line AH let the triangle 
APQ_be defcribed towards H, with the fides 
AR == PO = ee andthe angle APQ equal 
to the fupplement of the angle which the co- 
ordinates of the propofed equation ought to 
contain. Make the known line AQ = f. 
Produce AP, and take AE = >, and draw EH 
parallel to PQ. With vertex H, on the dia- 
meter HA, with the ordinates CD parallel to 


PQ: and with the parameter = lel there 


aac 
Uf ? 
be defcribed the Apollonian parabola, Taking 
any line EB = 9, it willbe AB =~ b—p=-x, 


toy —— CD.='2: > Then s: BD =e: == ey pofitive. and negative, 


taking x CEE the points A and O; and both the ordinates y negative, taking 
x beyond the point O. ‘The right line AE being produced indefinitely on the 
oppofite fide to the point i; and taking any line Ed == p pofitive and greater 
than AE, it will be Ad = 6 — p =x, a negative quantity ; whence in this cafe 
the negative x’s will be mex A towards e, and the pofitive from A towards E ; 


and to the fame negative x will correfpond two ordinates JD, 4D, equal to y, 
one pofitive and the other negative. 


If in thefe two laft examples, as in the others which will follow, the rectangle 
of the two ordinates be affected by the fign —, it is done upon the fame confi- 
deration as is mentioned at the end of the 6th Example; which it may fuffice 
to have mentioned once for all. 


bh n eremiti tici nn e 


EAA MP. LEY IX 


ee b bb va 

‘Let the equation be yy — 2 + —= = xv — 44. Make the fubftitution 
b ® e e e 

of y — — = z, and the equation will be zz = xx — aa, which is to the 


Fig. 61. | hyperbola. On the indefinite line EE | 
| | defcribe the triangle ACH, and make 
AC = 4, CH = 4, and the angle ACH 
equal to the given angle of the co-ordi- 
nates of the equation propofed. Let 
AC be produced indefinitely both ways 
from the point A. With centre A, and 
tranfverfe femidiameter AH = f, with 
the conjugate = a, let there be defcribed 
the PERCH: hyperbolas with the ordi- 
Hates 
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nates parallel to CH. Taking any line AB = x pofitive, it will be BE = A 


But ED = z- Thenis BD = z + Sia y pofitive. And taking in the 


hyperbola the ordinate z negative, that is = EM, then will y be equal to the 
difference between EB and EM, that is, equal to BM ; and therefore negative 
when x is greater than AO. Then to any pofitive abfcifs greater than AO will 
correfpond two ordinates, one pofitive and the other negative; and both the ordi- 
nates will be pofitive when « is lefs than AO. But when x is taken negative, that 
is on the fide of the point Q; then it muft be obferved that QE will be negative; 
for the analogy will be, AC (4) . CH (3) :: AQ(— a) . QE = — £. 


a 
Therefore, if QE = — ae taking 2 pofitive = ED, it will be z= + = = 
QD = y pofitive ; and taking 2 negative, it willbe — z — = = OND sry 


negative. 


BA fell PL E 


bbax 


Let the equation be yy — 24% 4 £ — bb, Adding 45, it will be 3y — 


aa 

abuy boxe __ gue | bbex o vo he 
ne ca hh — Cami i and making the fubftitution Of 9 — —=% 
TTL eee ns Lux 3 sa ‘ i 

it will be zz = —— — © + bb, And putting 22 — ag = mm, it will be 
MMXEL 
ada 


BaP ee + bb, that is, zz —— bb = —— , an equation to the hyperbola. 
On the indefinite right line DD let the 
Fig. 62. ; | triangle ABC be defcribed, with the fides 
AB =a, BC =. 4, and the, angle ABC 
equal to that which is to be contained by 
the co-ordinates of the propofed equation ; 
and make the known line =f. Through 
the point A draw the indefinite line PP 
parallel to BC, and with centre A, tranf- 
verfe diameter QQ = 2h, conjugate = 
2hf 
mm 
tices Q, Q, let there be defcribed the two 
oppofite hyperbolas HQH, Then taking 
Q2 any 


taken in the right line EE, at the ver- 


Ze 
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any line AD = », and drawing DH parallel to BC, it will be EH = 2 = AP; 
ba . ”- be A È 

and DE = —. Then DH. = 2 + — = y, andthe lines AD, DH, fhall: 


be. the co-ordinates of the propofed equation.. 


EX AMPLE XE. 


POETS : Nar: bbax 2bxa Spes: Le 
Let ‘the equation be yy + — + = - + bb, Making the fublie 
; + a as 


tution of _y + = 2s the equation will be zz oe 


+ db, that is, zz — 


(2% 
a bas 


+ : 


s which is-to the hyperbola. 


On the indefinite line AD let the triangle 
AEP be defcribed, and make AE = 603. 
EP = 4, and the angle AEP the fupple- 
ment of the angle, which is to be con» 
tained by the co-ordinates of the pro- 
pofed equation. The right line AE 
being produced indefinitely both ways, 
and calling, as ufual, the known line 
AP = f; with centre A, tranfverfe femi-. 
diameter AI = è parallel. to PE, and. 
with parameter = ZL, defcribe the op- 


pofite hyperbolas IC, ic;. then taking any. 
line AB = x, it willbe BD = È, and 


€D= FA. Then BC me — = y. Taking x negative = DG,. 
A 5 Lab ze 

it will be BG = — z + — = —y, and therefore to the fame pofitive x will 
belong two ordinates y, one pofitive,. the other negative, taking x between the 
points A, H. Then taking x between the points H, L, both the ordinates y- 
will be negative ;. and again, one pofitive, the.other negative, taking x greater. 


‘than AL 
Then. 
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i bx 
Then taking Ab = — x, it will be (td) = — —- and as ae (ge) = 2, 
tt will be (de) — 2 — —_ = y;. and taking:2-negative = (dc), it will.be (2c) 


; bx iioviimizninea i 
= — % + — = — Je Therefore to the fame Ad = x. negative will’ cor re 


spond two sia 4; one of which is pofitive; the other negative, taking « 

tefs than A&; both the ordinates will be pofitive between: the points è : and I: 
ind again, one ordinate will be pofitive, and the other negative, taking x greater 
than Al. And therefore the hyperbolas thus-defcribed dall be the /ecus. of the. 
propofed equation. | 


SEX AMP LB XI: 


Let the equation be yy — 


= ee + 2hx — bb. Making 


aa: 


the fubftitution of y — Ri = 2, It will be zz = co — ax + 20x — bd, And 


making another fubftitution of « — = p, it will be finally ZS = C6 — PD 
which is an equation to an ellipfis, and not to a circle, though it may have the 
appearance of fuch. The reafon of which is, becaufe the co-ordinates p, x, do. 
hot form a right angle, yet however are in an angle to eachother, one of them. 
being AC; the other BT, as may be feen in 

Fig. 64. x the fol lowing conftruftion. On the indefi-- 
2 | finite line EB let a triangle EDF be de- 

forrbed,’ with .the fides BD: c= e, DE = &,. 
N andthe angle EDF equal to the angle which. 
is made by the co-ordinates of the propofed 
equation; and making the known line. 
EF = f. Produce indefinitely the: lines. 
«ED, EF, and taking EP = 4, draw the 
indefinite line PA parallel to DF, and from. 
the point A the line AG parallel to EP; 


With centre A, tranfverfe diameter MN = A , with conjugate. diameter RR, 
equal to 2¢ and parallel to DE, let the ellipfis MRNR be de! i then. 
taking any line AC = p, it will be EQ = w, and therefore BQ= = But. 
BT = x; then QT = 24+“ =; then will EQ QT, be the co-ordinates. 


of the /ocus required. 
E X-. 
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RXAMPIE CO 


cuni 


Let the equation be yy + > + ax + cy + e — ag = o. Adding on 


both fides the fquare =, it will be yy + CI + = naz a — mo — Za 
EA ag. And making the fubftitution of y + = erate’ be tan. ae 


bbxx — 4aaxx oe bea — 2alx Mei + ag. 
4aa 2a 


: bb — be — 2al 
Let 444 be greater than 25, and make “SS Se a — » and sini es 


b 3 
then adding tcc on each fide, it will be zz + cz + tec = = — + bx + ag 


+ icc. And making the fubftitution of z + Ic = p, it will be pp = 


CAR ci + bx + ag + ice. That is, — ae + 466 + ag X Pat, 
and laftly, adding sa to both fides, and making the fubftitution of x — Li 
= q, and of 1cc 4- ag X — ui — = ce, we fhall have i = e — qq, 
which is an equation to the ellipfis. 

fig. 65. | ) Upon the indefinite right line AC de- 
3 | fcribe the triangle ASF, and make AS = 


24, SF = 4, and the angle ASF equal to 
the fupplement of the angle made by the 
co-ordinates of the given equation, and 
let the known line AF be called f. On 
AS indefinitely produced take AR = 


22, and draw the indefinite line RQ pa- 


- rallel to FS, and from the point Q draw 
the indefinite line QO parallel to AS, and 
make QM = fe. 


Then through the point M draw HV parallel to AQ: and with centre M, 


tranfverfe diameter HV = me , and parameter = n let the ellipfis HNVK 
| be 
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be defcribed. And taking any line RD = gq, it will be PN = p, and there- 


2a” 


fore Abu, DC = GN ci then DN == z — — =). 


Here it is to be 5 Saat that if the angle of the co-ordinates fhould be 
fuch, as that the angle AFS becomes a right angle, and confequently the angle 


MPN is fo too; then it would be 4aa — bb = ff, whence — — ez 


444 
Sf 


oi and therefore the parameter would be i La, that is, equal to the 
tranfverfe diameter. Then the angle MPN being alfo right, the ellipfis would 
degenerate into a circle with the diameter = L ° 


TI, As to equations of the hyperbola between the afymptotes, which may 
be required to be conftructed, they may all be underftood to be comprehended 
in the four examples following. 


(1.) = + xy = ab + a + ny. 
(2.) — + xy = abt mx > ny. 
(3.) 2 — yy = ab + mx + ny. 
(4.) — = — xy Z ab + mx + n. 


EXAMPLE XIV. 


LxX 


General com 
ftruction of 
the /oci to the 
hyperbola 
between it’s 
afymptotes 5 
with ex- 
amples. 


Firft, let the equation be + xy = ab + mx + ny, in which I take all | 


the terms pofitive of the bomogeneum comparationis. Making a fubftitution of 


7 + = 2, we fhall have zx = mx + 22 — = + ab; and, making an. 


other fubftitution of z — mL + = p,it will be px = np + mn + ab —-. 
Again, make a third fubftitution of # — n = 4, and, finally, it will be pg = 
Ab + th — ar Suppofing now that ab + m1 — = is a pofitive quantity; 


9 È Q n 
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Fig. 66. | on the indefinite line NN, at the point 
ay jee: A taken at pleafure, defcribe the tri- 


AB = 5, BC = e, and the angle ABC 
equal to the fupplement of the angle 
which the co-ordinates of the equation 
propofed ought to make, and make 
the known line AC =. At the point 
A raife AD parallel to BC, and equal 


ne gi a | 
to m — ->-, as in Fig. 66, when 


ug os Palas . 
m — —- is a pofitive quantty; and 
let fall AD, as in Fig. 67, when 


a ° ° » 
I — dI is a negative quantity, be- 


caufe of the fubftitution made of z — m 
+ È. = f. Through D draw the 


indefinite line PP parallel to AC, and 
on AB produced take AE = 2, and 
through E draw TT parallel to BC, 
Between the afymptotes PP, IT, de- 
{cribe the two oppofite hyperbolas RR of 


Lost di the conftant rectangle = ab + mu — i 


vai , that is, a fourth proportional to AB, AC, and the conftant rectangle 


h 
of the equation reduced. Taking any line EQ = g, it will be PM = Ht, 


and PQ_= p, and therefore AQ=g +a=% ButPN=AD=u— È, 


therefore NR = p + m — + — 23 and becufe ON = Py it will be, 


laftiy, QRa=z— £- = y; and the two lines AQ QR, will be the co-or-0 


dinates of the propofed equation.. Taking x pofitive, when it is Jefs than AE, 
y will be negative: when it is greater than AE, and lefs than AO, y will be 
pofitive, and when it is greater than AO, y will be negative. Taking « nega- 
tive, then.it will be QN = — tl, a negative quantity; then y= <2 — < 
will be = NR + NQ; and therefore, when « negative is lefs than AO, y will 
be negative ; and when it is greater than AO, y will be pofitive. 

| am But 


angle ABC, the fides of which are. 


È 
A 
fi 
di 
% 
Ù 
if 
v i 
ne 
; 
#9 
i 
È 
di 
4 
E 
) 
a 
A 
ha 
Ù 
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But if the fecond term of the homogeneum comparationis fhould bè negative, 


that is, if the equation were se + xy = ab — my + ny; then the fecond fub- 


flitution would be z =p —m — È, and the equation reduced pg = ab 


nng | ung | . . 
— mn — >. Suppofing then that ad — mun mera were a pofitive quantity, 


defcribe, as in Fig. 67, the hyperbolas RR, but with the conftant rectangle 


ab — ma — = x wa and taking AD =m + 2, this would be in the 


fame manner the /ocus of the propofed equation. 


Fig. 68. If the equation propofed had the lat 
i term affected by the negative fign, that 


- ° . CONA 
is, if it were “bay ab mx — ny, 


the third fubftitution to be made would 
be x + # = gq, whereas before it was 
X — ” = q, and therefore the pofition of 
the point A, the origin of x, would be. 
changed. Then, in Fig. 68, if the va- 
lue of AD be pofitive, and in Fig. 69, if 
it be negative, the fide BA of the ufual 
triangle being produced to E, fo that 
AE =; between the afymptotes TT, 
PP, let the hyperbolas be defcribed of 
the conftant rectangle belonging to them, 
that 1s, when in the equation the term mx 
| 1s affected by the pofitive fign, then the 


conftant rectangle = ab — mu — = x 


L , and when, on the contrary, it is 
affected by the negative fign, the conftant 
rectangle will be = ab + DEI Ents 
and taking, in the firft cale, AD = m + 


2%. and in the fecond, AD = “= 
Po? | et 4 


| the Jocus of the propofed equation will be after the fame manner. 


Hitherto I have fuppofed, that the conftant rectangle of the reduced equation 


is a pofitive quantity ; but when it happens to be negative, the conftru@ion. 
Wiel | R | would 
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would not Be different, only obferve to defcribe the hyperbolas i in the other two 
angles, relatively to the conflant reétangle, which the reduced equation will 
 fupply; taking the line AD pofitive or negative, according to it’s value which 
the fame equation will give, and the point A either to the right or left of the 
afymptote TT, according as the laft term of the bomogeneum thall be pofitive or 
negative, as is clear by Fig. 66, 67, 68, 69. 


The conftant term 4d has hitherto been taken for pofitive, but if it were 
negative it could make no other alteration, but to make negative the conftant. 
rectangle of the reduced equations, which cafe has already been conftructed. 
Wherefore the fir of the ee equations propofed has now been conftructed in 
general. 


As to the fecond equation of thofe exhibited above, which is — <= + My 
= ab + mx + ny ; the firft fubftitution to be made is y — sa = that. 16; 


yz + 32, and let all the reft be done as before. 


teo to obtain the ordinate y, it will be neceflary to join = toe, 


whence in each cafe of Fig. 66, 67, 68, 69, the triangle ABC muft be de- 
{cribed under the line NN, as is feen at AJC, with the fides ADJ = b, BC = g, 
and with the angle AZC equal to the angle which ought to be contained by the 
co-ordinates of the equation propofed ; whence, Aé being produced both ways, 


and taking any line eg, ins the correfponding line gR will be the ordinate 


y required. 


The two lat equations of the four were thefe, but with their figns changed. 
eee Ale — ab F mx =F ny. 
— +ay = — ab Fmx Fm 


But this has been already conftructed in the conftruction of the firft, and the 
other is already conftructed in the conftruction of the fecond; fo that the four 
Scanato at firft propofed are now conftru&ted in general, as was In to be 

one. 


PRO» 


4 è ‘ ta 
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PROBLEM: E 


132. The indefinite right line AB is given A geometri» 
in pofition, and the point F is given out ofcal problem, 
it; it is required to find the /ocas of all the conttructed 

: | i by the para- 
points M, fuch that, drawing from each ofpiota, 

. them two right lines, one perpendicular to 
AB, the other to the point F, thefe two 


lines may always be equal to each other. 


Let M be one of the points required, 
and let the right lines be drawn, MF to the 
given point F, and MN perpendicular to 
BA. Thefe therefore ought to be equal to 

| each other by the condition of the Problem; 
and therefore, drawing FG perpendicular to AB, and calling it = 4, let MP 
be drawn perpendicular to it, and make GP = x, PM = y, it will be PF = 
VE hand Ae VE), Bue EM MN = GP, 
then x = «7a — 205 + ax + yy» that is, xv = xx — 24% + aa + yy, or 
20% — aa =. And making the fubftitution of « — 12 = 2, it will be 
20% = yy, an equation to the common parabola. 

Take GL equal to half GF, and with vertex L, and parameter = 2a, de- 
{cribe the parabola LM. This fhall be the /ocus required, in which taking any 
line LP = z, it will be PM = y. But GL = 44; therefore GP = x +19 
= x, and therefore GP, PM, will be the co-ordinates of the equation propofed. 

It is known from the property of the parabola, that AB is the direc?rix, and 
F the focus of the curve. 


PROBLEM. I. 


133. The indefinite right line PAP Another, 
being given in pofition, and two fixed conftru&ted 
: È os by the hy- 
points A, D, one in the fame line, and? Lola ba. 
the other out of it ; the /oc4s is required LL. he 
of all the points M, fuch that, drawing afymptotes, 
the lines MA to the given point A, and 
DME from the given point D through 
the point M, it may always be AM equal 
to the portion ME, comprehended be- 
tween the point M, and the point E, in 
which the fame line DME meets the 
given line PAP. : 
R 2 | From 


A problem. 
with three 
cafes, con- 
ftructed by 
the parabola, 
ellipfis, and 
hyperbola, 
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From the given point D, and from the point M, which is fuppofed. to be 
one of thofe required, draw the lines DB, MP, perpendicular to the given line 
PAP. Then the lines AB, BD, will be known, and therefore make AB = 2a, 
Bi) = 22, APS Py, Lot the right Jines AM, DME, be.drawal 
Now, by the condition of the Problem, AM = ME, and it will be allo PE — 
AP = x. And becaufe of fimilar triangles EBD, EPM, it will be EB. BD: 
EP . PM. And, fubftituting the analytical values, 2x — 24.28 ii x.y. 
Whence the equation xy — ay = bx. Make the fubftitution of x — a = 2, 
it will bé zy = dz + ab, or zy — bz = ab. Make another fubftitution of 
y— è =p, and it will be at lat pz = @d, an equation to the hyperbola be- 
tween the afymptotes. 


On the line PAP given in pofition, from the given point A take AL = a, 
and raife LC = è perpendicular to it. Then through the point C drawing 
the right line RF parallel to PP, between the afymptotes RF, HG, draw the 
two oppofite hyperbolas DM, AM, with the re@angle ad, which fhall pafs 
through the points D, A. Taking any line CK = 2, it will be KM = p. 
But AL, LCi: thetetore AP eg 4a = vj and PM mp +: 
fhall be the co-ordinates of the Problem, and the hyperbolas fhall be the locus 
required, | 


nn —trrxrreesrsseueeus ei 


PROBLEM III 


Fig. 72. i 134. Two circles EGF, BNO, being 

given, and alfo their centres C, A; if, from 
any point G of the periphery of the circle 
EGF, be drawn a tangent GNO, which meets 
the other circle BNO in the points N, O; 
and from thefe two points, if we draw two 
tangents NM, OM, the J/ocus of all the 
points M is required, in which the faid 
tangents meet one another. 


From the point M, which is one of thofe to be found, let be drawn MP 
perpendicular to CA, and from the centre A draw the right line AM. Becaufe 
the triangles ANM, AOM, are equal, for the angles at N, O, are right ones, 
and the fides AN, NM, are equal to the fides AO, OM, it will be alfo the 
angle NMA = OMA; whence in the triangles NMQ, OMO; becaufe the fide 
MQ is common, and MO = MN, it will be QN = QO, and AM perpen- 
dicular to NO. From the centre C to the point of contact draw the right line 
CG, which will be parallel to AM, it being alfo perpendicular to NO. Make 


AB=«4,CE=+4,CA=¢, AP = #, PM = », and therefore AM = Vartgli 
Q 
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In the fimilar triangles AOM, AQO, it will be AM. OA :: OA. AQ and 
fubftituting the analytical values, we fhall find AQ = rt Draw CH 


N xx yy 
perpendicular to MA, produced if need be; it will be HQ = CG, and there- 
fore dA — prs Ser Bar the oes CAH, AMP, will be fimilar ; 

| vano by 
therefore PA. AM :: AY, AC; that i is, RM ar py it om mn "63 
M wx + YY 


and multiplying extremes and means, cx = bax + yy — 44, OF cx + aa = 
D/ 35 by. Then fquaring, comm + aaacen + a* = dbxx + bbyy, that is, 


a — Cc ath 2aacx Misti & 
ef 


bd gi 


In this equation there are three cafes that ought. to be diftinguifhed ; that i Sy 
when 4 = ¢, when 8 is greater than c, and when ¢ is greater than d, 


2aax a 


— = on yy =S 


Firft, let è = c, then the equation will be yy — 
ze ee +: nae finding a redatele Le = ad, put it inftead of 44 in the 


laft term of the fecond member, and it ni be yy = i on ; and making 


the fubftitution of x + f = 2, it will be at lat yy = a , an equation to the 
“Fig. 73. ia Apollonian parabola. — oe the right ine CA, 
a N ì a towards 6 take AI = ti af and with vertex 


A TX I, axis FL, ‘parameter “55, let the parabola IM 
BAVA 


L. bedefcribed. This will fa the locus required ; 
in which, taking any line IP = 2, it will be 
i PM = ¥; but Al =f, then AP = x —~f=x, 
to and the lines AP, PM, will Be the die 
of the Problem. 


tar 


Secondly, let 4 be greater than c, which will mabe the term be - €. ci to be. 


. > ee bb = x. 
pofitive. If we write the equation thus, DI =x — == a = — yy; or 


i RR +0 pt ca 
thus, we ho tee and adding to both members the 


et Will Deeg a LI i 
bb = cc” ui BO er des. bb col” sie ei 
9 + making 


{quare 
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- making the fubftitution of x — i = Gee, i Wil be cere: a cen 
= — 2% whichi he ellipf 
TS » which is an equation to the ellipfis. 


From the point A towards Y take the 
. Ì aac . 
portion AI = mega and with centre I, 


: 2aab 
tranfverfe axis ZY = as , and conju. 


, let the ellipfis RZTY 


2aa 
ate RT = ——_- 
5 / bb — cc 


be defcribed, which will be the /ocus re- 
quired. In this, taking any line IP = 
— 2, (that is, on the negative fide,) 


and. dt Wil be Pal oe But Ale 


Der therefore AP — è 4 — - = #, and therefore the lines AP, PM, 


will be the co-ordinates of the Problem. 


 Laftly, let ¢ be preatet than 5, then the quantity 2 xx will be negative, 


at 
and therefore the equation is — si TS ee = yy — =, or xv + ee 


_ bby — at 


Add the fquare —““_ on both fides, and the equation will be 


co bb cc — bb)" 
| 2aacx atc o boy a*hb . ae 
Wa ee pera ia og 3 vpi And making the fubftitution 
| abb bb 
fz=n +- > s it will be at lat 22 — rat e 2a) an equation to 


an hyperbola, Uta referred to it’s axis. 


Fig. 755 On the right line CA, towards the point 
°C take the portion AI = a » and with 
centre I, tranfverfe axis ZY = ca and 


conjugate = 


2aa 
N cc — bb 
hyperbolas YM, ZK ; thefe thall be the Jocus 
required, In which, taking any line IP=2z, 


—itwillbe PM =y. But AI = ; then 


AP 


nur: 
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AP =z — <5 = x. And therefore the lines AP, PM, will be the co- 


ordinates of the Problem. | 


In this Problem it is always fuppofed, that the circle EFG is greater than the 
circle BNO, or that 8 is greater than 2; but if it fhould be either 4 = 4, or Za, 
the /ocus of the points required in the firft cafe would always be a parabola, 
in the fecond an ellipfis, and in the third two oppofite hyperbolas; fo that 
it would be needlefs to diftinguifh thefe cafes, which make no variation in 
the loci. | ( ; 


PROBLEM IV. 


134. Two right lines AC, CB, (Fig. A /eusto. - 
»6, 77.) are given in pofition on the Sobrero 
| line AB, which cut one another in C ; the rag. 
locus is required of all the points M, fuch 
that, drawing through them a perpendi- 
cular PMN to AB, which cuts the line AC 
in the point Q, and the line BC in the 
point N, the fquare of PM may be equal 
to the rectangle PQ K PN. 


Let the right line CD be drawn pa- 
rallel to PM ; this will fall either between 
the points A, B, as in Fig. 76, or on one 
fide of them, as in Fig. 77. 


Firft, let it fall between the points A, B, 
and. make AB == ¢, AP—=w, PO =-% 
PM = y, PN = 2. By the condition of 
the Problem, it will be zx = yy. But the 
ratio of AP to PQ is given, which there- 
fore may be put as m tom. Alfo, the ratio 
of BP to PN is given, which may be as è 


toc. Then it will be PQ=x= =, and PN=2=£ —. Thefe va. 
lues therefore being fubftituted in the equation zx = yy, it will be yy = 


AC — uc un bmyy 
Dan CS OF (alee 
pes m ? cn 


= au — uty an equation to an ellipfis with tranfverfe 
axis AB = 4, conjugate a/ 7 + Such an ellipfis AMB being defcribed, 


the upper half AMCB will be the /ocus required. 
| Now 


Another. 
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Now let the point D (Fig. 77.) fall on one fide of the points A, B, and 


“make, as above, AB= 2, AP =a, PM =y, PO =, PN= 3; tt Pai be 


BP = u— a, and therefore PN = — 2, But, by the condition of the 


, as before. Therefore, making a fubftitu- 


: 72 
Problem, zx = yy, and ax = — 


é too eer Ue '— ac un bmy 
tion of the values of z and x, it will be yy = ——— Ks a — ©’ a 
— au, an equation to the hyperbola. | 


At the vertex B, with the tranfverfe axis = a, and the conjugate axis = 


a/ — » defcribe the hyperbola BCM; this will be the locus required. 


Fig. 78. If the right line AC fhould not fall upon 
| AB, but.fhould be parallel to it, as it cule 

BR be in the pofition aC, AB, the right line PQ’ 
TRONO Q would be given; therefore, making PQ=%, 


fuppofing BP. PN :: #. #, the equation 
xz = yy would become yy = u#. Where 
fore, with vertex B, axis AB, parameter = x, 

defcribe the Apollonian parabola BMC, and 
A (bastia Pp B_ this would be the /ocus required in this cafe. 


PROBLEM .V, 


Fig. 79. 136. Let there be a curve AM, the equa- 

A tion of which is given, and let it’s axis be the 
right line AT, out of which let there be a 
fixed point F, "from whence let be drawn the 
right line FM, which cuts the curve in the 
point M, and the axis in the point P. Now 
the right line FM, moving about the point F, 
caufes the whole plane AMP to move parallel 
to itfelf upon the line ET, the point P being 
fixed in refpe& of the point A, but moveable 
upon the axis TA, that is, AP being a given 
line. In the mean while, the point M will 
defcribe a curve CMD. It is required to 
know what kind of curve this is. | 


ea ba PN 2, PM = », and | 


Let 


SECT. II, ANALYTICAL INSTITUTIONS. 129. 


Let the.curve be now arrived at the point.2 of the right line ET; it will be, 
by the conftruction of the Problem, Pp = Aa, and therefore AP = ap. Make 
AP = a4, FT = 4; and from the point M letting fall the perpendicular MQ_ 
to ET, make TQ = «, QM = y, AQ =v. Becaufe of the fimilar triangles 
FOM, PMQ, it will be FO. OM :: QM. PQ; that is, è + y.wiiy.PQ. 

x x 

ae Sap" But PQ = a—z#; therefore sy =a—f, or xy = ahedbt + 
ay wa LY, | | : 

Now, in this canonical equation, if we fubftitute the value of ¢ given by 9, 


| and by the known quantities of the equation of the curve AM, we fhall have 


the required equation of the curve CMD. : 


fig, 80. Firft, let AM be aright line. The ratio 
G Po of ¢ to y will be given, which let be that 


of m.to 7; then t= —. And, fubftitut- 
ing this value of # in the canonical equation, 
SETE b 

it will be = = ab — wy —_ È + ay; a 


locus to the hyperbola between the afym- 
ptotes. ee | 


To conftru& it in the given figure, on FO 
take any portion TH, and in a right angle 
draw HG fuch, that it may be FH. HG:: 
a.m; draw TG, and upon TA taking the 


> from the point V draw VS parallel to TG; and be- 


an «= bm 


portion TV = 
tween the afymptotes VS, VE, defcribe the hyperbola CMD with the conftant 
rectangle = di) (making the known line TG = g.) Then taking any ab-. 


fcifs TQ = #, the correfponding ordinate will be QM = y, and the hyperbola 


myy bmy 
7 


will be the /ocus of the equation = ab — xy — — + gy. 


Fig. 81. In the fecond place, let AM bea circle 
a defcribed with centre P, radius AP = a. 
By the property of the circle, it will be 
AQ=i=za—-Vaa—=y; and inftead 
of ¢ fubftituting this value in the general 
equation, it will be xy = b+ X Yaa—yyy 
an equation to the conchoid of Nicomedes. 
And the curve CMD, which is defcribed 
by the interfeGion M of the right line 
FM with the fuperior arch of the circle 
AM, will be the upper conchoid, Ri 

| S | wi 


Another, — 
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will be the afymptote, F the pole. And the curve which is generated by the 
interfection N of the right line FM with the circle under ET, will be the lower 
conchoid. This appears evidently from the nature of the conchoid, and from 
the condition of the Problem. For the two lines PM, PN, intercepted between 
the afymptote and the curve, will always be equal to the radius of the circle AP. 


Fis, 82. . In the third place, let the curve AM be an 
| : Apollonian parabola, with a parameter AP =a. 
ies Lite BOH i 

ae On this hypothefis, it will be ¢ = da; and this 

(6) SD value of # being fubftituted in the canonical 

| AE: SF ae 9 

: rey, equation, it will be xy — ay + — = ab — 
SS Be that 18, S+mx + Lyy e amy — abn 
Ey) | = 0. This is an equation to two parabolical 
ti conchoids, one of which is defcribed by the 


interfectton of the line FM with the fuperior 
part of the parabola; the other by the inter- 
feGion with the inferior part. And the right line ET will in this cafe be the 
afymptote of the curve. 


PROBLEM VI. 


Fig, 83. so 137. Two equal circles being given, 


and their centres D, B, being given; it 
is required to find the /ocus of all the 
points M fuch, that their diftances from 
the faid circles may always be equal to. 
one another. | 


Let M be one of the points required ; 
then drawing from the centres D, B,. 
through this point the right lines DM, 
BO, then MS, MO, will be the diftances. 
from the given circles, which ought to be 
. equal by the condition of the Problem.. 
Therefore make DS = BO =a, DB = 5, and the perpendicular MP being 
let fall upon DB produced, make DP = «, PM = y; it will be DM = 


MV zx + yy, and SM = Vin Fy — 4 But BP = x— 3, therefore BM = 
xx 268 + 56 + yy, and thence OM = a — Vix 2a +4 +). But it 


ought 


% SR Ss 
iealrsolsioreliiaoet ii ie eg ORT NS EO GSTS Ss 


cutting each other in two points A, N, 


x 
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ought to. be SM)= MO ; whence we fhall have the equation Wax + — 4 
Ta DK Ta = 2bx bb + yy. By the methods already taught this will be 


4aayy 
4aa—bb? 

4aayy or LC 
4aa— bb > © 4aa—bb 


reduced to xx pal di + 166 = 4a — 


| K—13 = 2, it willbe zz = 44 — = aa — 22, which is 


| an equation to an ellipfis. 


Let the right line DB be bifected in the point C, and with centre C, tranf- 


 verfe axis FE = 2a, and conjugate AN = V 4a — bd, let the ellipfis FAEN 
be defcribed, which will be the /ocus required. For, taking. anyg:lineGPrast, 
it will be PM = y; but CD = 15, therefore DP = 2 + 15 = x, and there- 
fore the lines DP, PM, are the co-ordinates of the Problem propofed, 


It would be needlefs to diftineuith the cafes, in which 4 is greater, equal to, 
or lefs than 4, becaufe the Problem will ftill be of the fame nature, è being 
i always lefs than 24, as plainly appears. 


It follows from this conftru&ion, that the points D, B, will be the foci of the 
ellipfis, and that it’s conjugate axis will be terminated at the points, in which 
the two circles cut each other. And firft, becaufe DS = BO, and SM = MO, 
it will be DS + SM + MB, that is, DM + MB = 2D$; but 2DS = FE, 
therefore, by the known property of the ellipfis, the points D, B, will be it’s 


foci. This fuppofed, by another property of the ellipfis relating to the foci, 


conceiving the lines BA, BN, to be drawn, it will be BN = BA = Sere But 
this is verified in the points, in which the two given circles will cut each other ; 


for D, B, are their centres, and CE, by conftruction, is equal to the femidia- 


meter of the fame circles. Therefore the ellipfis will Pe n the faid 
points of interfection of the given circles. Qu Ea De 


PROBLEM VII, 


138. The right line AB being given, to 
- find the /ocus of fuch points D, that, in the 
produced line DA, taking AC half of AD, 


CB, this may be equal to CD. 


Let D be one of the points dargli from 
whence let fall DP perpendicular to AB, 
‘Make’ AB —i0;/APs= «Di =.94 "1c will 


be AD = Wax +yy, and, by the condition 


S:2 , fore 


and drawing to the point B the right’ line 


; and making the fubftitution of 


Another, 


of the Problem, AC = 4 se + yy: wheres 
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fore CD = CB = 3Wix + yy. From the point C draw CQ _ perpendicular 
to BA produced. Now, becaufe of the fimilar triangles AQC, APD, and 
Ad 2AC, i wil bevAP = 2AQyiand PD =. 20€; whence CO = 17, 
and AQ = tx. Therefore BQ = a + tx. Now CBg = CQq + BQ? = ae 
+ an + tev + 4yy. But CBg = CDg = 2 x xx + yy3 whence we fhall have 
the equation 2xx + 2yy = aa + ax + ixx + +yy, which is reduced to 
x — tax = 144 == yy. Now, adding to both members the fquare 724, and 


making the fubftitution of x — ta = 2, it will be finally 23 = 44 — yy, an 


equation to the circle. 


Therefore, taking BM = 3a, and with centre M, and radius BM, defcribe 
the circle NDB, this will be the /ocus required ; in which, taking any line 
MP =z, it willbe PD = y; but AM = +a;. therefore AP 2g 4 44 =, 
and the lines AP, PD, will be the co-ordinates of the propofed Problem. 


- If we would have alfo the /ocus of the points C, this would be another Pro- 
blem of a like nature, which might be refolved in the following manner. 


Make AQ = ~, QC = g, which is perpendicular to BN; it will be 


AP 29,8 = eg; but AM — se and MB. 9. Then NA — ia, 


and therefore NP x PB —= 142 + ap — 4pp. But, by the property of the 
circle, NP x PB = PDg and = 469. Then it will be 499 = taa + ap 


— app. Whence 144 — qq = pp — tap. Add to both fides the fquare 44, 
and making the fubftitution of p — ia = #, it will be gg = aa — sh. 
Whence, with diameter MN = ie defcribing the femicircle NCM, this will 


. be the /ocus of -all the points C ; in which, taking from the centre S any line. 
SQ = #, it will be QC =g. But AS = Ya by the conftru&ion. Then AQ= 
t + ta = Pp, and the lines AQ; QC, will be the co-ordinates of the Problem. 


Thefe two Problems may be demonftrated conjunctly in form of a theorem, 
after the following manner. 5 
In the given line AB is taken MB equal to + of AB, and with centre M, 


4 


radius MB, a circle NDB is defcribed ; and alfo with diameter MN the circle 


NCM; through the point A drawing any how the right line CD terminated at 


the periphery of each circle, and from the point C the right line CB to the 


extremity of the diameter, it will always be DA the double of AC, and CD 
equal to CB. 


Let S be the centre of the circle NCM, and let the right lines SC, DL, be 
drawn through the centres S, M. Becaufe SM is half of MB, then will SM 
be 3 of AB. But AM is + of it; therefore SA will be + of AB, and therefore 
1 of AM. But SC is alfo half of DM, and the angle SAC is equal to the 
angle DAM ; therefore it is eafy to perceive, that the triangle SAC is fimilar 
to the triangle DAM, and that therefore AC is half of AD, which was the 
firft thing. 


But 


n A È a ? iE pis os gs ee 
: be i; ROB 
rei rata iene I E ERA 
dieta Eee e E Se eee SOE Bay eo 


x 
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But if the triangles SAC, ADM, be fimilar, then the angle SCA will be 
equal to the angle ADM; whence the right lines SC, DL, will be parallel, and 
confequently the triangles BILM, BCS, are fimilar, and therefore ML, will be 
the fourth proportional to BS, SC, and MB. But BS — AB, SC = 3AB, 
MB = SAB. Therefore ML = 7AB = AM. But MD = MB, and the 
angle AMD = LMB. Therefore the triangles AMD, BML, are equal,, and 
the angle ADM = MBL. But alfo the angle MDB = MBD, fo that the angle. 
CDB = CBD, and therefore the fide CB = CD; which was the fecond things 


PROBLEM VIII. 


139. The two fides AC, CB, of the Another. 
norma ACB being given, the /ocus is | 
required of all the points, through which . 
the extremity B of the fide CB will pafs, 
whilft the zorma moves in fuch manner, 
that it’s point A fhall always be upon the © 
line DM, and the point C upon the line 
DP, which is fuppofed perpendicular to. 
DM. | | 

From the point B let fall BP perpen- 
dicularto DP, and make DP = xz, 
ER Sy A dda 
| CP = 4/7 bF yy; DC = « — VW bb — yy. 
But the angles DCA, BCP, taken together, are equal to a right angle, as alfo 
the angles BCP, CBP ; and therefore the angles DCA, CBP, will be equal to 
each other. Then the triangles ADC, BCP, will be fimilar, and it will be 
AC . CD :: BC. BP, that is, a.x— Wis —yy 2: è .y, and thence ay = dx | 
— bf = 3 and, by fquaring and ordering, the equation will be #x — 


= id a = bb — yy. Make the fubftitution of x — > = 2, and we 


| fhall have the equation zz = 55 — yy, which is to the ellipfis. | 


On the indefinite line DM defcribe the triangle DEH with it’s fides DE= 4, 
EH = a, and with the right angle DEH, becaufe the co-ordinates of the 
Problem make a right angle ; and let the known line DH = f. With tranf. 
verfe femidiameter DH = f, and with the conjugate femidiameter DQ = 6 
and parallel to EH, defcribe the ellipfis HBQ; it fhall be the /oc4s required. 


For, taking any line DF = PB = % it will be GB ae Be DO” =o; there. 
ais, 3 | fore 


Anothere 
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fore FB? = 2 + $ = x = DP. And therefore the lines DP, oe are the 


co-ordinates of dii Problem. 


OI IX. 


Fig. 86. 140. The angle BAP being given, ho the 
point P being alfo given; it is required to find the 
locus of all fuch points D, that, drawing the two 
right lines, BD parallel to AP, and DP to the 
given point P, the lines BD, DP, may always be 

to each other in the given ratio of 4 to e. 


Drawing DC parallel to AB, make AP = a, 
AG = 4. GD =) CPR eae Becaule the 
angle BAP or DCE is given, drawing DE per- 
pendicular to AP, the ratio of CD to CE is 
Siven, which tay be GD. CE: 4.2; then 


A CEP 


CE 24, Abe È Ae. KP. = ax 
— dorelle=r+ 4+ — a, PD=-&. Then it will be CDg — CEg 
cs DPg — PEgq, that iS, DN ee IT 20% ,+ = oa oe > OF 
wy + — Ire ct ce es a xx + 2ax — da + ae , by adding the 
{quare o on both fides, But here it may be obferved, that the quantity 


ee + bb — dd may either be equal to, greater, or lefs than, nothing ; and, fir&, 


let it be. equal to nothing, in which cafe the equation will en + i 


bbax -—- 2aby 
dd ii 


se 


+ 24% — 44. And making the fubftitution of y + = os, 1 Si be 


pane t mee 2abbx 
"da dd 


2abz aabb 2abbx aabb — aadd ; 
be 22 — ri + sy = aK — +: Now, making the fub- 


cane (1 (], 


des, it will 


2adda — 2abba 4+- aabb — aadd 

selle malte A cell = eat, or pp 
—___ 2add — 2zabb . i Re 

= x —1taX ——-—; and making #— ta = g, it will become at lat 


2add — 2abb 
>= a g, an equation to the Apollonian parabola. 


{titution of 2 — a pit Will: Be ep 


Let 
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Let BAP be the given angle; the given 
line, AP = a. On AP, produced indefi- 
nitely, let there be defcribed the triangle 
AMN with the angle AMN = BAP; 
and let AM.MN::4. 3. Produce AN 
indefinitely, and in AB take AH = A 
and draw HE indefinitely, and parallel to 
AN. Bifeîtt AP in O, and draw OQ, 

| parallel to AB. With vertex Q; on 
the diameter QE, with parameter = 

dd — 2abb È 

ano (making f = AN,) and 
with the ordinates parallel to AB, defcribe the parabola QD. Take any line 
QE = «, it will be ED = y, and this parabola will be the /ocus required. 


In the fecond place, let ee + 44 — dd be greater than nothing, or a pofitive 
quantity. Affuming therefore the equation, and making ee + 26 — dd = bh, 
abay È bbxx __ hbxs 
ia SARI TT 


zabyo 
d Ss 


it will be yy — da + 24K + And making the 


7 di bia b i ; Vf 
fame fubftitution of y + + = z, it will be zz — ae cee — qa + 24% 


2abbs aabb 

dd dd : 
will be adpp = bbxx + 2addx — 2abbx — aadd + aabb; thatis, xv + 
2ad*x — 2ab°x __ ddpp aadd — aabb . add — abb 
oa i re make — zo = m, then wx - ame = 


- + am; and adding mm to each fide, it will be xx + 2mx + mm = dro 


coni 


; and adding , and making the fubftitution of z — = se Ps it 


+ am + mm, and making x + m= q, it will be finally gg = sete + it + 


: Msi dd : 
mm, that is, gg 01 — mm = SE » 4n equation to an hyperbola. 


| Fin, 88. i Let BAP bea given angle; the given 

mR aa: (E iva line, AP=4, Upon AP, produced inde- 
finitely, let the triangle AMN be de. 
fcribed with the angle AMN equal to 
BAP; and let it be AM. MN :: d. 5. 
Produce AN indefinitely, and in AB 


take AH = - , and through the point 


H draw the indefinite line OE parallel 
to AN. Then make AK = wm, and 
draw KO parallel to AH, With centre 

I O, 
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® e af n 
O, tranfverfe femidiameter OQ = gi AO min 


rie ; parallel to AH, (by f is denoted the known line AN,) let the 


cuni QD be defcribed. Then taking any line AV = ty it will be 
VD = 4, and this hyperbola will be the /ocus required. 


, and conjugate femidiameter = eo 


Laftly, let ce + 4b — dd be lefs than nothing, that is negative. Make 


‘then ce + 26 — dd = — bb, and making y + Le = 2, the equation will be 


5 bb bb + bb 
23 — 2 = — 2 — 00 + 20% — — ; and adding = on both fides, 
: : 2abz aabb bhxxe 2addx — 2abbx aabb — aadd 
it will be zz — 3 gg rr] SR Rena da gere and 


making the fubftitution of 2 — = = p, it will be ddpp = — bbxx + 2addx 
20hbx — 2addx __ aabb — aadd ___ ddpp 


— 24bb% + aabb — gadd, that is, xx + = = — sh 
| add — abi 
Make sponda AI m, and we fhall have ax — 2m" = — am — = >» and 


‘bb 
adding mm on’both fides, xx — 2mx + mm = mm — am sE a mak- 


ing the fubftitution of « — 22 = g, it is ae = mh — Gee am, an eanagen 
to an ellipfis. 

: Let BAP be the given angle, and 

Fig. 89. the given line AP = -¢. On AP, in 

definitely produced, defcribe the tri- 

angle AMN with the angle AMIN equal 

to BAP. Make AM. MN :: d.4, 


AB take AH = da and through Wa 


point H draw the indefinite line HE 
parallel to AN. On AP produced take 
AK = m, which in this cafe is always 
greater than AP =a, and draw KO pa- 
rallelto AB. With centre O, tranfverfe 


femidiameter OQ = £®#7% (mak. 


ing AN = f,) with conjugate femidiameter = oe — and parallel to AH, 


defcribe the ellipfis QD. Then taking any line AV = #, it willbe VD = J; 
and this fhall be the /ocus required. 
5 | mit 


ow 


. and produce AN indefinitely, and in 


a 
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141. I faid above that AK = m was greater than AP = a; in relation to A method to 
which I think it neceffary to explain how we may know which of two com- dit } 
plicate quantities is the greater. Let there be made between them a comparifon a a 
of majority or minority, as you pleafe, and then proceed as in an equation, by complicate 
tranfpofing, dividing, &c. and making other operations, till you arrive at a quantities, 
known confequence ; which, if it be true either abfolutely or hypothetically, 
the comparifon that was made will be abfolutely or hypothetically true; but if 
falfe, this will likewife be falfe. So, if we defire to know whether m, that is, 


ti , be greater than 2, or not, make the comparifon or fuppofition 
Aa | | : Pe ey 

n > 4, and reducing to a common denominator, it will be add — abd 
dd — bb — ee \ 9 a 


> add — abb — ace, and expunging the terms that deftroy each other, it wil! 
be o > — dee; which is very true, for nothing is greater than a negative 


dd - abb 


° * a 
quantity. ‘Therefore it was true har Wn Vas greater than 4. 


Thus, to know if aa + 245 be greater than 25, fuppofe aa + 248 > 85, 
and add to each fide the fquare 25. It will be aa + 205 + bb > 2bb, and 
extracting the root, it is a +2 > 47/225, or a > 4225 — b. But, becaufe 
the quantities 4, è, are given, it may always be known whether 4 be greater 
than 4/ 225 — 4, or not. And if it fhould be fo, then alfo aa + 248 would 
| be greater than 25. The manner is the fame in cafes more compounded, and 
therefore I fhall infift on it no longer. 


PROBL BMX: 


Fig. 90. 142. Two right lines VB, VE, being given a geometri- 
: | in pofition, and alfo the point P, about which cal problem. 
as a pole the right line PE revolves; to find the. | 
locus of all the points D, fuch that it may always 
be CD to DE ina given ratio. 


Draw VP, and parallel to it the right lines 
AD, BE, and let the ratio of CD to DE, or 
rather of CD to EC, be as d to €; and the 
angles EVB, EBV, being given, let it be EB 
to BV asetod. | | 


T ae . “Make 


| that is, a +y.a:ix.CV, and therefore CV = - x; Again, becaufe of 
fimilar triangles PVC, EBC, it will be PV. VC :: EB. BC, that is, a. © 
> = . BC; whence BC = ae and therefore the equation BC + CV 
= BV, that is, rar ae a OF Diem at — ay | 
To conftru& this, make y — > os Fa and, by fubftitution, it will be 
2 = i ia iS, 2 e a 
Again, make z + ee i to pi; then it will be DE _ a 


A fpecimen 
of the de- 
monftration 
of thefe 


© examples. 
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Make VP = 4, VA = x, AD = 39; it willbe EB = sa , and therefore 


VB = £. Becaufe of the fimilar triangles CVP, CDA, it will be DA. PV 


“3: CA.CV; and, by compounding, DA + PV.PV :: CA +CV.CV; 


ax 


phic e . And making a third fubftitution of y + = =; it will be pg ‘= 
aaehd — aahdd 


S , an hyperbola between the afymptotes, the conftant rectangle of 


which is pofitive, becaufe e will always be greater than 4. 


a 


Let PV be produced indefinitely, and take VQ = Sd. From the point Q_ 


Die 
draw the indefinite line QS parallel to VB, and, taking any point M in the 
right line PH, draw MN parallel to VB. Then, becaufe of fimilar triangles 


VMN, EBV, it will be VM. MN :: ¢.2 Make VI = “=, and 


| through the point I drawing the indefinite right line RIK parallel to VE, be- 
tween the afymptotes RS, RK, defcribe the hyperbola OVD with the conftaat 


aaehh — aaddh 
es 


rectangle = x Li (making the known line VN = f,) which 


will neceffarily pafs through the point V. Taking any line VH = J, it will be 


HD: = #; thats VA Sie) AD = 9, and'Che curve thus’ ceniiructed athe 
locus of the points D. | 


143. We may obferve here, that the equations expreffing the properties of 
the curves defcribed in thefe Examples, or Problems, ought to be the fame 
with the equations propofed to be conftructed, when the operations are truly 


performed; and therefore may ferve as a demonftration of the method dee 
i his 
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This I have purpofely omitted to do, to avoid being too prolix. . However, 
to give a fhort fpecimen of it, I fhall take the conftructions of Ron XIII, 
and of Problem VII, 


Fig. 65. a And, firft, for the example: Having 
NE made AD = x, and it being AD: 20, 


St 
ep on eat Wilt be AC = ca Ha 
| therefore AR = di; it will be AQ = 
if El 
» and thence QC = =— — -— = 


4am 4am 


MP. Therefore, the femidiameter being 
HM = £, we fhall have HP = 24% 
a ae aes 4 Bie 


Ame eer ORE 


4am Zali: 2a 4am 


ee beati DN = ” e , CP = QM = 10, will be PIN = y 


— a + i. But, by the property of the ellipfis, it mul be HP x PV. 


.PNg:: HV . parameter = i + Thence we fhall have thé equation E° pid si i 


Sfbuse _ Sfohnm 2, 400m — - a bbxa ae 
DR = Inte Fn tec - + pa + cy + ch YY. ae 
È a te comm <+ 4agmn + nubb . ; 
inftead of ee, reftoring it’s ‘value IE -, it will be sce + ar — 
b bb 
a + ba = sai FA oer ttn And laftly, reftoring the 
mi __ bb — 4aa _ de — 2al : uo 
oS of = io ler ee and 4. = a we fhall have ag — xx — lx 


= cy + i + yy, which is the very equation propofed to DE conftructed, 


Ragga. (“de | In the conftru&ion of the laft Problem it was 


aacdh — aaddh . 
——__——— X = the conftant rectangle of 


es 


the hyperbola, and VI = ca EA and pa= 

O rallel to the afymptote RS. Alfo, it will be 
; Ribes A - But, becaufe of fimilar triangles 

| x: VMN, VHG, it is VM.VN:: VH.GV, and’ 


a | therefore 


What are the 
roots of equa- 
tions, 
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therefore GV = 2 = IK. Then RK — gi + n° x" But: HG. = "A 


ce € 


h — adh i Loi 
GE— Vi= #24 Whence HK = ci But HD ="VR 
= ° ” he pai pe: . 
= x; then it will be KD = i i , and therefore, by the pro- 


perty of the curve, the rectangle RK x KD ought to be equal to the conftant 


ee 


rectangle, or 
5 4 ~ ee _e3 


y— — Rae ira _ = ©, as it ought to be. | 
If the fame care and induftry were ufed in every Example and Problem, it 
would fufficiently prove the method of folution to be juft. | 


Si BICoTo DE 


Of Solid Problems and their Equations. 


144. Any one of thofe quantities is called the Root of an Equation, which, 
being fubftituted in the equation inftead of that root or letter, according to 
which the equation is ordered, (or inftead of that letter which reprefents the 
unknown quantity,) fhall make all the terms of the equation to vanifh or 
become nothing. Or, which is the fame thing, the root of an equation is each 
of the feveral values of the unknown quantity, or of that letter which performs 
the office of an unknown quantity in the equation. 


Therefore the roots of the equation «x — ax + dx — ab = 0 will be two, 
one of which is 4, the other — 2; for each of thefe, being fubftituted inftead 
of x, will make the terms of the equation to vanifh ; or, becaufe either 4 or 
— 5 are the values of the letter x in the propofed equation. The roots of the 
equation x* — x° — 19x" + 49x — 30 = o will be 1, 2, 3, or — 5; be- 
caule any one of thefe numbers, being fubftituted inftead of x, will make all 


the terms to vanifh, and therefore any one of them is the root, or value of the 


unknown quantity x. The roots of the equation x* — dbxw — aabb — a*=0 


will be + W— aa, — Y— aa, + Van + bby — Va + bb; and fo of 
all others. 
145. Again, 
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145. Again, in another fenfe, thofe equations are ufed to be taken for the Or otherwife, 
roots of an equation, which are formed by fubtracting, one by one, the pofitive the feveral 


values from the unknown quantity, or by adding the negative. value, 
making them equal to nothing. Therefore, in this fenfe, the roots of the 
equation «x — ax + dx — db = 0 will be x — 4 = o; and x +2 = o. 
Thofe of the equation x* — x3 — 19x* + 49x — 30 = 0 will be x — 1 = 0, 
X —— 2 = 0 X 320, and « + 5s = o. Andfoof others. And, in this 
fenfe, it is faid, that every equation is the product of all it’s roots, becaufe, 
being continually multiplied into one another, they will exaftly produce the 
given equation, or that of which they are the roots. Hence it is, that the roots 
of an equation will be fo many, including alfo the imaginary roots, as is the 
degree to which the equation arifes. And therefore a quadratick equation will 
have two roots, a cubick equation three roots, a biquadratick four roots; and 
fo on. 


If x +z=0 be multiplied into x + 4 = 0, there will arife the quadratick 
equation (I.) «x + ax + ab=0. © | 
ne PGE ITA | o 
And if this again be multiplied into x — c.= o, there will arife the cubick 
equation (II.) «x? + ax” + aby — abe = o. 
- DX n ACK 
— 6x” — bex 


And if this again be multiplied into x + 4 = 0, it will produce the. biqua- 
dratick equation (III) «* + ax? + a0x° — abex — abcd = o. 
: of bx? — ace’ + abdx 
— cx3 + adx* — acdx 
+ dx? — dex — bedx 
«+ bax? 


— CAN . 
Thus, if # + ab = 0 be multiplied into x — ab = 0, the produ& 
will be xx — ab = 0; and if this be multiplied into x + ¢ = o, it will make 
x? + ox” — abe — abe = 0; and again, if this be multiplied into x + ¢ = 0, 
it will make #4 + 2043 — abx® — 2abex — abee = oO. 
+ cea” | 


If ~ + x — ab = o be multiplied into y — Y— ab — Ha and then into 
* + a = 0, it will produce the cubick equation #° + ax* + abe + aab = o. 


divifors of an 
and ee 
equation. 


146. Therefore, if we had the means of knowing what were the values of Equations 


all, or of any of the unknown quantities of an equation, we might always 
divide it by fo many fimple equations as are thofe known values, by adding the 


negative values to the unknown quantity, and fubtracting the pofitive. Whence roots were 
the firft equation before will be divifible by x + 4, and by x + 4. The known, 
fecond, _ 


Hence is 


- known the > 


nature or 
formation of 
the feveral 
co-eflicients. 


When the 
fecond term 
will be want- 
Inge» 


How the ab- 
fence of a 
term is to be 
denoted. 


Surd roots 
and imagi- 
nary roots 
always pro- 


ceed by pairs. 


# 
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fecond, by « + 2, x +4, and a — c. The third, by + 4, » + 4, 
x —c, «+d. By this, compound equations will be reduced to fo many 
fimple equations as is the number of the roots, if all be known; or may be 
depreffed by fo many degrees as is the number of the known roots, if they be 
not all known. So that, for inftance, an equation of the fifth degree may be 
reduced to one of the fourth, if one of it’s roots be known; or to the third, 
if two roots be known; and fo on. 


147. From the method by which equations are produced, (which equations 
are always underftood to be reduced to nothing, and in which the greateft term 
in refpect of the unknown quantity, or in refpect of that letter by which the 
terms are ordered, muft be pofitive and free from a co-efficient,) it is eafy to 
perceive that the co-efficient of the unknown letter, or that by which the 
equation is ordered, in the fecond term is the fum of all the roots of the equa- 
tion affected with contrary figns; the co-efficient of the third term is the fum 
of all the produéts of all the pairs of roots which can be formed; the co-effi- 
cient of the fourth term is the fum of all the products of all the ternaries or 
threes ; and fo on to the laft or conftant term, which is the product of all the 
roots multiplied continually into one another. È 


148. Hence it may be inferred, that the fum of the pofitive roots muft 
neceflarily be equal to the fum of all the negative roots, in all fuch equations 
in which the fecond term is wanting: and that the fum of the pofitive roots is 
ereater than the fum of the negative, when the fecond term is affected with a 
negative fign ; and contrarily, when it is affected with a pofitive fign. 


149. When any term is wanting in an equation, it is ufual to fupply it’s 
place by an afterifm #3; as in x* * + aaxx — bx + a* = o, the fecond 
term is wanting. In a*— ax? » — 25x + 4, the third term is wanting; and 
fo in others, 


150, If an equation have no term affected by an imaginary quantity, either 
it’s roots fhall be all real, or, if it have any imaginary roots, they fhall always 
be even in number, and equal two by two only with this difference, that one 
muft be affirmative and the other negative. For, becaufe the fecond term is 
the fum of all the roots, if this be prefent in the equation, when the imaginary 
roots do not deftroy one another, two by two, with contrary figns, fome ima- 
ginary root muft neceffarily be in the co-efficient, which is contrary to the 
iuppofition. Now, if the fecond term be wanting, it muft needs follow, that 
the fum of the pofitive roots is equal to the fum of the negative, and confe- 
quently the fum of the pofitive imaginary roots muft be equal to the fum of 
the negative imaginary roots, otherwife they cannot deftroy one another in the 
manner aforefaid. Wherefore equations, whofe degree is an odd number, will 
necefiarily have one real root at leaft; and thofe of an even degree may have 

all 
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all their roots imaginary or impoffible. For the fame reafon, we may make 
like conclufions about furd roots. That is to fay, if the equation have no furd 
or irrational terms in it, it’s roots will either be all rational, or the irrational 
roots will be in even numbers, and will be equal two by two, but with con- 
trary figns. « : 


“151. There are equations which have all their roots pofitive, others have all Affections of 
| their roots negative, others have both pofitive and negative. So fome have all So : 
their roots imaginary, others have all real, and laftly, others have both real and “BS 
imaginary. Various rules are given by writers of Algebra, to determine in any 
given equation the number of pofitive and negative roots, alfo of real and. 
Imaginary roots. But, becaufe thefe rules and their demonftrations are very 
- perplexed and prolix, and of but little ufe, I Mhall here omit them, thinking it 
: fufficient to take notice, firft, that if all the roots be negative, all the terms of 
the equation will be pofitive. For, in this cafe, fince all the terms of the 
fimple equations are pofitive, that is, of all the roots taken in the fecond fenfe, 
$ 145, from whence the propofed equation is fuppofed to be produced, all the 
products will alfo be pofitive. Secondly, that if all the roots be pofitive, the 
terms of the equation will be pofitive and negative alternately. For the fir& 
term will always be pofitive by fuppofition. The fecond term will be negative, 
becaufe it contains the fum of all the roots, which being pofitive, will be nega- 
tive in the fimple equations. The third term, containing the ternaries or pro- 
ducts of all the pairs, will be pofitive. And fo on. And therefore an equation 
compofed of pofitive and negative figns alternately, will have all it’s roots 
pofitive. ae : : 


Whence, if the terms of an equation fhall not have all their figns pofitive, 
or fhall not have them pofitive and negative alternately, there will be both 
pofitive and negative roots. It fhall alfo be another fure proof, that the 
equation contains both pofitive and negative roots, if there be any term 
wanting; for no term can be abfent, but that the products of which it is 
formed mutt deftroy one another by contrary figns; that is, there muft be both 
affirmative and negative roots. This obfervation will affift us in it’s proper 
place, among the many divifors of the laft term of an equation, to fele& thofe 
only by which the divifion is to be attempted. Becaufe, if the equation fhall 
have only pofitive roots, it would be of no ufe to try the divifion by pofitive — 
ji divifors; and if it fhall have only negative roots, it would be needlefs to try 
by negative divifors.. And the trials muft be made by each of them, when. 
; there are both pofitive and negative roots. ou 


But all this muft be underftood of fuch equations in which all the roots are 

real; for where there are imaginary roots the rule does not obtain. For ex- 

| ample, let the equation be x? + dx’ + aax + aab = o, in which all the 
i terms are pofitive, and yet the roots are one pofitive and two negative, that is, 
x = — 4, a real root, and x = + V— aa, two imaginary or impoffible 

roots, one pofitive, the other negative, © i 


152, Equations 
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Affe&ions of 152. Equations of the third and fourth degree, in which the fecond term is 
ene ee Ù wanting, if the third term be affected with the pofitive fign, will certainly have 
Sn imaginary roots; for, if all the roots were real, the third term could not but 
fourth dee be affected with the negative fign ; the reafon of which is, that in cubick equa- 
gree. tions, when the fecond term is wanting, the fum of the pofitive roots is equal to the 
fum of the negative, and therefore either one pofitive is equal to two negative, 
or two pofitive roots are equal to the one negative. Let the three roots, for 
inftance, be reprefented by a, 3, and — c, or elfe by — a, — 5, and + c; 
then the co-efficient of the third term will be 45 — ac — de. But, on fuppo- 
fition that the fecond term is wanting, it will be 2 +2 = c. Therefore ae 
will be greater than 45, and confequently 42 — 46 — de will be a negative 
quantity. i 


Now, in equations of the fourth degree, there may be either three pofitive 
roots and one negative, as + 4, + 2, + c, and — d; or there may be three 
negatives and one affirmative, as — a, — 4, — c, and +d; or there may be 
two negatives and two affirmative, as — 4, — è, + c, and + d. In the fir& 
and fecond cafe, the co-efficient of the third term will be ad + ac + de — ad 
— bd — cd. But, by fuppofition, it ought to be 4 + 6 + ec = d, fo that 
ad will be greater than ad, cd than ac, bd than de ; and therefore ad + bd + cd 
will be greater than ab 4- ac + bc, and confequently the third term will be 
negative. In the third cafe, the co-efficient of the third term will be ad — ac 
— bc — ad — bd + cd, anditoughtto be a +b = c + d. Here, if we 


make 2 =4 +3 =c +4, it will be mm = 745 x cad =o ae <iad. 


+ de + bd, and mm = a4+h = aa + 2ab + 86, and alfo im=7+4# = 


ce + 20d + dd. Therefore it is ab = SETT, and ed = de 
aa + bb + cc + dd 
= a Spe +n 


ab + cd, and ac + ad + de + dd will be greater than ad + cd. Whence 
tne co-efficient of the third term will be negative. 


> 


and ab + cd = mm — . Therefore mm is greater than 


The pofitive 153» It is always in our power, in any equation, to make all the pofitive 
roots may be roots to become negative, and the negative to become pofitive. N othing more 
made to be- is required to perform this, than to change all the figns which are in even 


O places, that 1s, in the fecond, the fourth, the fixth, &c.; the reafon of which 


vera. is, that the fecond term being the fum of all the roots, in this therefore are 


the negative with a pofitive fign, and the pofitive with a negative fign, as has 
been plainly feen at $ 145. In forming equations, compounded of the produ&s 
of fimple equations, by changing the figns they alfo will be changed. The 
other even terms in order are formed from the produ&s of an odd number of 
roots, that is, the fourch from three, the fixth from five, &c. Wherefore, if 
they have the pofitive fign, they will be formed from the produ& of all the 
negative roots, or from an even number of pofitive roots, and an odd number 
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of negative roots. And if they have a negative fign, they will be formed from 
the produ& of all the pofitive. roots, or an even number of nesative roots, and 
an odd number of pofitive roots. Therefore, by changing the figns of all the 
even terms, the pofitive roots will become negative, and on the contrary. 


As to the odd terms in order, they being formed of even products of roots, 
if they have the pofitive fign, they will be formed either of an even number 
of negative roots alone, or of an even number of pofitive roors alone, or of an 
even number of pofitive, or an even number of negative together. Wherefore, 
by changing thefe reciprocally, the figns of the terms themfelves will not be 
changed. Now, if they have a negative fign, they will be formed of the pro- 
duct of an odd number of pofitive roots, into an odd number of negative. 
_ Wherefore, by thefe alfo reciprocally, the fign of the terms themfelves will not 
be changed, and therefore they muft be left as they are. © pi 


The equation x? + ax* + aby — abe = o has three roots. Two are 
| DX mm AEX 
— ox? — bex È. 
negative, viz, — 4, — 4, or otherwife, x +4 = 0, x +5 =o, andoneis 
pofitive, wz. + c, or otherwife, x — c = o. By changing the figns of thofe 
terms which in the order of the equation are even, it will become 


HF mee OK" + abe + abe = o, and the pofitive roots will be x — 4 = of 
we DK” — ACK : 
+ 6x? — dex 


x — b= o, and the negative root will be x + ¢ = o. It is of no moment 
whether or no any term be wanting, becaufe in this cafe the afterifm fupplies 
the vacancy, and then the fame rule obtains. Thus, in che equation 
x — 28x + 48 = o, the affirmative roots of which are x — 2 = 0, 
x — 4=0, and the negative root is x + 6 = o. By changing the figns of the 
even terms in order, it will be #* » — 28% — 48 = o, the negative roots of 
which are x + 2 = o, x + 4 = o, and the affirmative root is x — 6 — a 


154. Any equation being given, by means of congruous fubftitations it. is The roots of 
cafy to increafe or diminifh all it’s roots, though yet unknown, by any given an equation 
quantity ; that is, it may be transformed into another equation, the roots. of in 15, 
which fha'l be the fame as thofe of the propofed equation, but increafed or dna Hs 
diminifhed by fome given quantity. Let the unknown quantity of the equation at pleafure. | 
be put equal to a new unknown quantity, adding or fubtra&ing the given quan- : 
tity; adding, if we would have it increafed, or fubtra&ing, if we would have 

it diminifhed. Then, in the propofed equation, inftead of the unknown 
| quantity and it’s powers, their values muft be fubftituted, expreffed by the © 
other unknown quantity and the given conftant quantity ; from whence another 
equation will arife, the roots of which will be fuch as are required. Let the 
equation be «* + 4x? — 19x° — 106% — 120 = 0, the roots of which we 

| n would 
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would have increafed by the number 3, Make x + 3 = y, whencex my — 3, 
Hi = Ji 09 + 93 8° = 9° me ON fF Oty 29, and #94 — 1293 + 
fay" —— 108y + 81; therefore, in the propofed equation, fubftituting thefe va» 
lues inftead of x and it’s powers, it will be transformed into this other equation, 
yt — 12)5 + 549° — 108y + 81 | 

+ 493 — 367° + 108y — 108 
— 199° + 1147 — 171. = 0; that is, y4 — 89 — 9? + 8y = o; 

— 106y + 318 

= 120 


and dividing by y, itis y? — &Y —y + 8 = 0, in which it is plain, that the 


roots will be greater than the roots of the propofed equation by the number 3; 
becaufe it was made y = x + 3, and therefore the root y will be equal to every 
value of x increafed by 3. And here it may be obferved, that, in thus in- 
creafing the roots, the pofitive are increafed by fuch a quantity, but the negative 
are diminifhed by the fame quantity; for, by adding a pofitive to a negative, 
if the negative be greater than the pofitive, it will become lefs in it’s kind than 
at firft; if they be equal, it becomes nothing, if it be lefs, it makes it pofitive. 
Whence, in the propofed equation x* + 4x3 «- 19x” — 106% — 120 = 0, 


the roots of which (though they cannot be found by the methods hitherto. 
taught,) are + 5, — 2, — 4, — 3, that is, x — gs = 0, x +2 = 0, 


«+ 4 = 0, *« + 3 = 0; one of which is affirmative, the other negative; as 


I detired to increafe them by the number 3, in the transformed equation: 


g} — 8 —y + 8 = 0, they ought to be + 8, + 1, — I, that is, y — 8 
=0,y—1=0, y + 1 = 0, and are really fuch. And that which fhould 


correfpond to the fourth is = 0, becaufe — 3 + 3 = o. And, for this 
reafon, the reduced equation is only of three dimenfions, though the propofed: 


equation Is of four. 


On the contrary, when the roots of an equation are to be diminifhed by a 
given quantity, for the fame reafon the negative roots are increafed in their 
kind by the fame quantity, but the pofitive may become nothing, if the given 
quantity be equal to them, and negative if greater. In the fame equation 
xt + 4x3 — 19x* — 106% — 120 = o, if I fhould defire to diminifh the 
roots by the number 3, I muft make x — 3 = y, and therefore x =y + 3, 
© =. toy +98 = ke oy? + 2 + 27, ye ey? do 34 
+ 108y + 81. And therefore, making the fubftitutions, the equation will be 


gt + 1293 + 54y° + 108y + 81 | 
+ 433 + 36y° + 108y + 108 


— ig — 114y — zi p=o. That is, y* + 169° + 70% 
— 106y — 318 { | 
— 120 | | 
== AY — 420 == 0, And, becaufe the roots of the propofed equation are 
rido. TT Za Jo — A> $hat 1s, B o pe OO, we + 2 = OY tg SO, 


x + 4 = 0; thofe of the transformed equation ought to be + 2, — 5, — 6, 


— 7, 


= race = 
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— 7, that is) Y= 2 = 0,9 + 5 =09y+6=0,y+ 0, af they 
really are. | | 


ee 


~ Lert.the equation be «* + ¢x* — bdx — bbe =z 0, and we defire to increafe 
the roots by a given quantity 4. Make x + 4 = y, and therefore x = y — 4, 
x? = 9° — 20) + aa, x} = y? — 3ay” + 340) — a. Wherefore, making 
the fubftituttons, the equation will be 4° — 327° + 34°) — a3 
ae + Cy — 2acy + a°c | 
| — bly + abb { T 
i — bbe 


The roots’ of this are greater than thofe of the propofed equation by the 
quantity 2. And, in fact, the roots of the propofed equation are x — 4 = 0, 
“x +b=0,% + ¢= 03 but the roots of this are y—b+a=0,y7 +06 
— a = 0, andy + c — a zo. 


155.«In like manner, if an equation be given, we may transform it into Or the roots 
another, the roots of which are the fame as thofe of the propofed equation, may be mul. ~ 
but multiplied or divided by a given quantity, fuppofe f; making a bi. Pe, 
‘tution of fx = y, (x being the unknown quantity of the given equation,) if pleafure. 


we would have it multiplied ; or of 3 = y, if we would have it divided. 
Thus, alfo, we may make x — A, if we defire that the roots of the tranf- 
formed equation fhould have to thofe of the propofed equation the ratio of f 
to g. And we may make Vfx = y, if we would have them to be mean 
proportionals between the quantity /, and the roots of the propofed equation. 


In like manner, we may make x = = if we defire they may be recipro- 
cals, &c. ; : | 


| 156. The reafon of thefe rules is evident, For, affuming the firft cafe, or The reafon 
that of increafing the roots, if we make the fubftitution of x + 2 = y, the of thefe ope. 
values of y extracted from the transformed equation will be equal to x -- a, ‘ations. 

or equal to the values of x in the propofed equation increafed by the quan- 

tity@. And by a like analogy in the other cafes. | .€ Ve 


157. Many are the ufes that may be made of thefe fubftitutions; one of And their 
which may be, that not having as yet a method of. knowing what are the roots ules. 
of the propofed equation, by transforming it after fome one of the afore- 
| mentioned manners, we may difcover the roots of the transformed equation ; 

which being increafed, diminifhed, multiplied, divided, &c. by the conftant | 
quantity, according as the fubftitution is made, we fhall alfo know the roots of 
the propofed equation, ì | | 


da | 158. Another 


Equations 
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158. Another ufe may be, to free equations, whenever we pleafe, from 


may be freed fractions, and very often from furds. As to fractions, we muft make the un- 


from fractions 


or furds. 


equation. Let the equation be x? — 4773 x x7 + 354 — 


; 2 % % 
wi È —, and therefore x? — —, x} = 
3 VA 3 


known quantity of the equanon equal to fome new unknown quantity, divided 
by the leaft quantity that is divifible by every one of the denominators of the 


terms of the equation; which fhall be the produ& of the fame, in cafe chat 
thofe denominators are prime to each other, Then making the fubftitutions, 


and reducing the terms to a common denominator, we fhall have another 
equation which will be free from fractions, the roots of which will be thofe of 
the propofed equation, multiplied into the quantity by which the new unknown 
quantity was at firft divided, Let the equation be y? + j4)° — taby + aad 


ae CSR We Nake Pom ee, Ve ty oe to) then. by fublticution, the: 


az* 
640). "10 | 

common denominator, it will be 23 4- 42° — 124b% + 216445 =o. The 
roots of this equation divided by 6 will be the roots of the equation propofed. 


; : 2,3 
equation will become cre 


fos ax? | aa 3 z 
Let the equation be 4° — io a eo} Make # = =~, and, 
gay d bed 
e. ° e a e ° e Li W z3 az 
fubftituting in the equation, it will be transformed into this, ae 
aie. a? 1 i ; 2 , 
Sot eS. Then reducing to a common denominator, it will be 


23 — acdz + a°bcd°2 + a®bc3d* = o. Wherefore, if the value of z were 
known, the value of x would be known alfo. In like manner, to free equations 
from furds, we may often proceed thus. Make the unknown quantity equal to 
a new unknown quantity divided by the radical, and fubftitute this in the 


8 sosia 
273 — 0. Make 


st and, making the fubftitutions, 


2 z3 


z3 2° 262°) it 8 ; È 
se ni a eye Vi = o. Now, multiplying by a4 3, 
it will be 23 — 32° + #2 — j = o. Laftly, by freeing this from fra&ions 
after the foregoing manner, that is, making z = +y, or rather, 2 = +y, which 
in this cafe will be more compendious, the equation will be y? — gy° + 26y 


it will be 


— 24 = o. And becaufe, by the firft fubftitution, it is x = Are and, by 
Tas or the value of x will be equal to the 


the fecond, z = +, it will be x= 


value of y divided by 37 3. 


eS 


Let the equation be «* — «°Wun + pad — gx + = =o. Make a = 


v | 
a? and therefore xx = Va? ea ee = avai and making the fub- 


4 ftitutions, 


SE, + aab = o. And, reducing to a | 


SECT. IV. ANALYTICAL INSTITUTIONS. 149 


Ù 


ftitutions, it will be Tr ~~ Se + mM tt e + sn = 6, And mul. 
plying by #47, it will be y* — 29° + npy* — 249 + rm =o. If we would 
obferve the law of homogeneity, equations may be delivered from radicals : 
but then fractions would thence arife, which muft be reduced as above. 


159. Becaufe, by taking away radicals by means of the foregoing fubfti- Conditions 
tutions, nothing elfe is done than multiplying the roots of the equation by that for expung- 
radical, it is eafy to perceive, that if the radical be quadratick, for example 7, '"8 radicals, 
it is neceflary, in order to expunge it out of the equation, that the fecond term 
of the equation propofed fhall contain Wm”. For, as that term is the aggregate 
of all the roots of the equation, it muft be multiplied by V7. It will be ne- 
ceflary that the third term fhould not contain “x, becaufe, as it is the aggre- 
pate of the pairs of the roots «of the equation, it muft be multiplied by the 
fquare of “Yu. Thus it will be neceffary that the fourth fhould contain Wz, 
becaufe, as it is the aggregate of all the ternaries, or products of three roots, 
it muft confequently be multiplied by mW m. It will alfo be neceffary that the 
_ fifth term fhould not contain the radical; and fo on alternately. For the fame 
reafon, if the radical to be taken away were #7, it will be neceffary, that in the 
fecond term of the propofed equation there fhould be found #77, in the third 
_ x, inthe fourth none at all, in the fifth #77, in the fixth 47, in the feventh 

none at all, &c. And the like is to be concluded of other radicals, 


160, By means of thefe fubftitutions we may alfo take away the fecond term Thus the fe- 
from any equation, And that will be done by putting the unknown quantity cond term of 
equal to a new unknown quantity, adding or fubtracting the co-efficient of the 2" ee | 
fecond term divided by the index of the degree of the equation given : that is, Ni asia 
adding, if the fecond term have the negative fign, and fubtracting, if that fign 
be pofitive. Let the equation be a° + ax — 6 = 0; put # = z = 44, 
and, by fubftitution, it will become 2° — az + aa 

+ 4% — 144 i = Fhat 16, 


— db. 


ZZ * — 144 — bb = o, or 2% = faa + bb. Hence it may be feen, how all 
affected quadratick equations may be refolved more expeditioufly in this man- 
ner, than by.that before taught at $ 74. Then, only fubtracting +4 from the 
value of z fo found, we thall have the value of x. 


Let the equation be x? + dx? — ade — a? = o. Makex =z — 13; 
and, by fubftitution, it will be 2? a — 1552 + 3,3 
| i | mm Qbe + +4bb dii 
ome (3 
Whence, taking 74 from the value of z, we fhall have the value of ».. 
| | Let 
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Let the equation be x* — 24X3 + 2aaxe +— 20% + at = 0. Make 
CC 


x= z+ = or x = 2 + 14. Then, by fubftitution, it will be 


zw + 4902" — aîz 4 50 


no; si 1 ts 
aa, } - 0. Then add t@ to the value of 2, 


and we fhall have the value of x. 


Or the third 161. And thus we may take away the. thud 3 term from any equation, pro» 


term may be ceeding after the following manner. 
taken away. 


Let the equation be x* — 3ax3 + 3@0ax* — Sax — 2a* = o. Make 
x = y — b, where è is a general quantity, to be determined as occafion may 
require. Now, making the fubflitutions, it will be 


Pi to Ore dey eee ee ) 

alas ie Sg ec 3 
a gaay* — 6a°by + 34°b = o. Now, in this equation, that 

RA Aa agg 

— 24° 
the third term may be nothing, it is neceflary that 622y* + gaby* + 340) 
= 0, that is, 2° + jab + 144 = 0; and therefore’ = — 34 + ta, Hence 
we are informed, that the fubficanon: to be made inftead of yu d, is either 
y + ta, or y + @; for, indeed, either the one or the other tik ds away the 
third af o the equation yi —ape — Agila 020; OF de 
condly, y* + ay? «a — 4403) — 64* =o.. 


By this artifice it may be known, that, to take away the fecond term, we 
muft make fuch fubftitutions as have been fhown at § 160. 


Or the lat . 162. Now if an equation, in which the fecond term is wanting, is to be 
but one, if transformed into another, in which the laft term but one fhall be abfent, it will 
the e be be fufficient to fubftirute any given quantity, divided by a new unknown quan- 
ee tity, inftead of the unknown quantity of the equation. Let the equation be 


aa . . ° : 

ut a + aa — a'x + at = o, and make x = n By fubftitution, it will 
ad af as ° ° : x 

be sa * ba © -— +4'=o. And reducing this to a common denomi- 


nator, and dividing by 44, it will be y* — gy* + aay? * + a*= 0, In the 


fubftitution of x = +, inftead of the given quantity 2, if we had taken an 
3 2 j y y 


other, we fhould have arriv ed at the fame ppaglufion, but then the transformed 
equation would have involved fractions. 


103,45, 


SECT, IV. . RRALYITICAL INSTITUTIONS: TST 


163. If, in the propofed equation, not the fecond term, but the third, orOr any other 
fourth, &c. fhould be wanting, by the fame method we might make that term ona certain 
to vanifh, which is equally diftant from the laft term, as the abfent term is "4" 
diftant from the firft. | | 


164. And on the contrary, if one or more terms be wanting in an equation, Or an equa. 
we may always make it compleat, by taking a new unknown quantity, plus ortion RAT DS 
minus {ome known quantity, and making it equal to the unknown quantity Bt ipa iether, 
the equation, and then the transformed equation will have all it’s terms com- FOod 
pleat. Moreover, if we would have the transformed equation to be of a fuperior 
degree, let every term of the propofed equation be multiplied by fuch a power. 
of the unknown quantity, by which we would have the degree to be increafed, 
and then the fubftitution may be made. Thus, the equation xt — a* = © 
being given, if we would have it to be changed into another which is compleat, 
and of the fixth degree, let it be made x° — °° = o, and then making the 
fubftitution of x = z + 4, (where by « is underftood any known quantity,) 
and we fhall have the equation required, The calculation, for brevity, is 
omitted. 


165. When equations are reduced to fuch a form, as that they have their Problems are 
— greateft term pofitive, and without a. co-efficient except unity; that they may often reduced 
be free from fractions and furds, and compared to nothing, in order to judge ia ae : 
whether the problem propofed be of that degree as is fhown by the equiation, divifion, » | 
we muft examine whether it have a divifor of one, of two, or more dimenfions, 
by which, being divided, it may be reduced to a lower degree. For the pro- 
blem is properly of that degree to which the equation may be reduced, and 
not of the degree of the firft equation. If a cubick equation have a divifor'of 
one dimenfion, by being divided by that, it may be reduced to two dimenfions; 
and the two roots of this, (which will be had by the rules delivered at $ 73, 74,) 
and the divifor, will be the three roots of the propofed equation. Whence the 
problem, which has brought us to fuch an equation,-is not really cubical but 
plane, and may be conftructed by ruler and compaffes only, that is, by right 
lines and circles. If an equation of the fourth degree have two divifors of one 
dimenfion, and if it be divided by them, it will be reduced to two dimenfions ;; 
the roots of which, together with the two divifors, will be the four roots of the 
propofed equation, and therefore the problem will be plane. After the fame 
manner, if it have one divifor of two dimenfions, another of two dimenfions 
will be the quotient, the roots of which, together with the roots of the divifor, 
will be the four roots of the propofed equation, and therefore the problem is _ 
plane. Further, if it have one divifor only of one dimenfion, the reduced 
equation will be of three, and the problem will be folid indeed, but of the 
third degree only, and. not of the fourth as it feemed to be. If an equation of 
the fifth degree {hall have three divifors of one dimenfion, or one of one and 
one of two, (which is the fame cafe as if it had two of two dimenfions, becaufe 
9 then 
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then it will neceffarily have one of one dimenfion alfo,) it will be reduced to 
two dimenfions, and therefore the five roots may be had, and the problem will 
be plane. If it have only one of one dimenfion, it will be reduced to the fourth 
degree, and the problem will be of the fame degree. If it hall have two of 
one dimenfion, or one of two, it will be reduced to the third degree, and tbe 
problem will be of the fame. And the like of others. The manner of finding 
divifors of one dimenfion has been taught before, at $ 56. 


And fome- 166. But befides, as equations may have divifors of two or more dimen. 
times by fions, wbether rational or irrational, we may operate with them in like 


ela manner, and, by a like way of reafoning, we muft attempt the divifion of the 
propofed equation; but, firft, having tried the divition, by divifors of one 
dimenfion, which ought always to precede, whatever the equation may be. 

How equa- 167. The manner of finding thefe divifors for equations of the fourth degree 


tions of the i, | DE, : i i 
e r * 
fourth degree MAY be this following. For thofe of the third degree. are either irreducible, or 


may often be May be reduced by a rational and linear divifor, being free from radicals, as is 
redueed by here fuppofed. 


two quadra- ee | ; ; : 
tick divifors. | Admitting, then, that the equation of the fourth degree is not reducible by 
: a divifor of one dimenfion only ; let the fecond term be taken away (§ 160 ), 
and, for example’s fake, let there be produced this equation, ** * — 1744x* 
— 20a°x —6a* = o. Let this be fuppofed equal to the produ& of thefe two 
equations of the fecond degree, x° + yx + z = o, and x* —yx + 4 = 0, 
in which y, 2, %, are general quantities, which are to be determined afterwards 
‘as occafion may require; and z and # may have any fign. The produ& of 


thefe two equations will be x* e + zx”  — yzx + uz = o. Now let this 
; — Va 4 yux 
+ ux” 
equation be compared, term by term, with the equation propofed, and, from 
the comparifon of the third terms in each, we fhall have z = — 170° +3* — y, 


| . . . — 3 
From the comparifon of the fourth terms, it will be x = a2 + 23; and, 


inflead of z, putting it’s value already found, that we may have « expreffed 


by y only, and known quantities, it will bea = — = — aa + ty. 

And, putting this value of u in the equation Z = — 174a + yy — u, we fhall 

have 2 = — Yaa + tyy + =" e Tow the comparifon of the laf terms, 
we fhall have wz = — 6a‘, and, inftead of z and 4, putting their values 
exprefled by y only, and known quantities, it will be *%2a* — **aayy — eon 


+ ty* = — 664; or, reducing to a common denominator, 
| 6 
> tomy. 
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3° — 344°)* + 2892%° — 4004° = o. This transformed equation may be 
+ 244%) 
confidered as of the third degree, becaufe it involves neither yi, nor yi, nor y. 
In this equation, let the divifors of the laft.term be found, and, becaufe it may 
be confidered as of the third degree, though it is really of the fixth, try if it be 
“divifible by yy + thefe divifors, among which we are to choofe thofe only of 
two dimenfions, as is plain. And it will be found divifible by yy — 1642 = 0, 
whence it will be yy = 1644, and y= + 44. This value of y being fubfti- 


2043 


3 È 
TER : ° a 1" ae cei n 
tuted in the equations 4 = — CRITERI: + and 2. Sane ey 
tyy, we fhall have 4 == — 3aa, 2 = 240. Therefore the two fubfidiary equa- 
tions x° + yx + 2 = o, and x? — yx + a = 0, mufl be x° + 4ax + 244 
= o, and 4° + 44x — 344 = o; into which the equation x* » — 174°x* 


— 20408 — 6a* = 0 may be refolved, by dividing by either of them. 


But the roots of thefe are (§ 74.) x = — 24 + w 222 for the firft, and 
x = 24 + Vv 7aa for the fecond; which are therefore the roots of the given 
equation, being all four real, one pofitive and three negative. 


If the transformed equation fhould not have any divifor, it would be to no 
purpofe to feek another in this cafe; for neither would the propofed equation 
admit of any. | 


Although in the value of y we have y = + 4a, yet I have made ufe of the 
pofitive figo only, becaufe it is indifferent whether we take the pofitive or the 
negative root, the refult being the fame in both, cafes. For, if we put y = 
— 40, it will be wu = 242, 2 = — 340, and the two equations will be the 
fame as before, that is, x* — 4ax — 344 =0, and x* + 4ax + 244 = o. 


Let the equation be x* — 243 + 24°x° — 2074 + a*= 0. Taking away 


— cex* i 
the fecond term, by the fubftitution of x = z + 4a, it will be changed into. 
zt + 10°2° — ae + at = ©. Wherefore, making a comparifon of 
me (03° — dz — 10° ì . ‘ 
this with the equation 2* a + 4z* —pyz + pu = ©, which is the proda& 
RZ | es 
po 


of the two equations 2° + yz + p = 0, and 2* — yz + 4 = 0; from the 
“comparifon of the third terms, as ufual, we fhall have p = yy — % + aa = co. 
— a? + ace 


From the comparifon of the fourth terms, we fhall have 4 = p 
J 


3 OF,, 


a3 -b acc. 


inftead of p, putting it’s value, w = tyy + tag —ice — ;, and there. 


a + acc 
J. 


fore p = 1) + faa — tee + « Laftly, from the comparifon of the 


x latte 


This reduc- 


24 x + 1aîz° — az + 504 
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laft terms, we fhall have pu = 754% — taacc; or, fubftituting the values of p 


and 4, it will be y° + aay* — aty? — d° 
— 2ccy* + cy? — 20% Io: 


Now the divifors of the laft term, meaning thofe of two dimenfions, are aa 
and 44 + cc, and the divifion will fucceed by yy — aa — ce = o. Therefore 


it willbe yy = aa + cc, andy = + Va Fe. Whence « = 344 — 

a3 + ac? i a3 4 acc z 

dn Spe arn = 3¢@a , ; and the two equations 2° + yz +p 0 

PV pang pkgs È we 2V aatcce . 3) 4 - 4 
: Mii a? + ac? 

and 2° — yz + « = 0, willbe zz + 2/ ca + ec + 300 + ——— =o, 

i 2Vaa + cc 
i PAD he i © a3 + ac? 
and 2% — 2Vaa + cc 4 Wa — ——— 0, or zz + OV a + ce + 144 
2V aa + cc i 


+ 1aN aa + ce + Oy #00 zZ3 — ZW ga + cc + 34a — 14V aa PE ind 5 
® 


Thefe two equations, being refolved, will give us four values of 2; 2 = 


— 1401 + cc L ATE POE tec — 1aN aa + cc from the firft equation, and. 


I PA 


z IN po + VE aa + tec + taVaa tec from the fecond equation. 
And, becaufe thefe are the divifors of the equation | 


~ 


o Os be Lisa = o, the fame roots fhall alfo belong to 
— 2" — az — 1a°c | 


this equation. And now, making the fubftitution of x = 34 + z, we fhall 
have x = 14 — IN aa + cc +V — taa pile 198 da + a, and x = da 
«rigbiat ce È Mi beat see da M zi ec, Which are. the “four ,roots or 
values of the propofed equation. 


168. But a general formula or canon may be formed, as well for the tranf- 


tion may be formed equation as for the two fubfidiary equations, which are aflumed in order 
performed by o obtain the divifors; to which formulas any equation whatever of the fourth 


a general 
canon. 


degree, in which the fecond term is wanting, or taken away, may be uni- 


verfally applied. Therefore let there be this general equation x * £ px° + gx 


+r = 0; and taking the two fubfidiary equations, x° + yx + 2 = o, and 
x? — yx + « = 0, and finding their produ&, «* * + 2x° — yzx + 43 =o, 
— vyx* + uyx 
ia 
let it be compared, term by term, with the equation propofed. Now, from 
the comparifon of the third terms, we fhall have z= +p + yy — «. From 


the comparifon of the fourth, « = 2 + os and, inftead of z, it’s value being 


5 ) | fubftituted, 


Le. 

i 

A 

i 

| 
da 
it} 


sh 
i 
4 

# 
A 
Wy 
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fubftituted, it will be « = + 19 + do £ en ; where it is + p, if in the 
propofed equation the third term be pofitive, and — p, if negative. And thus 
alfo for g, if the fourth term be pofitive, and — g, if negative. And this being 
put inftead of # in the firft comparifon, we fhall have z = + ip + ty 


= Ti that is, + p, if the third term of the propofed equation be pofitive, 


and — p, if negative. And, on the contrary, — 9, if the fourth term be 
pofitive, and + g, if negative. From the comparifon of the laft terms, we 
fhall find zu = +”, that is, +1) + ty + ~~ into + ip + ty pies 
= +r; and, by actual multiplication, and reducing to a common denominator, 


it will be y° + 2py* + p°y° — gq =m oO, the transformed equation, which may 
: + 49° | 0% | 

be called cubick ; in which it will be + 2p, if the third term of the propofed 

equation be pofitive, and — 9, if negative. And it will be — qr, if the lat 

term of the propofed equation be pofitive, but + 4, if negative. In the two 

fubfidiary equations, inftead of z and 4, if we put their values found before, 


they will be xx + yr + ip + tyy F = = o, and xv — yx oP ze Iyy 
+ a = o. Wherefore, if the transformed equation hall be divifible by 
wha divifor of two dimenfions of the laft term, we thould have the value 
of y, which, being fubftituted in thefe two laft equations, will fupply us with 
divifors of the propofed equation. And if the transformed equation be not 
divifible, neither will the propofed be fo. 


Let the given equation be «* * — 4a’s* — 84% + 35a*= o. Comparing 
this with the canonical equation, it will be p = 4aa, q = Sal, r = 3544; and 
therefore the transformed equation will be 9° — 8a*y* + 162%? — 644° = o, 

1 — 140a*y* | 
that is, y° — 8a%y* — 12404y” — 644° = o. And the two fubfidiary equations 


will be x* + yx — 244 dh yy + - = o; and — yx — 200 + Lyy 


443 


= o. Now, finding the divifors of the laft term, becaufe the tranf- 


formed equation is divifible by yy — 1644 = 0, we fhall have a 1044, 
and thence y = 44; which values, being fubflituted in the two fubfidiary 
equations, will give x° + 4ax + 744 = o, and x° — 44x + saa = o, which 
are the divifors of the given equation; the four roots of which are x = — 24 
+ A — 3404, and x=24 + — aa, all imaginary, 


X 2 | 369. Somes 


Sometimes a 
biquadratick 
may be re- 
cuced to a 
quadratick, 


% 


Sometimes 
higher equa- 
tions may be 
refolved by 
this method, 
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169. Sometimes it will be fufficient only to take away the fecand' term of the 
equation, in order to reduce it to a plane, and fo to {pare any fuither operation, 
Thus, for example, it will be in the equation | 


n° + 2043 — 240° — 24008 — aace = 0; which, becaufe it is not reducible 
+ cea : 

by any divifor of the laft term, if we take away the fecond term by making 

x = y — ie, will be changed into this, y* « — 20%? # + e ì 


È AAA Pie ee ae —= 03 
wT se | è me a Li 


an affected quadratick equation, the roots of which, being diminithed by the 
quantity 1c, by the fubftitution of a = y — tc, will be the fame as of the 
propofed equation. 


170. This method requires, that the fecond term fhould be taken away 
from the equation, nor can it be extended beyond equations of the fourth 
degree. But here 1s another method, which does not oblige us to take away 
any term, and which may be applied, not only to equations of the fourth 
degree, but to thofe of the fifth or fixth, and fometimes to thofe of ftill higher 


degrees. Let the given equation be «* + ax? + d°x° —@ix — ad = 0; 


| — abx 
and let there be taken two fubfidiary equations of the fecond degree, x* + yx 
+ “= 0, and x* + sx + 3 = o, in which the indeterminates, y, #, 5, z, 


are to be determined afterwards as occafion may require. The produ& of thefe 
will be x* + yx? + ux? + usx + 24 = o, which is to be compared, term 
+ seh + syx* + 294 | I 
+ ox" 
by term, with the propofed equation. From the comparifon of the fecond 
terms, we fhall have s = a —y; from the comparifon of the lat terms, 


3). . 
= È > and from the comparifon of the fourth, yz + su = — ab: 


2 


and, inftead of s and z, fubflituting their values, that we may have an equation 
| aun + aabu 

uz + a3b ° 
And, becaufe we have found 24 = — ad, from the comparifon of the laft 
terms, therefore x ought to be a divifor of — a*d, Whence let the divifors of 
— a°b of two dimenfions be found, (for thofe of one or three dimenfions will 
not ferve to be fubfidiary equations of the fecond degree,) which are + ab, 
+ aa. Let us begin by taking, inftead of w, one of thefe divifors, for ex- 


auu + aabu 
uu + ab 


exprefled by y and x only, and known quantities, it will be y = 


ample ad, which, being fubftituted in the equation y = , Pwebiy = 


2ab 
a + d 


. Therefore, putting thefe values of y and « in the fubfidiary equation 
| ca 
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a +yx +a=o, it will be a° + i + ab6= 0. And by this, if we try 
the divifion of the propofed equation, and if it fhould fucceed, then «* + shit 
: a+é 


«+ ab = o would be one divifor, and the quotient would be the other. Bur, 
becaufe the divifion does not fucceed, we mu%t make another trial, by taking, 
| Inftead of a, the other divifor — ad of the lat term, and it will be y = 0; 

_ and therefore the fubfidiary equation x° + yx + « = o will become x° — ad 
= o, by which the propofed equation being divided, it will fucceed by giving 

the quotient x* + ax + aa = o. So that the divifors of the propofed equation 

are XX = ab = o, and xx + ax + da = o. | 


Alfo, inftead of «, taking the divifor aa of the lat term, by which we fhall 
find y = a, and the fubfidiary equation will be xx + av + ca = o. The 
divifion by this will fucceed, giving the quotient «x — 265 = 0; that is, thé 
very fame divifors as before. 


~ When all the divifors of the laft term are put in the place of uw, and if the 
operation will not fucceed by any, it may then be concluded, that the equation 
propofed cannot be depreffed, at leaft by this method, and that the Problem 
remains of fuch a degree as the equation indicates, 


. But, without trying the divifion, taking, inftead of 4, every one of the 
divifors of two dimenfions of the laft term, and the correfpondent values of 
> 5, Z we may fubftitute them in their ftead in the fubfidiary formulas, 
xx < yx + « = o, and xx + sx +2 = o. And if the product of thefe will 
give the propofed equation, they will be the divifors required. Thus, taking, 
inftead of «, the divifor — ad, we fhall have y = o, and therefore s = a, 
% = aa, and the two fubfidiary equations will be xx — ab = o, and ax + ax 
“+ aa = 0, the product of which will give us the propofed equation. 
Let the equation «* — 2¢x? + 244x° — 2a'x + @* be given, and let it be 
. — Ctx 
compared with the product of the two fubfidiary equations 
at yx? + ua + sux + 24 = o. From the comparifon of the fecond 
+ sx? + sya* + 27% | sa 
+ 2x° La : 
terms, we fhall have s = —.2¢ — y. From the comparifon of the lat terms, 
at 


an —. We mult take the comparifon of the third, and not of the fourth, 


in order to have the value of y exprefled by c, (which letter muft neceffarily be 
in the divifor, which could not be had from the comparifon of the fourth,) it 
will be then % + sy + z = 244 — cc. And fubftituting the values of s and z, 


it will be yy + 20y = La — 244 + cc +43 in which fubftituting, inftead 


of #, one of the divifors + aa of the laft term, fuppofe + aa, and refolving | 
| the 


Exemplified 
in equations 
of the fifth 
degree. 
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the equation, it will be y = —a@a+ Waa+c And putting, in the equation 
Ke + ra + a = o, the values of 4.and y, (taking for the fign of the radical 
quantity either plus or minus.as we pleafe, becaufe it will be all the fame at laft,) 
we fhall have xx — ax + xVWaa40.+ 44 = 0, by which the divifion 
of the propofed* equation will fucceed, making the quotient xx — ex — 


x aa + cc + aa = 0; and confequently the four roots of the propofed 


equation will be x = ta — IA/aa +e + fi tan A icc — 1aN aa+cc, and 


ene 


eS peta te bY yaa + 106 + 10V da + co. 


Let the equation be x* + 22x5 + bdx? — a3b = o, and let it be compared 
with the product of the two fubfidiary formulas as before. From the com- 
parifon of the fecond terms, we fhall have s = 2b — y. From the comparifon 


a3b 


of the lat, z= — i From the comparifon of the fourth, zy + su = 0; 


aly 


‘and fubflituting the values of s and 2, it will be — 2 + 25% — ni sro; 


= 

2huu 
a3b + uu 
+ ab, of the Jaft term, and fubftituting in the place of .4, and doing the reft 
as ufual, the operation does not fucceed. ‘Therefore we muft try by means of 
the irrational divifors + 4V 22 of the lat term; and therefore putting, inftead 
of uw, the irrational divifor 44/48, it will be y = 4. Wherefore the fubfidiary 
equation xx + ye + x = o will become xx + bx + av ab = .0, by which 
the propofed equation being divided, there will arife the quotient xa + dx 
— av ab = o. 


thatiiisp f= . But, taking every one of the rational divifors, + aa, 


171. As to equations of the fifth degree, it is manifeft, that if they be not 
divifible by a linear divifor, as already iuppofed, they cannot be divided but by 
one of the fecond degree, and one of the third. Therefore for fuch equations 


-muft be taken two fubfidiary equations, one of the third degree, and another 


of the fecond, and the product of thefe muft be compared, term with term, 
with the propofed equation, in like manner as before. 


Let this therefore be the given equation, x5 — 4ax* + 6aax? — 84°x° + 52% 
— a> =o. And let us take the two fubfidiary equations xx + yx + « = 0, 
and x3 + ix? + se + 2 = o. Of thefe the product is 
x + yxt + und + tua? + sux + zu = 0; which is to be compared with 

+ txt + 09963 + syn” + 2% 

+ sue + 2x” | 
the propofed equation. Now, from the comparifon of the fecond terms, we 
fhall have ¢ = — 4a — y. From the comparifon of the laft terms, z = 


5 ee ae Qt — 2 
coe From the compariion oi the Hiro, s = DCI ; or the value of z 
té 


ak | being 


DI Pò È 
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being fubftituted, s = se +2 . From the comparifon of the third, we 
(hall have finally « + ty + s = 644; and, inftead of ¢ and s, putting their 
values, in order to obtain an equation expreffed by y, 4, and known quan-. 


AN IE 5 i po 

tities only, it will be yy + 40y _ = = — Gaga +0 + si, And be. 
. i 5 

-caufe, from the comparifon of the lat terms, we have z = — — , therefore « 


will be a divifor of — a’. So that, finding all the divifors of two dimenfions 
of — 2°, they are to be fubftituted, one by one, in the foregoing equation, in 
order to have the value of y, which is then to be put inftead of y in the fubfi- 
diary equation xx + yx + « = o, as alfo the value of w And if the divifion 
of the given equation fhall fucceed by this, we fhall have our defire. Now the 
divifors of two dimenfions of the lat term are + aa. Let us take + aa, 
which being fubftituted inftead of 4 in the equation aforegoing, we fhall have 
wy + gay = o, thatis, y = o, and y = — 34. If, in the fubfidiary equation 
xx + yx + #« = o, we put the divifor -+ aa inftead of 4, and befides, if we 
put o, which is one of the values found, inftead of y, it will become xx + aa: 
= ©, by which the divifion of the propofed equation does not fucceed. 
Therefore, inftead of y, we may put it’s other value — 34, and we (hall have 
(XX — 34% + aa = ©, by which the divifion fucceeds, and gives x? — ax 
+ 240x — a = o in the quotient, If the operation had not fucceeded by 
means of the divifor + aa, we muft have tried the divifor — ga; and if 
neither by this we had obtained our defire, we muft have concluded the equa- 
tion to be irreducible, at leaft by this method. , 


Let the equation be x5 + ax* ® + ax? — aabba — ah = o, which is to 
| — a°bx° | | 
be compared, term by term, with the product of the two ufual fubfidiary 
equations; and from the comparifon of the fecond terms, we fhall find =e —y. 


. ab 
. From the comparifon of the lat terms, z = — —. From the comparifon of 


the fifth, su + zy = — 2425. Now, inftead of 2, fubftituting it’s value, it 
will be s = n + Re - From the comparifon of the third, we (hall 


‘have w+ fy + 5 = 0, in which, inftead of # and 5, putting their values, it 
athy _ uu — aabb | 


will be yy — ay — —— = = The divifors of two dimenfions of a*d 


are + aa, and + ab. We mutt try the operation by means of the divifor 
— ab. And therefore, inftead of 4, putting it’s value — ad in the lat equa- 


tion, it will be yy — ay — > = Gee Iebence’y. = io; anday os eau) I 
aa + ab 


the fubfidiary equation xe + yx + 4 = 0, inftead of y let it’s value 


Equations of 
the fixth de- 
gree refolved. 
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be fubflicuted, and — @d inftead of #, and it will be xx + ax + — X — ab 


= o, by which the divifion does not fucceed. Therefore take the other value 
of y, which is o, and the fubfidiary equation will be xx — ab = 0, by whieh 
the divifion of the propofed equation will fucceed, and the quotient will be 
x) of ax? babi Ea =; | | 


We were at liberty to make a comparifon between the fourth terms; but, for 
greater fimplicity, 1 made choice of the third terms. 


172. Equations of the fixth degree, fuppofed not to be reducible by any 
linear divifor, cannot be otherwife reducible but either by three divifors of two 
dimenfions, or by one of two dimenfions and one of four, or by two of three 
dimenfions. Bot it will be fufficient to examine the two cafes, in which they 
are reducible by two of three dimenfions, or by one of two and one of four. 
For as much as reducing them by one of two, the reduced equation will be of 


‘four dimenfions, which may afterwards be reduced by two divifors of two di- 


menfions, if the propofed equation be reducible by three of two dimenfions. 


| Let the equation given be this: x — 134° + 45408* — pqraîs® + 57a°x° 
— 164% + 24° = o, which is required to be reduced by one of two dimen- 
fions, and one of four. Let therefore be taken the two fubfidiary equations 
xx + ye + # = 0, and x* + px? + te? + se + % = 0, of which the 
produ@ is x° + pa + tx* + sx? + zx* + gx + zu = 0. 

+ 98° mp poet + type + spa + sue | 
- + uxt + pux? + tux? 
Now, from the comparifon of the fecond terms, we fhall have p = — 134 
e i za” | 

— y. From the comparifon of the laft terms, 2 = —. From the compa- 


rifon of the third, ¢ + py + « = 4544; and by fubftituting the value of p,. 
it will be ¢ = 4544 + 1347 + yy — 4. From the comparifon of the fixth, 
2a%y 


sy + su = — 1645; and putting here the value of z, it will be s = — 


Px) i 


us 


_ ae . From the comparifon of the fifth, z + sy + # = 574°; and fub- 


flituting the values of z, 5, and ¢, that we may have an equation exprefled by 
z and y alone, and by the known quantities of the propofed equaton, it will 


6 6,2 bas 7 
be at laft = — =a n 2 + 4504 + 1394 + uy? — w = 570%. That 
u3y — 1645 20° — Pine 1243 — 4 
iS, boa + ssonty — ee + den SI TASTI eni i D* And, becaufe the. 


divifors of two dimenfions of the Jaft term 22° are + aa, and + 242, we mutt 
make a trial, by putting in this laft equation, inftead of w, the divifor + aa, 
and it will be yy + 207 + 11aa@ = Q, which, being refolved, will give 

| yu 


i Pes 
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— 34 + = 3544 
si 2 ® 


i a Whence the fubfidiary formula xx + yx +4 = 0 
will be xx — Se Past, -+-aa=0. But by-this, even though we fhould take 


2 

the alternative of the figns of the radical, the propofed equation is not divifible; 
nor will it fucceed if we fhould take the divifor — az; therefore we muft take 
+ 244, and we fhall have yy + 120y + 2044 = o, that is, y = — 64 +49, 
ory = — 104, and y= — 24. Take y = — 102, and fubftitute it in the 
fubfidiary formula xx + yx + 4 = 0, and — 104 inftead of y, and + 244. 
inftead of w, and it will be xx — 104x + 2442 = o. But by this the divifion 
of the propofed equation does not fucceed. Therefore take the other value 
of y, or — 22, and the formula will be «x — 240x + 244 = 0, by which the 
divifion fucceeds, making in the quotient x* — riax? + 2144x* — na'x 
ea: | 


Here it may not be amifs to obferve, that, inftead of the comparifon of the 
fifth terms, if I had made. a comparifon of the fourth, I Mould have fallen 
upon the cubick equation 2y? + 264y° + 81aay + 7443 = o. But the com- 
parifon of the fifth terms has brought me to a quadratick equation only. 
Hence it may be feen, that the choice of the comparifon of fome terms rather 
than of others may be of prod advantage. Yet, however, this cubick equation 
might have been of ufe ; for, finding it’s roots, which are y + 24 = 0, and 
y+ ss + 4/4%74aa = 0, one of thefe, y = — 24, would have given me the 
fame equation xx — 20% + 244 = o, by which the propofed equation may be 
divided. © 7 

Let x° + g4x° + gaax* + 6a°x? + 64°x° + -34°x + 24° = o, be the given 
equation of the fixth degree, not reducible by a divifor of two dimenfions. 
Let us therefore attempt the reduction by two equations of three dimenfions, 
and let us take thefe two fubfidiary equations, x° + yx” + px 4+. = o, and 
« + te? + sx + 3 = 0, of which this is the produ&; 

x + ga + pet + ux3 + tux? + sux + zu = o. 
+ te? + 2yat + piu + psx? + pax 
set be sya? + yx 
| + 24° 

Now, from the comparifon of the fecond terms, we fhall have ¢ — 34 — Vo 

From the comparifon of the lat terms, z = ac . From the comparifon of the 


fixth, su + pz = 345; and fubftituting the value of 2, it will be s = 3° — 
2055 Ù a 
Rie 


LI C) — 5 , — 
the values of ¢ and s, it will be p = E I n Lao From the 


x comparifon 


. From the comparifon of the third, p + 4 ++ s = 444; and fabitituting 


rog: AN ALY TCA TNS TOT AON BOOK I, 
comparifon of the fourth, 4 + pi + sy + 2 = 643; and, inftead of ¢, s, z, 
fubflituting their values, that we may have another value of p, expreffed by a, ¥, 

| ta? SIC 6aun —u3 — 3a°uy— 20 
and the known quantities of the equation, it will be p = EINE e ci 

| ZAUU UU) — 20°y 

Now, between thefe two values of p let an equation be made, to obtain the 
value of y expretled by w only, and the given quantities of the equation. This 


dai qaaquu — 305% — Zauuy + uuyy __ 6a3un — 43 — Zafuy — 20% 


will = Cera hens Ten 


uu — 24° gauu — uuy — 2a°y | 


ducing to a common denominator, and ordering the equation by y, it will be 


gi — 604 + Baluy — Cal 
— 6awy? — 6auuy + 94° 
+ 13449 — 120% 

oa 4a” — o. 


4 


Ww + 24% | i 

And, becaufe it is wz — 24°, we fhall have 4 a divifor of 24°. But the di- 
vifors of three dimenfions of 20° are + 45, and + 248 Whence, taking one 
of thefe inftead of uw, fuppofe + a’, and fubftituting it in the laft equation, we 
fhall have y? — gay? + Saay — 243 = o. From hence muft be extraXed the 
values of y, one of which is y = 24, which, being fubftituted in one of the 
values of p inftead of y, and putting inftead of w the divifor a’, it will be 

= ga. Wherefore, fubftituting thefe values of y, p, and a, in the fubfidiary 
formula x3 + yx* + px + «= 0, it will become x3 + 24x° + aax + a? = 0, 
by which the propofed equation being divided, will give the quotient x* + ax* 
+ cax + 242 = o. If the divifion had not fucceeded by taking y = 2a, I 
mul have taken y = a And if I had not attained my purpofe by this, I muft 
have made trials with every one of the other divifors, repeating the fame ope- 
rations. And if it had fucceeded by none of thefe, the propofed equation 
could not have been depreffed, at leaft not by this method, but would have 
remained of the fixth degree. 


Let x° + ax + aax* + 30°? + atx? + a5x + 24° = o be the equation, 
which is to be compared with the produ& of the two fubfidiary equations, as 
in the foregoing example. From the comparifon of the fecond terms, we fhall 

. 6 i 
have ¢ = a — y. From the comparifon of the laft terms, z = n «i» From 
the comparifon of the fixth, sz + pz = a‘; and, inftead of z, putting it’s 


Danesi $ 20° . di i 
value, it will be s = — L'A OE on he comparilon of the third, p + zy 


ue 
Cale + î cao, È dhe aquu — auuy + unyy 15% 
cmt mae and putting the values of ¢ and s, it is p = ees 
From the comparifon of the fourth, a + pt + sy + 2 = 343; and fubftituting 
| | | the 
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the values of z, s, #, in order to have another value of p, expreffed only by 


, <a i A aun — auy — 205% —— 43 
4, y, and known quantities, it will be p = È ci iii —, Make an 
| aul — UU) — 2A°Y 


equation between thefe two values of p, that we may have the value of y given 


by « only and known quantities; and when all the neceffary operations are 
performed, it will be | 


3} — 2408) + 20008y 4 24543 
— 204)? — 2a5uuy + a° 
3 + 2a°uy — 64% 

— ut Ger Op 


+ 44° 


wu? dans 


The divifors of three dimenfions of 208 are + a3,and + 223. Inftead of a, 
take the divifor + a3, to be fubftituted in this laft equation, which then will be 
reduced to y° — +4y° + 2aay = o. And dividing by y, it will be y = 0, 
“and y° — 4ay + 24a = 0; that is, y = sca « Of thefe three va- 
lues of y take the firft, or y = o, and fubftitute this inftead of y in one of the 
two values of p, and 4° inftead of 4, and it will be p = o. Then the fubfi- 
«diary equation x? + yx? + px + « = o will become #5 + a? = 0; by which 
the propofed equation being divided, will give x? + ax + ax + 20° = 0. 
for the quotient. 


In fuch equations as thefe, if it were known at firft that they are divifible by 
a divifor, in which fome term is wanting, much labour might be fpared, by 
taking one of the two fubfidiary equations without that term. But, becaufe this 
is not known, we may firft try the operation with'one of thofe fubfidiary equa- 
tions, which wants either one or more terms. Neverthelefs, becaufe the labour 
would be loft, if the propofed equation be not reducible by this means, and there 
_will be need at laft, notwithftanding this compendium, to have recourfe to 
compleat fubfidiary equations, it will be better at once to ufe this general 

method, becaufe it gives the divifors in both cafes. | 


Without repeating the operations at every example, I might have formed a 
general canon, to which every particular equation might be referred, after the 
fame manner as that at $ 168. But befides, as this may create fome confufion, 
it feems to me that aQual operations made on purpofe afford more light, and 
have a better effect ; therefore I have rather chofe to confine myfelf to them. 


173. After the fame analogy, we may apply this method to equations of 2 Applied to 
fuperior order, but the calculation increafes beyond meafure. For, if we are higher equa- 
Y 2 i to tions, 


Applied to 

the folution 
of an arith- 
metical pro- 


blem, 
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to reduce an equation of the eighth degree, for example, by means of two 
equations of the fourth, in which no term is wanting, each of the two fubfi- 
diary equations muft have four indeterminates, or general co-efficients. Whence, 
if we confider one of thefe equations, fuch as this, xt + yx? + px? + gx + « 
=o, and take for « one of the divifors of the laft term of the propofed equa- 
tion, there will remain three indeterminates, y, p, g, to be determined by the” 
utual comparifons, in which there will occur folid equations, whofe roots are 
to be extracted, in order that the operation may proceed. 


F cieaimeneeanll 


a 


PROBLEM 1. 


174. To find four numbers, which exceed one - angther by unity, and their 
product is 100. 


Make the firft number equal to x, the fecond will be x -+ 1, the third 
Ko 25 and the fourth x + 3. Therefore their product will: be x* + 6x3 
+ 119° + 6x = 100, Or a* + 6x3 4+ 11x° + 6x — 100 = o. Now, be- 
caufe this equation is not divifibie by any divifor of the lat term, we muft 
make the fecond term to vanifh by the fubftitution of x = 2 — +, and there 


will arife the equation 2* a — 42° # — 12% = o, which is an affected 


16 


quadratick, the roots of which are zz =} + SAS and therefore z = 


foca A5+y/101 + 191» Whence we fhall have * oy eta + V5£7/I01 + A/ 101. There. 


fore, of the four values of x, two are real, that is, x = — 3+ Vi+%i0b 
and the other two are imaginary. If we Li one of the al roots, — 2 + 


2 


XY 5 + /io1, for the firft number of the four that are required, then — 7 + 


2 


/ = + vio: will be the fecond, + + Wz 4 yor will be the third, and è + 


/ = + vior will be the fourth : the product of which numbers will be ica 
to be 100. If we fhould take the other ma: value of x, that is, — 2 — 


% 


5 + /101, for the firt number, then — 1 — Vi+Vior ao be the 


eroi + — M5+ vio: would be the as and z — V5+ Vioi would 
be the fourth ; ‘the produc of which. numbers would allo be found to 
be 100. 


PRO. 
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PROBLEM II 


175. In the right-angled triangle ABCA geometri. 
the leffer fide AB is given, and, letting fall cal problem. 
the perpendicular BD to the bafe AC, the | 
difference of the fegments AD, DC, of the 
fame bafe AC-is given alfo; it is required 

to find FC, the difference of the fides AB, 
BG, | vee 


~ With centre B, diftance BA, let the circle 
AEFG be defcribed, and make AB = a, 
CE = 32, the given difference of the feg- 
ments AD, DC; and make FC, the dif- 
lcrence Fequited, (a. ie will be GU 
| 2a + x, and, by the property of the circle, 
GC » CF = AC x-CE, that. is, coax, -- ve =. AC x 6; and-.therefore 


AC = aap But, becaufe the angle ABC is a right angle, we fhall 


im i x, ke : 

have the equation coe = 244 + 2ax, + xx, or, by reduction, 
«4 + 40x3 + 400%% — 20bbx — 2aabb = o. Now this is not divifible by 
any divifor of the laft term, and therefore we muft take away the fecond term hy 
the fubftitution of x = 3 — 4; whence we fhall have the affected quadratick 


. 24% — 2012% + at 
— bbzz — aabb 


2aa + bb + N Barabba 
2 È 


the roots of which are zz = , and thence z = 


2aa + bb + V8aabb + bt 


+ oe È: So hat gitiiagi & ae en E VT 


2 : 
which are the four roots, and all real, when 4 is greater than 4, The root — 
saa + Vaa+ 306 + bf 20a +34, which is pofitive, is adapted to the 
propofed Problem. The negative root x = — 4 + “aa + 108 — OY 20a + 36h 
is adapted to the cafe, when the fide BC is lefs than the fide AB; the uther two 
roots ferve for the angle ABG, 


PRO- 


Another 
geometrical 
problem. 
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PROBLEM AN 


2%: 


176. Having given the fquare AD, in 
if POSTINO SiGe PO offices, to find fuch a point 
E, that, drawing the right line EB to the 
angle B, the intercepted line EF may be 
equal to a given right line c. 


Wine BD Ga, DE wet will be 
CF = 4 — «x. And, drawing BFE, make 
FE =c. Now, by fimilar triangles, ECF, 
Bast, teil be CP (a) FE (0): 
Pitas 22 = —. But, becaufe of the 
right angle at D, it will be alfo FB = 


Fig. 92. 


Waa + «xs whence we fhall have the equation a2 + ax = i and, by 
i - big x 


CON 


a a ——_—_——_—_———__—____—_—_— —mememw da e ‘ ; 1 
fquaring, eee as + «x; and, reducing to a common denominator, 


and then ordering the equation, it is x* — 20x? + 244%x — 24% + at = 0, 
7 ‘ . — CCxX 

the roots of which may be feen, at $ 167, 170, to be a = Ia — Va +e 

+ Vie — tag — tay/za +e, and x = 1a + IV tea * 

Vice _ 204 + 10Y aa + co. 

The two laft roots are always real and pofitive ; the latter of which, being 
Jefs than a, determines the point F, through which the line BE being drawn, 
EF will be equal to the given line c, and refolves the Problem propofed, The 
other of the two, which is greater than a, determines the point /, to which 


drawing the right line Bf, gives us dlfo ef equal to the given line, and ferves as 
if the Problem had been propofed by the angle AC/ 


The two firft roots are imaginary whenever cc is Jefs than 8z2, and the 
Problem will be impoffible. But, fuppofing cc not lefs than 822, the two 
roots: are real and negative. Taking, therefore, DG = 14 — IV 44 + ce 
+ siate ieri be pa derit IV cast 
N cc — iaa — lax/ aa + ce, and through the point B drawing the right 
lines GM, gm, they will both be equal to the given line ¢, and would ferve 
were the Problem propofed for the angle ACD. 


n n : È = scri È È "È lesi 

Ù È È ari = ire PR ee o IE: II ARI RES A > LOR See ne, Sera dA ae i a  - 

Ba NR er we SGA aa sata a he a en ato SONS LT Sti RI x 3 Fa pra ri A dEi 
TROIE ia ie tie Ron tt tn aes Se HAR 


ILS TAM E STERILE Te 


177. Very. 


Rate ep ee DE e 


DI RESO ee en 


pm 


er ay, .. (ANALYTICAL INSTITUTIONS. 167 


177. Very often, when the Paste is not reall y folid, but plane, it may How higher 
appear as an equation of three dimenfions, by making ufe of fome certain line di n 
for the unknown quantity ; but, by. afine {ome other dine for the unknown jimes be 
quantity, it may put on the form ‘of ai equation of two dimenfions only. I thall avoided. 
take an example of this in the foregoing Problem, in which, making DF = x, 
there has been found an equation of the fourth degree, by which means we 
have been obliged to take the trouble of reducing it. But, fuppofing E to be 
the point required, draw ER perpendicular to 
Fig. 93. BE, which may meet BD produced in R, and 

C : EL perpendicularto BR. Then make DR até, 
wandy.as.before,. BD = #4, FE =, and BE =, 
another unknown quantity to be eliminated 
afterwards; it: will-be-BR = 4+ +, BE = 
c + y. Now, becaufe of fimilar triangles, 
BDF, ELR, it wil be ER = y,. becaufe of 
Ri. = CY) = Bw), “And, becaule of fimilar 
triangles, BRE, oy willbe ER 00: GR REY Therefor it will be 
atx.c+y: ; whence cy + yy = 44 + ax. But; becaule of the 
right angle BER, iy {quare of BR is gua: to the fum of the fquares of 
BE and ER; that is, da + 20% + xx = ayy + acy + cc. Therefore, in- 
ftead of cy + yy, putting it’s value aa + ax, the equation will be aa + 2ax 


+ wx = 244 + 20x + cc, that is, # = Waa 4 ce 

Again, after another manner, Bife& FE in H, and making CD = a, let 
the given line be 2¢, to which FE ought to be equal. And making BH = a, 
teow be BE x. co, and BE awe Lio But BEg — AB7 = Akg; 
therefore it will be AE = Wax + 268 + ce — aa. Now, becaufe of the fimilar 
.triangles, BDF, BEA, it will be BF (x — ce). BD Da): i. BE (<0), AB 
ome 2ox + co van Whencesamitiag = gor x Wee ee ee 
and, by fquaring and ordering the equation, it will be finally 


x* — 240%% — 24466 È 
tia a i 
— 2ccxx + cf } , an affected quadratick equation, of which 


the four roots are w = = Waa + cc & GVaa È Aces 


Fig. 91. After the fame manner in Prob. II. § 17, 
| if, inftead of mak ange FC’ *; Thad denoe™ 
minated BC = x; by purfuing the fame 
argumentation, I fhould have found the 
equation «* — 244xx + a‘ 
— bbxx — aabb } 


an affected quadratick, of which the roots 


are x= EV 404165 + bi tag 41h £66, which 
agree with thofe be tite found, 


Again, 
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Again, in a fimpler manner, Make AE = x, and, arguing as before, we 
fhould have the equation «x + 4x = 242, and therefore x = — 15 = V242-415h 


And, becaufe we fhould find the expreffion — a + ib 4 ake pax = aa for FC, 
inftead of % putting the value now found, we fhould have what is required, or 
the fame value for FC as before. 


0/4 178. Another artifice may be tried for fuch like Problems, when they bring 

by Bnding _ lisatena oLA cu RE and yet are not fuch in their own nature. This is, 

o iame retaining the fame line for the unknown quantity, by which the firft equation is 

‘quantity, found; ‘then, by means of another property, to find a fecond equation, and to 
equal one to ‘the other. From their comparifon, a third equation will arife of 
an inferior degree. See an example of this in the following Problem. 


PROBLEM. 


ae Ch 179. Ina given circle, to infcribe a regular heptagon. 

pined ina 

geometrical Fig, 94. Let the given circle be ABFGCDE, with 
problem, | centre H, radius HA = 7, and. let the fide 
of the“heptason be AB — BE — FG; &c: 
same, SLA, be bilected in F; it will be 
Ai ae = 1B. And ‘drawing IC, which 
will neceflarily pafs through the centre H, it 


will be HI = Vir — ja — xx CI = nes la ri Vir-txxs 


CB = Varr + arfrr — tnx Jxgs auth there be 
drawn CE and HD; the triangles CDK, 
HIA, will be fimilar, Baldo of the two right 
angles CKD, HIA, andof the angles DCK, 
AEG, the firtt of dh becaufe it infifts on 
the Lae DE, will be hi to the angle 
ACI, which infifts on the half of DE, and therefore is equal to the angle AHI 
the double of the fame angle ACI. Hence we fhall have, by the fimilitude of 
V drrxa — «> CE È WV grrxx — x4 


ar r 2 


"EF 


amen 


° n Cei 
thefe triangles, CK = —W7r — jae = 


and HK = Jr ea = =. But the triangles CEN, CHK, 
are alfo fimilar, the two angles at K, N, being right ones, and the two angles 
KCH, CEN, are equal, becaufe they infift on two equal fegments. Therefore 
8 vat 


£ PA n ” x 
ese + DI i nr de x MIE ieee 
a e eee a es ee ee ee Se nase a el a rag 


ae i a 


f 


“SECT. iV. ANA EICAL UI ROP ET eT rote, rég 


» "1 nian 27r xx & VA PIAN O at i NI CRAL x 4/ te 39 pri 
at will be CN = —__ oe a TS QA Be) ora eo ; 
. . ppepnoccamen soars nen 2rr — KH KX Narrax — 24 
.and thence the equation Wrr + TN arr — xa = we an 
5 ° © . | . lr enesraieziinitni 7 — r?2x% xt ze centi 
Therefore, fquaring, it will be arr +rVfr= = TOLLO Di Arran x5 


and fquaring again, and ordering, we fhall have x — 1677x? + 104r%!° 
— 3521%%° + 660r°%° — 67ar'x* + 336r%x — 637% = o. - But this equa- 
tion is divifible by x° — 3r7 20. When the divifion is performed, we {hall 
have a — 137° + 651% — 1571°%° + 189r°x* — i0sr!°% + air? o, 
which is not divifible by any divifor of two dimenfions; wherefore the Problem. 
‘feems to be of twelve dimenfions, Therefore I refolve this Problem in another 
| manner, retaining the fame unknown quantity x = AB = BF = &c. Becaufe, 
an the triangles HCD, CDL, the angle CDH is common, and the angle at the 
circumference DCL, which infifts upon the arch CD, the half of DA, thefe 
triangles will be fimilar, and therefore we fhall have DL=—, sula “= ‘ 
But the angle DLC = DCH = EDH; wherefore the angle HLM, which is 
equal to the angle at the vertex DLC, will be equal to the angle E DH; whence 
the two right lines LM, DE, will be parallel, and the triangles HLM, HDE, 


will be fimilar, and therefore it will be LM = mas . But CL=CD= A 


(the triangle LDC being fimilar to the ifofceles triangle HDC,) and CL = MA, 
“becaufe the angles HLC, HMA, are equal, and therefore the triangles HLC, 


JIMA, are equal and fimilar. Therefore CA = 2% + sai And, becaufe 


“CA = CB, the equation will be we = Varr + TV 4rr — sx. And, by 


_fquaring, 9r*a° — 6r°x* + «© = 25° + Warr — ax. And, by fquaring 
again, and ordering the terms, the equation will be x'° — rarrx® + BAT A. 
— 1127°x* + 1ogr'a° — 35r = o. | 


And thus I am arrived at another equation, which, becaufe it is of an inferior 
degree to the firft, muft be multiplied by fuch a power of the unknown quan- 
tity, as is neceflary to bring it to the fame degree, fo that it may be compared 
“with'that. Therefore, multiplying it by xx, it will be x*? — r2r°x°° + 54748 
—-1127°%° + 1051°%4 = gory? = a — gr el + 657%° — 1761°%° 4 
14809r°x* — 1057°%* + 21r"*. Now, fubtra&ing the firlt from the fecond, it 
will be &° — 11r°a° + 45rt — 84rxt + zorfa* — 217° = o. Which, 
becaufe it is of the tenth degree, being compared with the fecond equation 
"found above, and fubtraéted from the fame, will be 4° — gr7x® + 287% 
— 351°* + 147° == o, which may be divided by «x — arr; and making this 
—-divifion, we fhall have at lat this equation of the fixth degree, #9 — 4° 
TA 79° = o. | ; 

Z | I have 
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1 have proceeded in this way, to fhow the ufe of the method, For otherwife, 
I might have gone more directly to the fame equation, by comparing together 
the two values of the fquares of CA, found in the two different folutions of the 


OA Vk TO ee fy ee ali; phy Bee Gy2 44 E78 
Problem ; that sj ——————_——__—_—___--__—- of the irft, and nr 


76 sa 


of the fecond. For, making an equation between thefe two values, and taking 

away the terms that deftroy one another, it will be xa — ar + 14 4 yet 
suigrivk so, Andy dividing. by it will be 4° — nr°x* + 14rtx® — 5r° 
= o, as before. We might alfo, after a more compendious manner, have 
divided the sig ar firft found by «° — 6r°x* + ortx? — 5r° = o, and the 
a by at — 67%x° + 5 = = 0; and in each cafe we fhould find the equation 


— gr°xt + 141% — vpi: e Di 
Yet the propofed Problem is not of the fixth degree, though it may feem to be 
fuch, notwithftanding all this care we take to deprefs it. To make this appear, 
we will retain the fame compofition of the figure, and make HI = x. Then it 
will be AI me rar — iB; Ccl=F + %, Cb WV n + 2rx +ax +rr— ax 
= 4 zrr + arn. Then, by purfuing the fame way of arguing as before, we 


fhall have CK = = 


sn ae , HK = de lb i ah agi = oo, CE ie 


vr 


ed r3 


2CK = è Voom, en = Paste ye eos, te ens 


r3 


bag Ea | i o ERRO | 
VIRALE DE 77 = xe. But we have before found CB = Warr + zx. There- 


: . pitt 1 SEP e TORT 
fore the equation = be arr + 2ra = s verza 


Now I fhall feek another equation after a different manner, but Mall retain 
the fame unknown quantity HI = x. By the fame reafoning as above, it will 
Arr — Axx te igh ALU Care a eo 400 — ST TM trae 

be DL = “=, LH=,r OE LANE 


r r 


x 44% — 3rry CAIO AV rr — we — we È af —— es X Axe — 3rr 3 that is, by re reo 


du&ion, CASS eS: Ney ex ee A Whence the equation N arr + 2r4 


rr 


9xa — 2rr iY: and laftly, by equalling the homogeneum comparationis 
rr 3 


Srre — 1643 _ 8x — arr 
of each equation, it will be iis A 3% dl eos = 


N sr — 25, Which, 


being reduced, will be 84° + Anse e ATE — 73 = ©, an equation only of the 
third degree. 


180, When 
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180. When the methods above-defcribed have been put in practice, if the Solid Pro- 
equations cannot be depreffed, but ftill remain above the fecond degree, we may je he 
proceed two ways in the folution of Problems, which arife to three or more Cit 
dimenfions. The way of lea general ufe belongs only to equations of the rules, or by 
third or fourth degree, and confifts in refolving them by unravelling the ana- contruction, 
lytical values of the unknown quantity, which therefore will prefent chemfelves | 
under the form of cubick roots; which method ts called Cardan’s Rule. The | 
- The fecond way is more general, and of much more extenfive ufe, and confifts 
in finding the geometrical values of the unknown quantity, by means of the 
interfections of certain curve-lines, which are purpofely introduced into the 
equation ; that fo the propofed Problem may be conftructed.  _ 


181. But, to begin with the analytical folution. I fuppofe the equations to How by the 
be without the fecond terms, becaufe they may always be reduced to fuch, if four cafes of 
they are not fuch already. And all equations of the third degree, wanting che ©erdansrule. 
fecond terms, are comprehended under thefe four canonical formule. 


J. x? —- px —¢ o. IL #.+px —q = 0. 
Ill. «x — px +9 = 0. IV. x3 + px +q = 0. 


Make x = y + 2, then px = py + pz, and 2° = 9? + 3Y°2 + 302° + 20. | RE 
And, fubftituting thefe values in the firft equation, it will be y? + 39°z0 
+ 392° +23 — py —pz — q = o. Of this we may form two equations, 
which are 3y°z + 3y2° = py + pz, and y? + 2? = q Dividing the firft 
by y + 2, we fhall have 3yz = p, ory = ane This, fubftituted in the fe- 
£ | 


cond, will give a + ag or 2° — gg = — +)". Whence, by the 


rule for affected quadraticks, 2° — q + 1qq = 499 — +7PÈ, and 2° = t¢ 


rialza | ‘ i i CI Ariani Trentino 
+ Via. Laftly, it will bez = Vig + Vigg= 59% In the ex- 
traction of the fquare-root, I have taken only the pofitive fign, becaufe the 
| negative would bring no variation, and gives at laft for the value of x the fame 
quantity as the pofitive, as may be feen from the calculation. And it is to be 
underftood in like manner in the other canonical equations. Now, becaufe 
y+ 23 = g, it will be therefore y° = g — 34 — Wing — 4p), and thence 
ee et re eco . | 
ya Vig = V t¢q—2p3% But it was at firft a = y + 2; therefore = 
PRE re sg generat emme rae s/n dis 
Vig 2090 N <9q — yp? + v 3g HA WV ‘gg — Lp. Hence it .is feen, that the 
alternative of the figns, which was omitted, makes no variation. 


‘182. The fecond equation 4° + px — q <= 0, making the fame fubftitutions, By the fecond 
will be y? + 3y°2 + 32% + 2? + py + pz —g = 0. From hence let cafe.of the... 
the two equations be formed, 3y°z + 372° = — py — p3, and y? + 23 = 4. creas 
a ts a 2 3 | From 


The fourth 
and laft cafe, 


cher ex- 
preffions of 
the fame 
roots. 


I 
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From the firft, we have 352 = —* p, or 9 = aig fh > Which, fubfituted’ in the: 


34 


6 


rs o . e È. + | < A 
fecond, gives —— Beis fe Re Ga UNE em Ge) ee eps. Jk taerelore, 2° — 
: 27% ae | 


{jn 


19 + Ving +a5p3, and 2 = oi I Yee dad Dt Yt Gy tebe 
/ITTTITTTE=E ande 
fore ym Wig — Yigg +48 =Vig= vi sil Vigq+ dp Gi ap gt ap tV gt Vig x V igg+ ap 


183. The third equation a? — px + 9 = 0, era “ie fubftitutions, will 
Beg 39924 39" +2 —py — p3+q=0. Let the two equations be 
formed, 3y°z + 392° = py + pa; and y + 2? = — From the firft, we 


ed.” wating, Ie ah ie P i i : pi 
havecagg cia io s- ied? which, fubftituted i in the fecond, gives sas 


= — g;, or 2° + gz? = — 23,p?; and therefore 2? = — 19 + Viqgq= Gps 


and thence 2 = al 1g nie Mae dii BUE Di OO 


bor Vit Iq—- Vin ad cid ni latlly, # = gi 1q NE V 20g — gp + 
Ve ig + Ng N fog — ap | 


184. The fourth equation x3 + px + g = 0, making the fubftitutions, wilf 
be 93 + 3972 + 392° +2? + py pr $3 +qg= O Forming the two equations, 
ay + ayz' = — py — pz, and y? + 2? = — 9, from the firlt we Mall have 


CO Dr CGA OG OE se . This, fubftituted in the fecond, gives — i 
i ee, Ore ge ats and therefore 22 = — 19 + VWiggt4as 


and thence x = &W— 19 + i: Wp Log + 23)" ‘Baty? + 23 = — g; whence 


penis 1 gt at pd and laftly,. #°.= Vig Ving ap i dog 


NG + Nite 1gg + +5» 


185. The fame roots or formule may be had, by putting « = 2 + Gis 


parati 


3% 
that 1s, + ae if in the equation it be — pr, and — pg if it be + px in 
one (ao d: Tak. 
the equation. Whence a? = 2* 1 pz + =” = ree Make therefore the 


fubftitutions in the firft canonical equation, andit will be 23 + i —g=0, 
or 2° — gz? = — sp’, and 2° = 49 + Vis, and then 2 = 
pt e ut p ! j 
/2q + 21 + N59 — 2,p3. Therefore, becaufe it was made.x = 2 + go it will 
TSS bia. 
bex= Vig + Viy — 03 + Wis e ii 
| 3V tg + V 407 — dp? 
3 | To 


dn E de oe o 

x n = pee > i all te Pee oe di È are 

nd ta > : > = E E aan SITI, TIE “eil a a rea ee n 

orale irrita A RE SAREI LE 
E oa Ooi RE SS BIAGI PI SET È eat et cli i ee OR iui eS SAI ae Se Sat ci wee et ie 
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To reduce this to the famie expreffion found in the fir& manner, it will 
be fufficient to muluply the numerator and denominator of the fecond term 


of the bomogeneuna cencim. comparationis by VA Visa I, i, and it will be 
NATE ly = Vin hp esp a Ae thar 166 di if — id = Vig — dp. z7p?s and therefore! re Will: be 


3 are 


the fame as before. And the like may be obferved in the other cales. 


186, It 15 ‘evident that the values of the unknown quantity x, found by n Tey ating 


fr fubftitution of x = + 2, require the extraction of two aires cubick on when 
theie roots 


roots, whereas the fecond, by the (oBo rian of w= 2 + +, require the are real, and 
3 3% when imagie- 


extraGtion of one only ; and that the value by the i and fourth canonical ®4Y. 
équation will always appear under a real form, becaufe the quantities under the 
quadratick radical are MARI pofitive. But that of the firft and third will be 
under a real form, if +99 be greater than 1-93; and under an imaginary form, 

when 199 is lefs than #,p°. And this is called the Irreducible Cafe; but, not- 
withftanding. this, it does not follow, but that all it’s roots are real. For all the 
three values in the firft and third sae are real, when gg is lels than -‘-p*. 

But when 99 is greater than —p5, in the firft and third equation, and, in 
general, in the fecond and fourth, the roots or values alone thus found are real, 

and the other two are imaginary. 


As to the fecond and fourth equation, ‘this has been already demonftrated at 
§ 152, when they have the third term pofitive. Then, as to the firft and 
third, when the third term is negative, each of thefe will have three real roots, 
which are a, nd, its OF ida ba + c; and, becaufe the fecond term. 
is wanting, as Is here fuppofed, it will Be ‘all 8 + c, and the ae oe there- 
oo which arifes from fuch roots, will be oF this form, o 


3 — dbx + be Xb+e mo. 
taro | | 
—, 06% 


When db, c, are real quantities, then 3 — c° will vo a pote quantity ;. «and ; 
therefore, ia we put 25 — 256 + ce = D, it will be alfo 46 + de + ce = pr: 


+ ghey and ELELS! — ps + 30% 4 Dice + OL But befidess 
it will be 20 + 2% + ce = 77° = D + 466, and therefore 385 x FF9 
= 4Dbbee + be. And 3,D* + 3D°bc + Dbbce + 8° is greater than 
sie. and therefore it will alfo be greater than tddce x Bea and therefore 


OX tbe ec will be greater than td4cc x b+ a\*. That is, the cube of 
He third part of the co-efficient of the ‘third term, taken. pofitively, is greater 
than the fquare of half the laft term; that is, ~,p° is greater than 199. ‘There. 
10063". 


4 compen- 
dium by the 
three cubick 
roots of 
unity. 
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fore, if all the roots be real, the third term will always be negative, and befides, 
3? will be greater than tgg. When it happens to be otherwife, two of the 
roots will be imaginary. : : 


After the foregoing manner, having found one value for each equation, we 
fhall have the other two roots by dividing the propofed equation by this value; 
for the quotient will be an equation of the fecond degree, which may NE be 
eafily refolved. 


| 189, But, if it hall be thought convenient, the trouble of this divifion may 
alfo be fpared by confidering, that as unity irfelf has three cubick roots, which. 
are I, — 1 + IV— 3, and — 1 — 1V— 3; fo it may be underftcod of 
any other quantity ; of 19 + 377 + 352? for example, which, being multi- 


eat a 


plied into unity, its three cubick roots will be 1 x N 4g + Slog + ap» 


— 1 + bia SR into Vig + | om Vic, 199 + 350” and — + — 1W- 3 into 
ATTO SI pr 
Vv 39 + WV tag + sp ) 


Whence the three cubick roots of the firft equation «3 — px — gq = 0, by 


| ordering them in a due manner, will be as follows: x = W 19 + Vigg- dp + 


| Example of 
this reduc- 
tion. 


, — i Ae eer! one —1-V-: 
vq — Vigg- 3p * = x Vig + + Via age oe =P i n: 


ig 
sati dn 


x: Vig ~ Vlog — spss and *-= 


3, 


—1+V=3 ATE 
FRE, XV 3g Viaggia 37)%* 


And, in fa&, if we find the produ& of thefe three roots into each other, 


making, for brevity-fake, vg + Viggo = m and Vig LE Yigg — ps 


e ee 
2 


= 1, the produ& of the laft, x + n into the fecond, 


x + LINZ im + vay will be xx + mx + me + mm — mn + 1M, 


which, multiplied into the firft, x — m — n, will give x° pi Zine — mi — 13; 
and, reftoring the values of m and 7, it will be finally x° — px — g = o, 
which i is the equation propofed. Nor will it be otherwife in the other equations. 


188. The foregoing general formule being thus found, to apply them to the 
particular ufe of any given equations, it will be fufficient to compare the pro- 
pofed equation to that of the four canonical equations which correfponds to it, 
thence to obtain the values of g and Pi ; which, being fubftituted in the formula, 
will give the roots Tequired, 


Let 
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Let the equation be x° + 244x — ga! = o. The correfpon ing one of the 
four canonical equations will be the fecond, x? + px — q = 0; fo that it will 
be p = 244, g = 92°. Then, making the fubftitution of thefe values-inftead 
of p and g, in the general expreffion of the root of this fecond equation, we 


RICE VEDI: 3/#rTrr_———ee—* sonni cre 
fhall-bave x = 34 «N loto det VA 0 n VEL Jat, Or, laftly, 
: Ra Attn, ARADEO i seh Oe ae ay 
Re ATEI, Viva + 2a — 220°, The other two roots will ‘be 

go A A te ea al is e eR i OE oe: 
Mi a saa ee + VY 221248 a prego Sine om N° 0, and x = 


Oo ee reer nen etn ae 


mt NT) rt 3. NETTI 
a RNA Ve + tti An PEF — ¥ a; the produc 


of which roots will reftore the propofed equation. 


189. But, without having recourfe to the general formule, particular equa- Examples 
tions may be folved independently of them, by making ufe of the given rule, without the 
Thus, for the equation «7 + 244x — 9a? = 0, making a = y + 2, it will be formula. 
aax = 200) + ‘2403; and # — 9? + 3y°2 + 392° + 23; and, fubftituting 
thefe values in the propofed equation, it will be changed into this other, 

I° + 329° + 33% + 23 + 244) + 244z — 943 = o. Of this equation may 


be made thefe two, 32y° + 3zzy = — 244) — 2443, and 9? + 2? = ga’, 
From the firft, by dividing by 2 + 2, we have 32) na — 200, ory = 1 vi 
which, fubftituted in the fecond, gives — — zs z3 = ga’, or 2° — ga’? 
‘sal And therefore-2! = 20° + W 81994 4,45, and z= VIa + Naga 
But it is y? + 2? = ga’, therefore y? = 30° — VIS + 5a, and ea 


VG VIE a8. Butitisy + z= «, therefore x = #29 + V BiG6 4 8 Gb 
+ ¥2a5 — VE + #46, the fame as above. sae. . 
Let the equation be 2° +. 302" — caaz + 243 = o. Let the fecond term 
be taken away, by making 3 = «x — a, and there arifes x3 — 84°x + 64) = 0. 
By comparing this with the third canonical equation, we fhall have. p = 82a, 
= ga*; whence, fubftituting thefe values in the general formula for the root; 


bd . TT a Ni. Le IN IN Nip ugo rara Ci 
It will be x — Y¥— 203 + oY irs — sa +S— 243 — VW E196 — 51798, that 


Is, wm 24 + Vi334° + V— 20° — vi334°, The like for the other 
two roots. And, becaufe it was made z = x — a, by fubtra&ing the quan- 
tity 4 from each of the three roots, we fhall have the roots of the propofed 
equation. | | 

_ Let the equation be 4° — ga’x + 24° = o. This will correfpond to the 
third of the four canonical equations, and therefore it will be p = GQ 49:55 22°: 
therefore, making a fubftitution of thefe values, inftead of p and g in the general. 
id” i | expreflion 
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-expreffion of the root of that third equation, it will bex 97_ @ + IVO EP 


2 RS 
+ — a — V— Le76°; which expreflion is imaginary, inotwith(tanding all 
the three roots are real; as the irreducible cafe requires. 


Redu&ion of. 190. In equations of the fourth degree, we may proceed after this manner. 
equations of Tet the canonical equation be «* * + px’ + gx —7 = o, in which the fecond 


the fourth 


3 
aegree, 


term is wanting ; and if it had not been abfent, «it might have been taken away, 

Let this be transformed into a cubick equation, after the manner explained at 

$ 167, by means of the two fubfidiary formule, 27 + yr +:z = o, and 

à° — gx + 4 = 0; and it will be transformed into 9° + apy* «+ ppy° — qquo. 
| di 

And the two fubfidiary equations, by putting, inftead of # and z, their values 


found from the comparifon of the terms, will become x° + yx + ip + toy 


cad i = o, and x? — yx + tp + ty + da = o. Now, as it is fuppofed 


that this equation has no divifor of twodimenfions, the fecond term muft be taken 


from it by the fubftitution of yy = ¢— jP, and then we fhall have this new 
-equation, # — 1ppf — 2p? = 0. - | 
gif. epr 
a qq + ? 
‘Let this be compared with the firft or fecond of the four -canonical equations 


of § 181, according as 4r is lefler or greater than ipp, that we may have it’s 
.cube-root, which, for brevity-fake, we may call 4, Whence it will be ¢ = 4; 
and, becaufe it was made yy = # — 3p, it will be yy = 6 — 2p, and therefore 


GT AT 


4y = VE=35, which, for brevity, may be called g. In the two fubfidiary for. 
mule put g inftead of y, and gg inftead of yy, and they will be xx + ge 


tee de iper ae = o, and ax — gx + ge + ap + "0 ==) Og the roots 


B. 


«of which are x = — ig + /-—— ip — jgg of the firft, and x = ig 


q 
28 


i | = — ip — igg of the fecond, And, reftoring the value of g = 


NE, they willbe x = — /7T + of (i oe Labini 


Tua Be 5. ip 


Xe Mb medi ul ae — ip — ih, the four roots of the propofed 
nt | 


equation x° % + px* + ge —r = o. 


Let the equation be «* * — 8644x° + 600a'x — 8514* = o. This being 
compared with the foregoing canonical equation, we fhall have p = — 8644, 
q = 600a*, r = 851a*. Therefore the transformed cubical equation will be 


yy — 1724ay* + 10800447? — 3600004°= o. Now, becaufe this is pi 


ae ù 3 Pa 
“at SS igs og 32 Si i ioe iol a eas 
eS a RES, SD ee E = 
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by 9° — 1004* = 0, without refolving it by the rules of cubick equations, as 
we know already the root to be yy = 10044, and y = 104; fubftitute thefe 
values inftead of y and yy, as alfo the values of p, g, in the two fubfidiary 

| equations, they will be x* + 1o4x — 2344 = 0, and x*° — 104x + 3744 = 0, 
and their roots are x = — 54 + V 482, and x = 54 +V — 1222, which. 
are therefore the four roots of the propofed equation. This example is inferted 
only to fhow the ufe of the method ; for the given equation may be reduced to 
two of two dimenfions, after the way already explained in it’s place. 


191. This method of refolving equations can be of ufe ‘only in arithmetical How equa- 
queftions, and not in geometrical: becaufe, in this way, we have the value co baie be 
the unknown quantity expreffed by a cube-root, which it is fuppofed cannot Tira | 
actually extracted ; for, otherwife, the equation would have a divifor, and would acombination . 
not be of the degree it feems to be. Now, to find this cube-root geometrically of Wei. 
cannot be done otherwife than by the interfection of curve-lines; which is the 


fecond manner, and the general one which I have mentioned before, at § 180. 


This method confifts in introducing a new unknown quantity into the equa- 
tion, by which we thall have two equations, each of which ‘contains both the 
unknown quantities, and both of them together all the Known quantities of the 
propofed equation, Thefe two equations are two /oct geometrici, which are 
therefore to be conftructed ; the interfections of which determine the geometrical 
values, or the roots of the equation propofed. And the reafon of this is mani- 
feft. For, as from the combination of two places, or from two indeterminate 
equations, by putting in one of thefe, inftead of one of the two unknown 
quantities, it’s value given by the other equation, there arifes a determinate | 
equation, which determinate equation may be refolved into two indeterminates, | 


Let there be given the two equations ax = 22, and xx — 522 + 240%. 
. BB 


+ 3aa = oO. If from the firft, for example, we derive the value of x = È 
and fubftitute it in the fecond, there will arife the determinate equation . 
2* — 5aazz + 24° + 3a* = o, of the fourth degree. Then, taking the. 
locus to the parabola ax = 22, if we make the fubftitution of the value of zz 
in the equation 2* — 54422 + 245% + 344° 


Fig. 95. = o, there will arife the fecond locus aaxx 
| — 5042° -+- 24% + 34* = o, or a° — ga 
NP Poy + 24% + 34a = o. To conftru& this. 


fecond /ocus, with centre A (Fig. 95.) and 
tranfverfe axis CB = #2, and with the pa- 
rameter = 8a, let there be defcribed the- 
two oppofite hyperbolas BN, CP, which. 
fhall be the /ocus of the equation a% — g2* 
+ 242 + 34° = o, taking the abfcifs z. 
from the point D, which is diftant from the. 
centre A by the quantity 34. towards the. 
vertex C,. | ; 
AA - Rightly: 
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Rightly to combine this with the firt /ocus ax = 23, it is neceffary that the 
origin and the axis, of the unknown quantity x, may be in common to both 
the /oci. And therefore at the vertex D, with the parameter = a, upon the 
axis DO, parallel to the conjugate axis of the oppofite hyperbolas, the parabola 
of the firt equation av = zz fhould be defcribed. ‘This will meet the two 
hyperbolas in the four points M, N, R, P, from which drawing the perpen- 
diculars MI, NO, RV, PS, to the axis DO, they will be the four values of z, 
that is, the four roots of the equation 24 a — saaz* + 20's + 344 = o. 
The two IM, ON, will be pofitive, and the other two VR, SP, will be nega- 
tive. For, as z of the determinate equation, (that is to fay, every one of the 
roots of the fame,) ought to be common to both the /ocz, this can happen only 
in the points M, N, R, P, in which thefe two Zoci interfe& each other. There- 
fore the right lines MI, NO, RV, SP, which exprefs 2, will be the four roots 
of the determinate equation propofed. 


When two of 792. Hence it is plain, that the mearer the points M, N, approach to each 

the roots will other, fo much the lefs will be the difference of the ordinates IM, ON. So 

Mm when one point falls on another, (in which cafe the two curves will no 

when ima. longer cut but touch each other,) the two ordinates become equal, or the 

ginary. equation will have two equal roots, Alfo, if the curves cut each other at the 
vertex, in which place the ordinate 1s nothing, the equation will have one of 
it’s roots equal to nothing. And laftly, if the two curves neither cut nor touch 
in any point, the roots of the propofed equation will be imaginary or im» 
poflible. 


The loci 193. Now, in the introdu&ion of the new unknown quantity, it fhould be 
fhould be endeavoured, that it may be done in fuch a manner, as that the two /oci may be 
i the fimpleft poflible, ir vefpe@ of the degree of the propofed equation, That 
fimplett con- is to fay, if the equation be or the third or fourth degree, the two /oci fhould 
itru&ion. be of the fecond, that 1s, conic fections. And it might be convenient, as any 
one would think, that one of them thould always be a circle, as being the 
fimple(t curve. But it ought to be confidered, that, by determining one of the 
ject to be a circle, the equation to the other /ccus in many cafes may become 
perplexed ; and therefore in fuch cafes I fhould prefer any other /ocus before the 
circle, if it would afford a greater fimplicity. If the equation be of the fifth or 
fixth degree, the two /oci may be one of the fecond, and the other of the third. 
If it be of the feventh or eighth, they fhould be one of the fecond, and one of 
the fourth; or two of the third, firft reducing that of the eighth to the ninth. 


And fo on, obferving the fame analogy, 


Taking, therefore, this equation of the fourth degree, 44 + 2bxu? + -acx? 
— d'dy — aif = 0; affume the equation {I.) xx + 4x = ay, and, by fquaring, 
ir will be x4 + adn? + 2°x* = e%y°, and therefore x4 + 20x3 = d°y? — bx”, 
In the propofed equation let this value be fubftituted inftead of x*.+ 2dx', and 


a . . si : ba 2 
‘there will. arife this other equation, (I1.) yy — —- + — See 
Now, 


hi en ty E 
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Now, putting the value of xx obtained from the firft equation, that is, ay — dx, 
in the fecond term of this, and letting the third term alone, there will arife 


; DE DD b3 
Qi ey ot 


a* ; 
value of xx in the third term of the fame equation, letting the fecond term 


ck — x" — di — of =o Or, fubftiruting the 


alone, there will arifé CV.) » — 2 ee + ey — Sa de dc CG. 
And in this, putting the value of xx, it will be (V.) yy + cy — 22, — LA 


a 
— dx — af = o. Laftly, if from this be fubtra&ed the firft made equal to 
nothing, or wx + dx — ay = o, and then adding it to the fame, there will 
arife from the firft operation (VI. yy + o — 2,5 dieta e Ca 


st Zon — dx — af = 0; and from the fecond, (VII.) yy + cy — ety 


ame OY + xx + be — La +x — de — of = Os. 


194. It is plain, that the fir equation: ts a locus to the Apollonian parabola, Todittinguith 

To diftinguifh the reft, we muft make ufe of the reductions explained at thele lov. 

§ 127, 128, by which we fhall find, that the fecond will be a locus to the 

parabola, when it is 40 = 24; to the ellipfis, when ae is greater than 25; and, 

finally, to the hyperbola, when e is lefs than 45. The third will be to an 

ellipfis, which will degenerate into a circle, when it is ¢ = 4, and the co ordi- 

nates are at right angles. The fourth will be to an hyperbola, which befides 

will be equilateral, if itis è = 4. The fifth will be toa parabola. The fixth 

will be to the equilateral hyperbola. The feventh will be to the circle, when 

the angle of the co-ordinates is a right angle. 


From hence we may make choice of fuch a combination of the two loci, for 
the conftruction of the propofed Problem, as fhall be thought moft con» 
venient. 


195. If the fecond term of the propofed equation had been negative, we Cautions to 
fhould have made xx — dx = ay; and the equations thence arifing would have be obferved.. 
been the tame as before, only changing the fign of thofe terms, in which the 
letter 2 is of odd dimenfions. And if the propofed equation had at firft been 
without the fecond term, I fhould have taken xx = ay. Therefore, expunging 
the terms in which è is found in the other equations, they would have been. 
| fuch as this cafe requires. | 


196. In the propofed equations, the fecond term being + 284%} we-fliould Conftu&ion 
take the /ocus to the parabola xx + dx. =. ay,. father than #* = ay; becaufe of a SI) 
thus the other /oci which arife have not the reGangle xy, and therefore are ene tor 


: example, b 
 conftru&ed with the more eafe. ina ao 


A a2 | E X_a circle, 
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EXAMPLE I. 


ne 


‘Let.the equation be of the third degree, «3 — car + 24° = o. Let it be 


«multiplied by x = 0, to reduce it to the fourth degree; whence it will be 


xt dax° + 20° = 0; which is required to be conftru&ed by means of a 
.parabola and a circle. As the fecond term is wanting, make xx = ay, a /ocus 
to the parabola. Then fubftituting, inftead of x* and x”, their values aayy 
and ay, it will be yy — ay + 2ax = 0; to which adding the firft equation 
ue — ay = o, we (hall have the equation, fy — 247 + 24x + xx = 0, which 
1s a locus to the circle. 


| | With radius BD = «/2aa let the circle 
Fig. 96. | | ADME be defcribed, and make BC = a, 
and alfo the ordinate CA = CB =a. From 
the point A drawing the indefinite line AP 
parallel to ED, and on it taking the abfciffes 
AP =, and making the ordinate PM = w, 
this will be the /ocus of the equation yy — 2ay 
+ 24% + xx = o. Upon the axis AP, on 
which are taken the y’s, with vertex A let 
the <pollonian parabola MAM of the equa. 
tion xx = ay be defcribed, which fhall cut 
the circle in two points A, M; from whence 
the ordinates being drawn, they fhall be the 


+ 24% = o, and two will be imaginary. 


But at the point A the ordinate is nothing, and therefore one of the roots 
will be x = o, as it ought to be; it being now introduced by multiplying the 
‘propofed equation by « = o. Therefore PM will be the real negative root of 
the equation «* — aax + 24° = o, and the other two will be imaginary. If I 
had multiplied the propofed equation by x equal to fome quantity, the circle 
would have cut the parabola in two points out of the vertex, one of which 
would have given me the introduced root, and the other that of the propofed 
equation. 


Now, to fhow that PM is one of the roots of the equation «* — 44x° 
«+ 24°x = o, It may be confidered, that, from the nature of the circle, it is 
FO x OD = 0Mg. But OM = — x— a, EO = y + Y2aa — a, and 
OD=a—y+ 2404, Therefore xx + 20x + ca = aa + 20) — yy. 


Bat, by the equation of the parabola AM, it is xo = ay, and therefore = =. 
Then 


the real roots of the equation x* » — aax* 
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Then fubftituting thefe values of y and yy, and reducing the equation to no- 
thing, it will be xt — aax* + 24° = o, which is the very equation of the 
fourth degree, whofe roots we were to extra&. ee 


197. If we would conftru& the equation x* — aax* + 24% = o by means—By two 
of two parabolas, it would be convenient to make ufe of the equation found Parabolas. 
above, yy — ay + 24x = 0; and the /oczs of this, together with the parabola 
of the equation xx = ay, might determine the roots required. 


Therefore, with parameter = 2a, let 
there be defcribed the parabola MCA, in 
which make CD = %¢. And letting fall 
DA = ta, which will meet the parabola 
in the point A, and through that point 
drawing the indefinite line AP parallel to 
the axis CD; and taking the abfcifs «x 
from the point A, pofitive towards B and 
c negative towards P, and the ordinates 
. PM = y, this will be the locus of the 
iS equation yy — ay + 2ax = o. Then 
3 with vertex A, to the axis AQ: let the 
‘other parabola MAS of the equation xx = ay be defcribed; this will cut the 
firft in the points A, M. And letting fall the perpendicular MP, it will give 
the negative root AP of the propofed equation. And becaufe at the point A 
the perpendicular is nothing, therefore there is no other root; juft as it ought 
‘to be, the propofed equation being multiplied by x = o. 

For, in the parabola MCA, it being CN = — «x + ta, and NM=y— tg, 
it will be, by the property of this parabola, 124 — 2ax = yy — ay + 144; 
and fubftituting the values of y and yy, which are given by the firft equation | 
to the parabola MAS, that is, xx = ay, and ordering the equation, we fhall 
have at Jaft x* * — aax” + 24° = o, which is the equation of the fourth 
degree, of which the roots were required. wages 


fig. 97. 


198. Now, if I had intended to have made ufe of the parabola, and of the —By a para» 
equilateral hyperbola, it would have fufficed, from the fame equation yy — ay bola and an 
+ 2ax = o, to have fubtra&ed the firft equation «x. — ay = 0, and the equation 1qul'ateral 

3 + 2ax — «x = o would have arifen from thence, which is a /oc4s to the equi- 79990" 
lateral hyperbola ; which, being conftru&ed, would have given me the roots re- 
quired, by means of it’s interfections with the parabola of the equation aw = ay, 


199. Finally, if I had defired to folve the Problem by the circle and the — By a circle 
hyperbola, I fhould have conftructed the third equation yy — 20y + 24% + xxand hyper 
= o, a /ocus to the circle, and the fourth equation yy + 24% —— xx = 0, aJocus>o!. 
to the hyperbola, as is feen before; the interfeGions of which foci would have — 
given me the roots required. | 

3 | a 8 200. But, 


*% 
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Thefe equa- 200. But, without multiplying by # the equation propofed, 4° — aax + 205. 


ee | == 0, we might have conftruéted it after the following manner, when we do not 
FUSECE y 


E. choofe to introduce one /ocus rather than another. Make therefore «x = ay, and, 


with ex. . Inftead of «x, put it’s value ay in the equation, and there will arife the equation 
amples. xy — ax + 24a = 0; a locus to the hyperbola between it’s afympcotes. 
Fic, 98. NE 7 _ Therefore let the two indefinite right 


Hes. SR, -Q1), cur. each other. at. right 
angles, and let thefe be the afymptotes of 
the two hyperbolas MM, mm, having the 
‘ conftant rectangle — 264; taking the ab- 
fciffes from the point A, diftant from the 
point B by the quantity 4. At the vertex 
A, to the axis AR, with the parameter 
= a, let the parabola of the firft equation 
xt = ay be defcribed!; it will cur the 
hyperbola MM in the point M. Then 
drawing the ordinate PM, it will be the 
rea] and negative root of the propofed 
equation. 


For, by the property of the hyperbola MM, it will be BP x PM = — 2044 
that is, xy — ax = — 244. And, by the property of the parabola AM, we 


fhall have y = —. Therefore, inftead of y, fubftituting it’s value, and. 
ordering the equation, it will be #° — 444 + 2a? = o, the equation pro- 


- pofed. Di 


In general, all equations of the third degree may always be conftru&ed after 
this manner, without being reduced ta the fourth: by a parabola, and an hyper» 
bola between the afymptotes. 


:EXAMPLE. If 


_. Let there be given the equation of the fourth degree, 2% #« — 50°2"% + 20% 
«+ 3a* = o, which is to be conftru&ted by means of a parabola and a circle. 
Take the equation ax = zz, fquare it, and in the equation propofed, inftead 
of 2* and 2°, fubftitute their values, and there will arife a fecond equation, 
KX «= 60% + 240% + 34a = ©, from whence fubtracting and then adding the 
firft equation zz — ax = o, we fhall have, in the firft cafe, a third equation, 
xx — 40% + 203 + 344 + 22 = 0; and inthe fecond cafe, a fourth equa- 
tion, xx — 6ax + 24% + 344 + zz = 0; which isa /ocus to the circle, and 
therefore I fhall make ufe of it.to conftru& the propofed equation of the fourth 


degree. 
With 
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With radius = 4/74 let there. be de- 
{cribed a circle BMF, and from the centre 
© “towards B taking the. line CL, = . 32, 
and from the point L make LA = 2, per- 
pendicular to the diameter, from the point 
A draw the indefinite right line AP parallel to 
the diameter BF; it will be AP = x, and the 
correfponding ordinates in the circle PM = z. 
And therefore A will be the vertex, and AP 
the axis of the parabola of the equation ax = zz, 
Whence, with the vertex A, axis AP, and pa- 
rameter = a, defcribing the parabola AM, it will meet the circle in four 
points M, from whence drawing the perpendiculars PM to the axis AP, they 
will be the roots of the propofed equation, two being pofitive and two ne- 
gative. | 


‘For, producing PM to D, if there be occafion, it ui be, by the nature of 
the Enele: BD + DF = DM7. But DM ‘= 3 + a, BD=x— 34 + yY7aa, 
and DF = — x + 34 + 4744. Therefore zz + 202 + aa = — xx + 
64% — 244; but, by the nature of the parabola AM, it is ax = zz, and 

g4 


sz —. Therefore, making a fubftitution of thefe values, and ordering the 


equation, and bringing the terms all to one fide, it will be 24 — Saaz” + 24°z 
+b 34* = 0, which is the FANAGIDO propofed. 


EXAMPLE Ill. 


‘Let there be given an equation of the third degree, x? — 344% +- ca? = 0, 
«and let it be multiplied by x + 2a, that it may be reduced to one of the fours 
degree; it will be x* + si — 300%° — ax + 100° = oO, ne 


Take the:equation to a parabola xx + ax = ay, which, by fquaring, will 
become «* + :2¢%* + cax = aayy. Let the value of it’s two firft terms, 


-x* + 20x?, that is, aayy — aaxx, be fubftituted inthe equation, and there will 


arife (IL ) YY — 4X% —— 4% + 1044 =-©. And in this, inftead of xx, fubfti- 
tuting it’s value ay — ax, there arifes (HI.) »y — 4ay + jax + 10aa>O0; 
from thence fubtracting the firft, wx + ax — ay = 0, and alfo adding it, “there 
will arife thefe two equations, (IV.) yy — 3ay + 2a” + 10424 — xe = 0 in| 
the firft cafe, and (V.) yy — 50 + 44% + 1044 + xx = o in the argos 
tor I fhall make ufe of the firft /ocus, and alfo % the laft. 


4 - For 


184 ANALYTICAL INSTITUTTO NS: BOOK I, 


_ Fis, t00. | | o For the conftruction of the laf, let 

“atua L the circle OSN be defcribed, with radius 
OP = +2; and, preducing it to F, that, 
it may be OF = 2a, and at the point F 
erecting the perpendicular FC = FO = 
2a, draw the indefinite right line CQ_ pa» 
rallel to FP. Taking any line whatever, 
CQ = 7, the corre/ponding negative 
ordinates, QS, QN, will reprefent x, and. 
the circle will be the focus of the fifth 
equation. Now take in FC the line 
CB = 44, and from the point B draw the 
perpendicular BA = ta. Then with 
vertex A, and with parameter = a, let 
the parabola NAM be defcribed, which fhall be the /ocus of the firft equation,. 
taking the abfciffes y on the right line CQ, From the points O, N, in which: 
the parabola cuts the circle, raifing the perpendiculars OH, NQ; thefe will be 
the two real negative roots of the equation, x* + 24%? — 34°%° — av + 104% 
= o, of the fourth degree which was propofed. 


And becaufe OH, taken negative, is equal to 24, which is the root intro» 
duced by the multiplication of the given equation into x + 24, NL will be 
the real negative root of the propofed equation 4* — 324% + 54* = o, the 
other two roots being imaginary. | 


For, by the property of the circle OSL, it will be OG x GL = GNy.. 
But OG = y — 2a, GL = ja — y, and GN = — 24- x. Therefore,. 
making the fubftitutions, it will be xx + 4a” + 1044 + yy — say = o. But,. 
from the equation to the parabola NAM, it will be y= È“, and y = 
a> + 24003 + aaxx 

aa 
the circle, it will be at laft 4* + 24x? — 3aaxxe — ax + 104% = o, as it: 
ought to be.. AS | 


; then fubftituting thefe values: of y and yy in the equation to. 


EXAMPLE IV... 


| Let the equation be a° — 4aaxn* — 847° + 82% + 324° = 0; and becaufe- 
it is divifible by a* — 44% + 440; and the quotient x* + aax? + 8atx? + Sax 
+ 824 = o is an equation of the fourth degree, which we thus conftru&; 
take the equation #x + 2a” = ay, of which finding the fquare x* + 44x3 
+ 4a°x? = a’y*, and, inftead of x* + 4445, fubftitute it’s value 447) == 4aaxx 
In 
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in the equation, and there will arife (IL) yy + qxw + 8ax + 822 = 0; in 
which, if we put the value of xx, or ay — 2ax, there will arife (III.) yy + aay 
++ 842 = o, from which, if we fubtra& the fir&, there arifes (IV.) yy + gay 
+ 824 — «x — 2a” = 0; and laftly, if we add the firft to the third, it will 
be (V.) yy + 34 + Sca + ax + 20x o. 


The fecond Jocus is imaginary. The third is a determinate equation, but it’s: 
roots are imaginary. The fifth /ocus is alfo imaginary. But the fourth focus is 
real, and is to an equilateral hyperbola, 


- Jig. 101. To the axis DC = 1142, with centre 
A, let there be defcribed the hyperbolas 
CR, JG. take AB = @,. and det the 
indefinite perpendicular BM be raifed, in 
which take BM = #4; and from the 
point M let there be drawn MQ parallel 
to the axis DC. Taking the #’s from the 
point M upon MQ: the correfponding 
QR or MT will be the y’s, and the curve 
is the /ocus of the fourth equation. Pro- 
ducing QM to N, and making MN = a, 
and drawing NA to the centre of the hy- 
perbola, take NO = a, and with vertex 
0, parameter = a, to the axis OS let the 

«parabola OM be defcribed, which will pafs through the point M. Then taking 
the y’s on MT, and the correfponding ordinates TL = x, this will be the docus 
of the firft equation «x + 24x = ay. But now, as thefe two /ocî can never 
interfe& each other, as is evident, all the four roots of the equation x* + 4ax® 
+ 82°4° + 84% + 8a* = o will be imaginary. Whence the propofed equa- 
tion x° — 4a°x* — 805° + 844° + 324% = o is found to have only two real 
roots, which are equal to each other, being each equal to 24. x 


201. But if, befides, we fhould be willing to conftru& equations of the third — By given 
and fourth degree, not only by the help of conical /oci, which are to be thus bri, ct. 
found, but of fuch of them as may be given, or fimilar to given, foci; which ni Del o 
may be of ufe when a conic fection is given in the ftate of a Problem: It may 
be done after the following manner, fuppefing, however, that the equations of 


the third degree are reduced to the fourth, and that thefe are freed from their 
fecond term, if they have any. | | 


‘Yet I muft here obferve, that though, for the moft part, it may be better to 
be determined to this conical /ocus which already enters into the Problem; yet 
we fhould always have it in view, that the ufe of this given /ocus ought not to 
fuperfede a greater fimplicity of conftru&ion. For, in this cafe, without any 
regard to the given /ocus, it may be better to introduce two. new /oci, ' 


Bb Being 
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Bane willing then to make ufe of given /oci, or fuch as are fimilar to thofe 
that are given, an artifice confits in introducing two indeterminate or general 
quantities into. the equation, and to determine them afterwards as occafion may 
require. ‘Therefore let the equation be z* + abz* — 4402 + a°4 = 0. Make 


PS am a , in order to introduce the firft indeterminate f. Making the fubfti- 
tutions, it will be xt:4 =— i wig HE ee o. Let us take the firît locus 
(1..) 47 fy 0.3 and, fob (litutine the values ‘of x? and x* , there will arife 


the fecond /ocus (II) y° + Li La + _ =o, Lo this let-be added 


ed ey Ate jet ty ha bf Fe “IRSA 
the firft, and He [ball have: (UL) eich wy +9 Mar ae a 
ie to introduce a fecond indeterminate g, let the firft locus be multiplied 


by; Sea and we fhall ode Ei, = 0; which, added to the fecond, will 
give avy Po wy Zt A ft aie = — ity = 0; and, being fub- 


tracted, will give (V.) y? + Ly ui e oe Sy eo. 


a a a 


The firft Zocus and the fecond are to a parabola ; the third to the circle, when 
the co-ordinates are at right angles; the fourth to the ellipfis ; and the fifth to 
the hyperbola. 


Now, let it be required, for example, to conftrué the equation by means of 
a given circle and a given hyperbola. Let us therefore affume the third and 


filth loci ; and as to the third, with radius CG = LV cc — 4ad + bb — 2ab + da, 


Fig. 102. , Ay 


taking CD = i from the point D let 
2a 
af — ed 


2a” 


(fuppofing a to be greater than 4; e it 


fall the perpendicular DA = 


is greater than a,) then from the point A, 
on the right line AP parallel to DG, 
taking the abfciffes AP = «, the corre- 


EI, Xi fponding PM will be the y, and the 
cht | : circle EMG will be the /ocus of the equae 
tion x° — fy + y” + I, Fig 4 
io i =O. 
& 


Ata x à 
RL 
ene A S 


let the circle EMG be defcribed, and, 


muft be raifed the contrary way, When b 


i 
eg È Ri 3 SRI STEN Die RR ERE FR IE, 
A I SEE ala REA E AE RISI A RO SETS PRESO De tm mages pr 


SABOT CAPELLI I OPA 
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As to the fifth locus; to conftruct it and combine ic with the ida cei through 
the point A, the origin of x, produce the right line DA to H, fo that it may 


be AH. = aS 4, and through the points A, H, draw AP, HK, parallel to 
be. Or HK, towards the point L, fet off the portion HI = = , and with 


centre I, tranfverfe axis ‘LA = LV wa + 4a°gd — ab*g — ag3 — 2abg*; (fappofing 


bbg A £ + 2bgg 


cc + 4dg to be greater than ,) let the hyperbola KM be defcribed, 


with parameter KO = LV 1 + qaagd — abbg — ag? — zabgg 3 in which, if it 


be AP = x, PM = y, it will be the /ocus of the fifth equation. From the 
_ points M, in which it cuts the circle, drawing to AP the perpendiculars MP, 


the lines AP, AP, will be the roots of the equation x* + + K° — Lai x + 


| ax 
f= o. And, becaufe it was made z = ——, and x is given, and alfo z, 


ee | J 
they will be the roots of the firft propofed equation. 


But, if we had fuppofed cc + 484 
to be iefs than n x tu the locus 


of the fifth equation would be the hyper- 
bola MM, half the tranfverfe axis of 


which = nai bg + alge + g3 — acc Ni sae a SR) si 
ee. & 

the conjugate femiaxis IK = 

if gno) + 209% + g3 — ac* — gagd 


7 , and the 


parameter KO of the conjugate axis = 
fo wits + 26g¢ + 23 — acc — 4agd 
a 


a 
This fuppofed, to fatisfy the firft condition, that it (hall be a given circle, 
let it’s radius be = 7, and then it would be r = BAe — 4ad + bb — 2ab aay 
from which equation the value of the affumed indeterminate may be derived, 


o f= Se. And then the circle defcribed, EGM, will 
N cc — 4ad + bb — 2ab + aa 


be that, the radius of which is = r. 


Bb2 : To 
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To fatisfy the fecond condition, that the hyperbola may be given allo, let 2¢ 
be the given tranfverfe axis, and p the given parameter. Then it will be 
bbs 4- 03 Bye 20% 
uti L fc > 42a das TALI, ane po SSS 
x | | Cae 7 pe E, 

a 


' 


sie | big + g3 beg 
But it is alfo p =F Je +- 4d¢ — 5 +8. 2558. therefore, inftead of La 


a 
x da : : 29% 
putting its value now found, it will be p = = , from whence we have the 


value of g = ci . And putting this intead of ¢ in the value of /, it will be 
be a . Wherefore the tranfverfe diameter 
ah Atice + 8aptd — 2bbpt — Di — 2abpp 


and the parameter of the hyperbola defcribed (Fig. 102.) fhall be truly the 
given lines af and p; and thus as to the firft cafe. 


Then, as to the fecond, which is when cc + 4dg is lefs than ‘ or 


be + g3 + 2beg 
ee Can 


let the conjugate axis of the given hyperbola be LK = 24, and it’s parameter 


DI : ‘ : Wi: ig fr + 2090 + g3 IR B a 

= > then it will be 24 = ny | Career Marat, See Ade, and qa 

L [8 CRE E 4dg. Whence it will be found, by operating as 
a 


2aqu 


bere, f= 


shane NG sel 2 and g = ©. And the 
3 : i i 
2bbug + 2baqq + i — 4ccuu — Sadug 


hyperbola will have for it’s conjugate axis LK = 24, and for it’s parameter to 
the faid axis KO = g. And thus the Problem will be conftructed by means of 
a given circle and a given hyperbola. 


Now, if the hyperbola fhall not be given, but ought to be fimilar to one 
given; that is, if the axis be to it’s parameter in a given ratio, or as 7 to %; 
becaufe it has been feen above, that the ratio of the axis to the parameter 1s that 
of a to g, it will be fufficient to make the analogy, 4.g +: m.1, and thence 
to have the value of g = —. 

o 17 

By making ufe of the fame method, we may conftru& equations by means 
of any other given /oci, or which are fimilar to thofe given. As, for example, 
‘by means of the aforefaid given circle, and of a given ellipfis, or like to a given 
one, by taking the fourth equation before, inftead of the fifth. | 


E 


cond, will give the third /oc4s, qq 2. Td] — = ay — 25 
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EXAMPLE V. 


De 


Let the equation be x* — ax — aax* — aix — 2a* = o, which it is 
required to conftru& by means of a parabola whofe parameter = 4, and of an 
ellipfis fimilar to one given, whofe tranfverfe axis is to the parameter in the 
given ratio of d to 4. o ae 


Let the fecond term be taken away by the fubftitution of x = z + 1a, and 


the transformed equation will be 2% a — 4aaz? — Ua?x — ifiat = o. 
a e ; pa 4 . . î 

I put z =>» to introduce the firft indeterminate f, and it will be y* — 15/#° 

whe +3 f¥y — sift = o. Now, taking for the firft locus yy = fg to the para- 

bola, and making a fubftitution of the values of y* and y°, we fhall have the 

fecond focus alfo to the parabola, gg — 13/9 — #f) — 22iff = o. Now, 


becaufe the given parabola has it’s parameter = 4, we may here make ufe of 


the firft /ocus, by taking f = a, and therefore it will be yy = ag. And fubfti- 


tuting the value of f in the fecond, (for, the ellipfis not being given, the firt 


indeterminate f, in refpe& of this, is ftill arbitrary,) it will be gg — 4509 
ome ay — 525 aa = oO, ni 


Now let the firft /ocus be multiplied by da, in order to introduce the fecond 
indeterminate g, and it will be ae = 0, which, being added to the fe- 


38 


2 SH — 489 
a + DA 


which is to an ellipfis, | | 3 
For the conftruction of this third locas, 


Fig, 104, . we fhould have the ellipfis MSQ. to de. 
feribe, with the tranfverfe axis SQ = 


OLA ra I RE a 


256£ | 

6.a2¢ 6ag?+ 6493+ 1f 943 
parameter = CLAY SITA 
g CIS 


But, becaufe in this the ratio of the axis. 
to the parameter is that of g to 4, which, 
by the given condition, ought to be that 

| Meri 3 
Of: & to. dy it will berg =. And 
therefore, inftead of 7, fubftituting it’s 

i 

value, . 


sand. wit 
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value, the ellipfis MSQ muft be defcribed with the tranfverfe axis = 


“16a7*bhd? §.7b2d 64a7b3 169a?d3 i 
<7 Vv e _...i and with parameter = 
I x, 71 6atbd? + 176a*5*d + 640253 + 1694343 


Sp b pe 


: d b È 
Now, from the centre C taking CA = a; Be , and from the point A 


letting fall the perpendicular AB la if from che point B be drawn BR parallel 


to the axis SQ; taking any line BR = g, it will be RM = y, and the ellipfis 


4 11. ty ls 53) ~ 481 
will be the /ocus of the third eee 99 —3faq — Gay — 125441 + Ù 
o 

i vertex B, axis BR,. and parameter = 4, let the parabola MBM of fie 
equation yy = 49 be defcribed ; it will cut the ellipfis in two points M, M. 
From which points drawing RM, RM, perpendicular to the right line BR, 


they will be the two real roots of the propofed equation, 


For, by the property of the ellipfis, it will be SP x PQ to PMg, fo is 


Bab 
itfearaniverie axis tothe parameter, But CP = gq — a 2, and there- 
SRI. 71Ca?bd* + 196a2db*> + 64a7b3 + 169a°d3 ; riad + 8ab 
fore, DEve a e e no ar i gee te aed 

ota e riti into 176a7db? + 64a*b3 + 169a7d3 1tad + 8ab 
a aa EPA a * Pune As a ines ee 
And befides, PM = y — Lo . Therefore we fhall have the analogy, 
16a2bd*? +15 6a3b*d + 64078? + 169a7d3 oo 11daq + 8baq 121a2d2-+ 176a? bd +64a7 62 
‘25604* 1 84 256d* : 
13ady Pb gatde 1... I > ea a È 
yy Si reale det 3 .d. And therefore the equation 
595a*bd* cA: Liadg + 8abq __ | fa: 13ad ; 
iù Gi ae Pare ars, ey 39» But, by the equation to the 


parabola, it. is yy = ag. Therefore, fubftituting, inftead of g and gg, their 
values and L. , and ordering the equation, dividing by 4 and multiplying 
11aayg —_ 1343 59544 


the terms by «a, it AI sp e gaits - lena ig DE But, by making 
the fubftitution of x = rake (of. Mmakihe. y= x, fon ot “f,). at-will Be 


zt — ae? — 11483 — 5254* = o, which is the reduced equation; to the 
roots of which adding +4, they will be the roots of the equation propofed. 


It was indeed unneceffary to take all this trouble about an Example, w which, 
by nature, is not folid ‘but plane; for the propofed equation is divifible by 
«x +4, and by x = 24. But, however, it will ferve to fhow the ufe of this method. 
202. Equa» 
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202. Equations of the fifth and fixth degree are conftructed by means of two FRESE 
loci, one of the third degree, and the other a ‘conic fection. weak a 


fixth degrees 


OX AM PIE VE 


fa 


Let the equation be #5 + 44x* — a’ = o. I take the 4pollonian parabola 
xx = ay, and making the fubftitutions, there arifes the fecond /ocas ayy + axy 
— a = 0. si n | 


Hitherto I have not mentioned the conftruction of Joct above the Conic 
Sections, having referved the treating on thefe for the following Seétion ; for. 
thus order neceffarily required. At prefent, therefore, let there be fuppofed, 

i oe and alfo let there be defcribed, a curve 

Fig. 105. with three branches MCH, FE, PNO, 
M whofe equation is xyy + axy — a} = 0, 
in which AB reprefents the x’s, and BC 
the y’s. With vertex A, axis AL,’ and 
parameter = 2, let the pellonian parabola 
RAC be defcribed. It will meet the 
branch MCH in the point C3; and there- 
fore, letting fall the perpendicular CB, it 
will be AB = «x, the real and pofitive- 
root of the propofed equation, and the 
other four will be imaginary. If we defire 
to conftru& the fame equation by means. 
i | of an hyperbola between it’s afymptotes, 
and allo by a locus of the third. degree, make xy = aa, and, by fubftituting, 
it will. be 4° + aax — ayy = 0. 


To axis AB, with abfcifs AB = x, and. 
ordinate BC —=y, let the curve CAN be 
defcribed, which is the /ocus of the equation. 
x? + 44% — ayy =o. And between the 
afymptotes AB, AG, let the hyperbola. 
MCH of the equation xy = aa be de- - 
fcribed, taking the x’s on the fame axis 
AB; this will cut the firft. curve in the 
point C, from whence letting. fall the per- 
pendicular CB, it will.be AB = x, the 
root of the equation propofed. — 


Now: 
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Now I muluply the fame equation by x = o, in order to reduce it to the 
mi ah degree, and I fhall have x° + aax* — 255 = o. ‘I take the fame Jocus to. 
the parabola xx = ay, and, making the Pad there arifes the fecond 

| «locus 33 + ay° — aax = 0, which is the 


Fig: 107. .curve NBAM, taking the abfciffe AP = y, 
and the ordinates PM = x. | 
With vertex A, to the axis AP, with 
parameter = a, the 4pollonian parabola AM 
B 


of the equation «x = ay being defcribed, it 
will cut the faid curve in the vertex A, 
which gives us one of the roots x = 0, the 
fame that was introduced into the equation. 
Befides, it will cut it in the point M, and 
letting fall the perpendicular MP, it will be 
another root of the equation. 


If we defire to make ufe of the firft cubic parabola #3 = aay, make the 
fubRitution in the equation x° + a’x* — ax = 0, and there arifes the fecond 
locus, yy + xy — ax = 0, to the Apollonian hyperbola. 


Fig. 108, On the indefinite line AP let the tri- 

angle ACP be defcribed, being right- 
angled at .C, (fuppofing, ‘if you pleafe, 
the angle of the co-ordinates of the equa- 
ton yy + xy — ax = o to be right,) and 
lett De: AC: CP 2: au; At the centre 
A, with the tranfverfe femidiameter AF = 


avs, with the parameter = # let the 


Apollorian hyperbola FM be defcribed ; 
then from the point F drawing the inde- 
finite line FQ parallel to AC, and taking 
any line FO = % and QM parallel to CP and equal to y, this (hall be the /ocus 
of the equation yy + xy — ax = o. To the axis FL parallel to PC, let there 
be defcribed the cubical parabola NFM of the equation 4? = = 40). Pin will 
«cut the hyperbola in the vertex F, which gives us the root x = o. And from 
the point M letting fall the perpendicular PON FQ; ro will determine 
the other root FQ_of the equation x° + aax* — a°x. 


If our equation had had the fecond term, and if we had defired to make ufe — 
of the cubic parabola, a fecond /ecus of the third degree would have been 
derived. Therefore we ought co make the fecond term to vanifh, or make ufe 
of another locus. | 


8 | tV 
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EXAMPLE VIL. 


Let the equation of the fixth degree be this, *° + ax + av — a° = 0, 
I take the /ocus to the Apollonian parabola xx = ay. Making the fubftitutions, 
«the fecond /ocus will be y# + xy? + aax 
Fig. 109. — 4° = ©, which is the curve CBM, taking 
the abfciffes AP = y, and the ordinates 

PNE 


At the vertex A, with parameter = a, to 
the axis AP, let the parabola MAM of the 
equation xx = ay be defcribed. This will 
cut the faid curve in two points M, M, from 
whence drawing to the axis the perpendiculars 
MP, MP, they will be the two roots of the 
propofed equation, of which one will be po- 
fitive, the other negative, and the four others 
will be imaginary. 


— 203. Equations of the feventh degree are conftruéted by means of two Joci —of the 
of the third, or elfe by one of the fecond and one of the fourth. But, becaufe, oe Ah 
- by multiplying them by the unknown quantity, they are reduced to the eighth 22° oe 
degree, and thofe of the eighth are conftru€ted in like manner by a locus of the 

fecond, and another of the fourth, I {hall content myfelf with giving an Ex- 

ample of thofe of the eighth degree. Ir 


CEKkAMPELE: VIE 


Let the equation of the eighth degree 
be x° + ax’ + ax — a' = o. Taking 
the equation to the Apo/lonian parabola 
xx = ay, and making the fubftitutions, 
there arifes the fecond /ocus x* + xy? 
“+ 49° — a* = o, which is the curve 
GBFCMN, taking the abfciffes AP = y, 
and the ordinates PM = x. With vertex 
A, parameter = 4, and axis AP, let the 
parabola of Apollonius, MAN, be defcrib- 
ed, belonging to the equation xx = ay. 

Cc This 
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This-wilf meet theaforefaid curve in the points ‘-M, N, from which drawing the 
perpendiculars: MP, NQ: to the axis, they will be, the two real roots, one 
pofitive, the other negative, of the propofed equation, and the others are 
imaginary. | | a 


—orofhigher: 204. Here it maybe obferved, that equations of the ninth degree, (as well as 

degrees.. — thofe of the eighth, reduced to the: sun by multiplying them by the unknown. 
quantity,) may always be conftructed by.means of two loci of the third degree, 
making the fecond term to vanith, if it have one. 


2 
es 
bb 


Thus, in general, equations of the tenth degree-may be conftructed by means. 
of a locus of the third degree, and one of the fourth. And, in like manner, 
thofe of eleven and twelve: degrees, obferving to reduce thofe of eleven: to 
twelve, by multiplying them by the: unknown quantity, and by making the” 
fecond term of an equation of the twelfth ‘degree to vanith, if it have any. 
And the like is to be. underftood of equations of higher degrees. 


All equations - 205. Another manner of conftructing equations of any degree may be, by. 
may be con- means of a locus of the fame degree as the equation propofed, and a right line; Di 


ftructed by a. 
Da after the following manner. 


fame degree. Let it be an equation of the fifth degree, «* — x4 + acx? — aadx? i acne 
— af=o. Let the laftterm a*f be tranfpofed, and taking one of the linear 
‘divifors, f, of the laft term, make it equal to z, for example, and divide the 

x? ne bx4 + acx3 — ardx? + abou 


equation by a*; then we fhall have za 


at 
pron ai | On the indefinite line BQ. defcribe 
i E the curve BMDRNLFC of this laft 
a Jae _ equation, taking the x°s from the fixed 
lee | point B. The ordinates PM, SR, &c.. 


will be equal to 3; and therefore, from 
the point B draw the right line BA = fy 
“parallel to the ordinates PM, SR, and 
through the point A. draw the indefinite 
right line KC both ways, and parallel to. 
BQ. From the points in which it cuts 
the curve, let fall the perpendiculars. 
MP, RS, CQ; they will determine the 
ab{ciffes BP, BS, BQ: which are the roots: 
of the equation ‘propofed. Thofe from A towards Q are pofitive, and thofe 
| the contrary way are negative. 


If the tight line AC ‘fhall touch the curve in any point, the correfponding 
abfcifs x Mall denote two equal roots; ee if it meet it in no point, all the roots 
will be imaginary. | 

8 ! If 
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| If the lalt term had had it’s fign pofitive, we muft have made x = — f, 
_ and therefore muft have taken BA = —f that is, below the point B, or on 
‘the negatiye fide, : 


206. This method may be of ufe to verify conftru&tions, which have been Ufe of thie 
-made by the combination of two curves, by confronting with each other the method. 
number of the roots, whether real or imaginary, pofitive or negative, which are 
«found by each. method. pigli, | 


PROBLEM I. 


207. Between two given quantities, to find as many mean geometrical A Problem 
»proportionals as fhall be required. a ee | to exemplify 
PP rh 90 I this method. 

Let the two given quantities be 4 and J, and let x be the firft of the 
‘mean proportionals; they will form this geometrical progreffion following : 

x x3 4 x 2 


a, ty >, => sees &c. Now, if we would have two mean pro- 


as 


portionals, the fourth term of the progreffion muft be 4, and therefore we 
‘fhould have this equation os 5, or x? = 4°. To conftru& this by the 


‘help of a parabola and a circle, I reduce it to the fourth degree, by multiplying 
it by x = o, and then it will be #*t — a°%x = o. Taking the lacus to the 
‘parabola xx = ay, and making the fubftitutions, there arifes the fecond /ocus 
3y — bx = 0, which is alfo to the parabola ; from which fubtra@ing the firft, 
there arifes a third, yy — dx — xx + ay = o, which is to the hyperbola; or, 
‘adding the firft and fecond together, there arifes, laftly, yy — dx + ax — ay 
= o, a locus to the circle, fuppofing the co-ordinates to contain a right angle. 


Pig. 117. : With radius CG = 1432 + 88 let the circle 
OMA be deferibed ; and taking CB = 2a, let 
fall the perpendicular BA = +44, which will 
meet the circle in the point A; from whence 
drawing AQ. parallel to the diameter OG, and 
taking any portion AQ = y, it will beQM=x, 
and this circle will be the docus of the equation 
Sy — bx + &x — ay =o. With vertex A, 
axis AQ» and parameter = a, let the parabola 
xx == ay be defcribed, which will meet the 
circle in the point M ; from whence letting fall 
the perpendicular. MQ, it will be.the root of the 
«propofed equation. .For the vertex of the pa- 

PED 1 rabola, 
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rabola, being in the periphery of the circle, will give the other root x = o, 
which was introduced, and the other two are imaginary. | Lt 


Taking the firft and fecond equation, the Problem will be conflruéted by 
“means of two Apollonian parabolas. ‘Taking the firft and third, it will be con- 
ftructed by means of the parabola, and the hyperbola referred to it’s diameters, 


The fame 208. Without multiplying the equation x? — aab = ©, it may be con- 
otherwife — ftruéted by a parabola and an hyperbola between it’s afymptotes; for, taking 
_ eonftructed. the Jocus xx = ay, and making the fubftitutions, there arifes xy = ad. 


Between the afymptotes NN, QQ; let 
there be defcribed the hyperbola MM with 
the conftant rectangle 42, and let AP be 
the gs, and PM the w’s,.. Jo the axis AP. 
with the vertex A, the parameter = a, let 
the parabola AM be defcribed ; from the 
point M, in which it cuts the hyperbola, 
drawing the ordinate MP, it fhall be the 
root of the propofed equation, | 


The firft of the two mean proportionals | 
being thus found, we have alfo the fecond, 


being equal to the abfcifs AP = y = n : 
A fimpler 209. To find three mean proportionals, the Problem becomes plane; for, 


cafe of the having found, geometrically, that in the middle, which let be m for example, 
fame Pro- the mean between 4 and m will be the firft of the three, and the mean between 
oe mand è will be the third. | | 3 


Carried | 210. Let it be required to find four mean proportionals; then 2 ought to be 

higher. the fixth term of the progreffion, and therefore we fhall have the equation 
a 408; OF N 0 O. | 

PUO ALA. I take the /ocus to the Apollonian parabola 

utes xx = ay, and making the fubftitution, there 

arifes the fecond /ocus xyy -—— aab = o, 


which is an hyperboloid of the third degree. 
T herefore, between the afymptotesQQ; RR, 

let there be defcribed the hyperboloid MN, 

mn, ot the equation xyy = 428, making the 

abfeifs AP = y, and the ordinate PM = x. 

Now, to the diameter AQ; vertex A, de- 

{cribing the parabola of the equation xr=4y; 

and from the poig& M, in which it meets 

the 
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the hyperboloid, drawing the ordinate MP, it Mall be the root of the equation 
x5 — a4d = ©, and the firft of the mean proportionals required; by means of 
which the others may be found alfo. | ur | 


: dr Alfo, the Problem may be conftruîted by means of the Apollonian Conftru&ed 
hyperbola between it’s afymptotes, and the fecond cubical parabola. otherwife, 


| Make therefore aa = xy, the locus to the aforefaid hyperbola; and, inflead- 
of 44, fubftituting it’s value xxyy, there arifes the /ocus «3 = dyy, which is the 
fecond cubical parabola. | Di | 


With the axis AQ let there be defcribed 
| the fecond cubic parabola RAN, in which. 
_ AQ gives the #°s, and QN the y’s. And be-. 
_ tween the afymprotes ST, MQ; let there be 
yi defcribed the hyperbola NN. And from the 
o. point N, in which it meets the parabola, let 
_ the ordinate NQ_be drawn. Then will AQ_ 
be the root of the propofed equation, that is, 
the firft of the four mean proportionals. 


212. To find five mean proportionals the Problem is only cubical. For, Extended to 
having found the middle term geometrically, which, for example, let be 77; higher cales. 
to have the two means between 4 and m, 1s a cubical or folid Problem, as has 
been feen ju now. vi 

It may be eafily perceived with a little attention, that the Problem for finding 
fix mean proportionals may be conftru&ed, either with a Jocus of the fecond, 
and one of the fourth degree, or with two of the third degree. But to find 
feven fuch, having found the middle one, the Problem will be reduced: to. the... 
finding of three. And in the fame way of reafoning, we may go on to greater — 
numbers. 


PROBLEM II. 


Fig. 116. 213. In the circle ABCD, having two chordsThe Voci ex- 
i given, BA, DC, which proceed from the extremitiesemplified by 
of the diameter BD, and the third chord AC beige Pro» ; 
given alfo ; to find the diameter BD. È 3 


Draw the chord BC, and make AB = 2, AC= b, 
DC = c, and the diameter BD = #; and let fall the 
perpendicular BM upon the chord AC.  Becaufe the 
angle in the femicircle BCD is a right one, it will be 
BC = Vax — cc; and becaufe the angles BAC, BDC, 

infift 


2 


coy + aay + dby i zaba. 
€ c 


; ; è ab 
-in the parabola, x = ¢, and in the circle, x = — aa ff 


| 
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infift on the fame arch BC, and alfo the angles M, BCD, are tight angles, the 
two triangles BCD, BAM, will be fimilar. Wherefore it will be AM — eit 
But, by Eucld, i. 13, itis BCg = ABg + ACg — 2CA x AM; therefore 


, that is, x° — cox — ax 


the equation will be wv — cc = aa + bb — 
— vbx + 2ab¢ = 0. 


I multiply it by x, to reduce it to the fourth degree, and thus conftruct it, 
by means of the parabola and the circle. It is then xt — c*x* — a°x° — $x? 


+ 2abex = o. Taking therefore the /oc4s to the parabola, the parameter of 


which is the leaft of the three chords, which let be c for inftance; that is, 
taking wx = cy, make the fubftitutions, and the fecond /ocus will arife yy — 


= o, which is allo to the parabola. To this add the 
firft equation xx — ey = o, and we fhall have finally a /oc4s to a circle, taking 


ai | GO Hie 266 + aa + bb Babe: Ah 
the co-ordinates at right angles, that is, yy — ie È IS+T% + we =. 


Ig. 117. 4 beretore, with yadius,AC = vo i 
ro _ È 2 
(for brevity-fake writing m for tet) 


draw the circle AMBP, and taking CD = m, 
from the point D raife the perpendicular DE = 


5 . : : 
—, which will terminate in the periphery of 


the circle at the point E; and drawing the in- 
definite line EQ parallel to the diameter AB, 
upon this line take any how EL = y, the cor- 
refponding ordinate will be LM = «x, and this 


circle is the Jecus of the equation. With vertex E, axis EQ» and parameter 


= ¢, let the parabola of the equation xx = cy be deferibed. This will cut the 


circle at the vertex in the point E, which will give the introduced root x = o. 


Ic will cut it befides in the three points M, N, P, from whence, to the right 


line EQ letting fall the perpendiculars ML, NR, PQ: they fhall be the three 


roots of the equation propofed, two pofitive and one negative. The firft po- 


five root ML cannot ferve for this Problem; for, fuppofing y = c, it will be 


a 


ATE 4A4 CC. 


But this value of x, relatively to the circle, 1s greater chan ec, if the two chords 


Gs Py be. not equal to each other; and it is equal to ¢, if the two chords be 


sequal. Wherefore the point in the parabola which correfponds to the abfcifs €, 
either falls in M, or falls within the circle, ‘Therefore ML is either lefs than c, 


OF, 


% 
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or, at'moft, 1s equal to ir, and therefore muft needs be Jefs than either of the 
ehords 4, è, and confequently cannot be the diameter of the circle. ; 


The fecond pofitive root: RN will fupply us with the diameter required, 
The negative root QP fupplies us with a diameter for another cafe; that is, 
when the two chords which terminate at the diameter are drawn from the fame 

: fide, as in Fig. 118. For, doing the fame things as 


Fig. 118. dui above, draw lkewife the chord AD. The angle DAB 
> ee 7B. being right, the two angles DAC, MAB, will be equal 


toaright angle. But alfo, the two-angtes MAB, M3A, 


dat are equal to a right angle; therefore MBA = DAC = 
AM, CBD, as infifting on the fame arch DC. Hence the two 
AK triangles CBD, MBA, are fimilar, and therefore MA = 


. babe 


Ty bb 4 aa +, that's? — cont bbe — aa — 2ab¢ 


= 0; the conftruction of which is the fame as the. pre- 


ceding, except that now, the laft term being negative, we mul draw DE 
(Fig. 117.) the negative way, becaufe the axis of the parabola will be below 
the diameter of the cifcle ; and the two. pofitive roots in the firft cafe are 
negative in this, and the negative becomes pofitive. | 


And becaufe the fetond term is wanting in both the equations, it proceeds — 


from thence, that the two pofitive roots in the firlt cafe are equal to the nega- 


tive, and the pofitive in the fecond is equal to the two negative. Hence we 


Jearn that the firft of the three roots, which gave us no folution of the Problem, 
yet however belonged to it, as being the difference of the two diameters. 


PROBLEM IL 


i¥ 4 comi a = x & i 
‘ 


214. The rectangle ACDB being 


O 
un) 


_ from the angle B, the intercepted line EF 
may be equal to a given right line c. 


When a fquare.is given inftead of the 
rectangle ABDC, the Problem is plane, 
and has been already folved in Se&. IV. 
$ 176. But, fuppofing ABDC to be a 

rectangle, 


5 but, by Euclid, ii, 12, it will be CBg = CAg +. 
BAg au 2CA x AM; whence the equation a ce — . 


iven, Another 
vin the fide AC produced to find the point a 
E, fo that, drawing the right line BE 99» 


Li 


. A Problem 


for angular 
feCions, 
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rectangle, it changes the nature of the Problem, and makes it folid. Therefore, 


. making AB = a, BD = 6, DF = x, and repeating the argumentation in the. 


place above cited, we fhall have an equation of the fourth degree, which is this: 


xt —— 20x 4 agg — 2abbe + aabb = 0 
+ bbx? 
— CON" 
To conftru& this by an hyperbola between the afymptotes, combined with a 
circle, I put ad = zx, and making the fubftitutions, there arifes the fecond 
locus xx — 24% + aa + bb == cc — 262 + zz = o, which Is to the circle, 


Between the afymptotes BA, BD, let the hyperbola OM be defcribed, of the 
equation z¥ = 45, which fhall pafs through the point C. Taking any abfcifs 
BP, BN =>; the ordinate will be PO, NM = x, With. centre C,. radius 
equal to the given line c, let the circle OMV be defcribed. This fhall be the 
locus of the equation xx — 24x + aa + bb — cc — 20z + 22 = o. 


From the points O, M, in which this cuts the hyperbola, let fall the perpen- 
diculars OP, MN ; they fhall be the two pofitive roots of the equation. The 
leffer will ferve for the Problem in the cafe propofed, of the angle BAC. The 
greater for the angle ACf. And if the given line c be fuch, that the circle 
cannot reach to cut the oppofite hyperbola mo, the other two roots will be ima- 
ginary. But if it fhall cut it, they will be real and negative, and will ferve for 
the angle ACD. ; 


PROBLEM Iv. 


Fig. 120. | 215. To divide a given angle FCB, or arch 
| PALI FAB, into three equal parts. 


Let H, I, be the points of divifion required; 
then the chords FH, HI, IB, ought to be equal: 
and the arch FAB being given, it’s chord FB 
will alfo be given, which let be equal to 2f. 
Then, drawing the radius CA = r perpendicular 
to FB, which will bife& it in D, it will alfo 
bife& the chord HI, and CD will be known, 
which make = 4. Drawing the radius CK 
| perpendicular to CA, and from the point H 

drawing HL perpendicular to CK, make CL 
= y, and it will be, by the property of the 
circle, HL = Wr, yy. And drawing the radius CH, by the fimilar triangles 


HLC, CDE, we thall have DE = —2—. But, becaufe the angle FHC 
rr — yy 
7 ought 
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ought to be equal to the angle CHI, by the conditions of the Problem, and 
CHI = CED by the parallels FB, HI, and CED = FEH ; then FHC = 
FEH, and therefore FE = FH. But FH = HI = 2y, therefore FE = 2y. 


And the whole line FD = 2y + —L—. But FD = f; therefore 2y + 
7 = = f; and taking away the afymmetry, it will be y* — 6? + 1/0 
Vrr— yy a | 


+ taayy — rryy + frry — {ffrr = ©; or, becaufe rr = f/f + aa, it is 
xy — fy — srry 4 frry — iffrr = o, an equation of the fourth degree, 
which may be conftru&ted after the manner already explained, making ufe of 
fuch conical /oci as fhall be moft agreeable. But this equation is divifible by 
y —f, and the quotient is the equation y? — grry + fr = o, which I {hall 
conftru& by a parabola, and an hyperbola between the afymptotes. Make 
| therefore yy = rz, and making the fubftitutions, it will be zy — iry + iff 
“= 0, an equation to the hyperbola. : 


Fic. 121. 4 tee Make AR so Sepand ABs #£ 
3 Producing AR, AB, each way indefi- 
 nitely, between them, as afymptotes, let 
the hyperbola T’P¢p be defcribed, which 
fhali pafs through the point O. Then 
taking RC = tr, and from the point 
C drawing the indefinite line CI parallel 
to AL, take any line whatever, CL = y, 
and it will be IP = z, and the hyper- 
bola will be the J/ocus of the equation 
zy — ty + +fr = o. With vertex 
C, diameter CM, and parameter = r, 
let the parabola NCH be defcribed ; it 
will cut the hyperbola in three points 
| T, P, N, from whence drawing the lines © 
_ TS, PQ. NM, parallel to AL, thefe fhall be the three roots of the equation, — 


It is plain that the parabola will cut the hyperbola TP in the points T, P, 
becaufe, it being CR = 4r, putting this value inftead of z in the equation to. 
the parabola, yy = rz, it will give us y = +r. But tr is always greater than 
=f> and therefore the ordinate in the parabola, which correfponds to the point — 
R, will always be greater than RO; and therefore the parabola will pafs within © 
the hyperbola. | 


Now, becaufe the circle is given in the Problem, it will be much more 
convenient to make ufe of this for the conftru&ion, by introducing it, firft, to 
be added to the final equation, and that by putting the line HL (Fig. 120.) or 


V tr — yy = % Then it will be DE = 2, and DF = 2y + 2, and 
git Te ae Dds : therefore © 


2a ANALYTICAL INSTITUTIONS, -BOOK Ia 


| therefore the equation is 2y + a gp that is, 273 + ay = fz, a locus to the 


hyperbola between the af ymptotes, 


Fig. 122. Bifecting DF in P, through the point P 
draw the indefinite line PN parallel to AC, | 
and taking QO = 3%, threugh the point O 

draw the indefinite line VA parallel to KC, 
Between the afymptotes PN, VA, defcribe 
the hyperbola whofe rectangle is igf, which 
fhall pafs through the point C; and taking 
the y’s on the line CQ; pofitive towards the 
point K, the correfponding ordinates fhall 
bes 2; and the hy yperbola be the /ocus of the 
equation 22y + ay — fz =o. 


This will cut the circle in four points H, 
R, M, S, from which drawing perpendi» 
Dia HX, RG, MY, ST, to AC, thefe 
fhall be the roots of the equation, three, Fix, RG, MY, politive, and one, 
ST, negative. 


Ii is piain that the root HX, or CL, ferves for the divifion of the given 
arch FAB; and the root YM Fetes for the divifion of FMB, the remainder 
to the whole circle. For, if I had propofed to divide the arch FMB, I fhould 
have had the fame equation, and therefore the fame locus. 


The root RG ferves to no purpofe, but, however, it informs us, that it is 
equal to f, or that by which the equation 1s divifible, which refults from the 
two loci rr — yy = 22, and 2zy + ay — fz = 0; that 1s, the folid aon 
found before. 


Now, to demonftrate it, taking Ow = ta = OQ, the correfponding ordinate I 
of the circle will -be GR = i. Hot wG = PD = of Jlerefote! wR.= 
But the conftant re Ctangle of the hyperbola is taf; therefore the hyperbola will 
«cut the circle in the point R, and therefore it will be the root which correfponds 
to this point. 


The other root TS ferves for’ the divifion of the whole Lr into three 
equal parts, which may be demonftrated in this manner. 


Becaufe FD = RG, the arches FK, KR, will be equal; and therefore, RG. 
being produced to Z, the arches FAB, RMZ, will be equal. Therefore FR, 
er BZ, will be half the difference of the two ches FAB, FMB. But if we 
fhould folve the Problem relatively to the arch BZ, we fhould find the fame 
hyperbola HCS, and ZS would be a third part of the arch BZ, that is, a third 
part of half the difference of the arches FAB, FMB; and therefore BS is a 
| third part of the faid difference. But HB is two-thirds of FAB, and therefore 
ae one-third. 
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one-third of the fum of the two arches FAB, RMZ. Therefore the fum of © 
HIB and BS, that is, the arch HS, will be a third part of the whole circle. 


216. This Problem has been refolved before, at $ 110, but after another Other cafesof 
manner. There it is feen, that, in the cafe wherein the given angle is a ete 
angle, the Problem will be plane. In the other two cafes, of an obtufe or x 
acute angle, we arrived at thefe two cubic equations, 20x*.— 3aax” + 4* = 0, 
and 20x53 + 3aax* — a* = o. | ; 

. But if it be confidered, that in the firft equation, which ferves for the obtufe 
angle, taking x negative, it will be changed into the fecond, which ferves for 
the acute angle ; it will be fufficient to conftru& the equation for the firft cafe, 
becaufe the negative root ot this will give the folution for the other cafe. 


Therefore I multiply the firft equation by x = o, in order to reduce it to 


the fourth degree, and I divide it by 25; then it will become at — 2 
sk A È 
Cabo ee | - 

I take the equation to the parabola xx — E = ay, and fquaring it, it will 

3 4,2 .. ce ; 
be xt — ae aT = aayy. Then, inftead of the two fir& terms, fubfti- 
tuting their value, it will be yy — Di + ao Oo | Flere. initedd of «x, I 
° ° ; i | be ; 3 

fubftitute it’s value ay + ro? and I fhall have the equation yy — a ue 
eT = = 0; to which adding the firlt, ax — sr — ay = 0, it will be 


3, 27% atx a*x Aree : 
finally yy — a aoe aa a + x — ae — ay = 0, an equation to the. 


circle, taking the co-ordinates at right angles. 


Fig. 125. | «MI wb radias OG a a, (making, 
a? + 16abb 27a* + 16a2b? 

as = am,and Te 
= 21,) let the circle MNH be defcribed, 
and taking CD = m, from the point D 
draw DA perpendicular to CD, and equal 
-@ to This will meet the periphery of the 
circle in the point A. Through this point 
A draw AK parallel to RG; and, taking 
any line at pleafure, AK = y, the corre- 
{ponding ordinate will be KH = x, and the 
circle will-be the docus of the equation. 

al) d 2 . Oa 


for brevity, 
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On the right line AD take AI = i , and through the point I drawing LO 
parallel to AK, let there be taken a portion of it, L= eat , and with vertex 


L, axis LO, and parameter = a, let there be defcribed the Apollonian parabola 
ALH. From the point A taking the abfcifs y on the axis AK, the corre- 
{ponding ordinates will be KH = x, and the parabola will be the /ocus of the 
equation «x — 5 = ay; this will meet the circle in four points, A, M, 
H, N. The point A will give the introduced root = o. The three perpen- 
diculars, QM, PN, KH, to AK, will give the three roots of the equation. 
The firft pofitive root, QM, will ferve for the obtufe angle. The fecond, PN, 
which is negative, will ferve for the acute angle. The third, KH, will ferve for 
the divifion, into three equal parts, of that angle which is the difference be- 
tween the given angle and a right angle. | 


Ficsangi | Now, to fhow that this is true, let 
D e << RR the given angle be MAB. Let AH be 

perpendicular to AB; and let us divide 
| i the angle MAF into three equal parts, 
"x Acq Which is the difference between the 
(“gg given angle MAB, and the right angle 

l*. HAB. Suppofe it fo divided by the 

| pe right lines AC, AD, and repeating the 

reafoning of $ 110, it will be AC = CD, and the triangle ACH will be fimilar 
to the triangle DAH, and therefore we fhall have the analogy, CH. HA:: 
HA . DH. Naming the quantities, therefore, as in § 110, AB = a4, BR= b 


and BC = x, it will be RC = x —4, BH = =, CH = x_i, AR= 
Via, HA = Va D AC= Vitae, DH= a & 


+ Vaa + ax — 2h. Therefore, fubftituting thefe analytical values in the 


foregoing proportion, it will be x — = : + Va — bb: —V aa — bb. % 
— 2 + Waa + xx — 2bx. Whence the equation i X d4a—bb = K — a 


xx — A me AA IA: de È zbx 3 which, being reduced, and finally divided 


by aa — db, will be found to be 24x? — 3aaxx + 44 = o, the very equation 
which was to be conftructed. 


Befides the angles lefs than two right ones, which infift on arches lefs than a 
femicircle, and which the architects call Entrant Angles, there are alfo angles 
which are greater than two right ones, and which infift on arches greater than a 
femicircle, and are called Salient ngles. The inclination of the two lines 


AB, 
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A TERS OR | AB, AM, which point towards C, may be 

oe ai di confidered as pofitive, and that negative which 
points towards D. As long as the inclination 
of the two lines AB, AM, fhall be pofitive, 
and fhall point towards C, fo long the angle 
MAB fhall be entrant, or lefs than two right 


D € angles, and fhall infi& upon an arch, BCM, 
lefs than a femicircle. If the two lines A2B, 

| A2M, fhall make a right line 2B2M, the 

3 BY inclination will. be none at all. But if the 


"n i Bb. inclination fhall become negative, the two 
op or lines A3B, A3M, winding towards D, then 
ei 


the angle 3MA3B will be charged into a 

I falient angle, greater than two right ones, and 

will infit-upon an arch, 3MC3B, greater than a femicircle. Therefore the 
trifection of any given angle may alfo include that of a falient angle. | 


Now it is to be confidered, that; as the line AB (Fig. 123.) infifts upon the 
line MAE, whilft it forms the angle MAB, three other angles will confequently 
arife, that is, the entrant. BAE, which, united to the given and alfo entrant 
angle MAB, makes up the two right angles; and the falient angles. MAB, 
BAE, which, united to the correfponding entrant angles, complete the four 
right angles, . [ot uc: 
| Wherefore the three roots of our equation, 24x? — 3aax* + at = 0, ferve 


for. the. trife@tion of all the! fore:mentioned angles. By means. of -the leatt 


pofitive root, the obtufe-angle MABus divided into three equal parts; and, by 
means of the negative, the acute angle BAE, as has been feen. Befides, it has 
been. fhown, that the-greater pofitive root ferves for the angle MAH ; and this 
ferves. alfo to trifect both, the falient angles MAB, BAE. For, indeed, the - 
| falient angle BAE is equal:to:three:right angles, together with the angle MAH, 
The third part, therefore, of ‘the falient angle BAE muft be equal to one right 
angle, together with the third part of the angle MAH ; and fuch is the angle 
CAB. In like manner, the falient angle MAB is equivalent to three right 
angles, taking:away.the angle MAH, or JAE; and confequently cAB will be 
it’s third part, as being equal to the ‘right angle DAB, taking away the angle 
bAc, a third part of the angle AE. a | 


217: Now, to divide the given angle.into.three equal parts, if. I. had madeThe Gui 
ufe of Prob. XIII. $ 108, I fhould have come to the equation x? — 34x° conftrued 
=— 377% + brr = 0; and, multiplying by ax = 0, it is xt — 30x38 — 3rry? another way. 


+ orrx = o. Wherefore, affuming the /ocus to the parabola xx — i0x = dy, 
and doing the reft as ufual, we fhall have another /ocus to the circle, taking the 


2603y + 24brry 3903x + 28brra 


isfentesttai 


90h: o e 


co-ordinates at right angles, This will be yy — 
+ xv = OO. ages : 
be: Thefe 


x 
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| Thefe two /oci being defcribed and combined, will-give the fame conftru&ion 
as in Fig. 125, differing only in the known quantities. For, in this cafe, the 
radius of the circle will be CG = WZ, +22; (making, for brevity-fake, 


653 b 33 bre 1. 
a am, and 32% + 2007 ao en, cand it.will be, CD =m; DA — x; 


BED tae ie 8 bo 
Al == 30,,.and IL = 3% 


ThisProblen 218. From the fame Problem we have a general method for dividing any 
railed higher. oiven arch or angle into as many equal parts as we pleafe. Thus, to divide it 
Srix — 107793 + #5 
i 74 — 10rrax + sat 
x° — sbx* — torrx® + robr?*x? + srtx — br = 0. : | 


into five equal parts, we fhall have this equation, = Ani, 


To conftru& this, I take a /ocus to the Apollonian parabola xx = ry, and; 
making the fubftitutions, there arifes a fecond of the third degree, xyy — sbyy 
— 107XY + 1087Y + 577% — brr = o, thatis, « = Sino tor, 

Therefore, having defcribed the locus 
Fig, 126. of the equation, which fhall be the curve 
| with three branches, Fig. 126, that is, 
HT between the afymptotes RK, BC; 
GMQ between the afymptotes DI, KR; 
and fil, between the afymptotes DF, 
DI; in which, on the axis AV, are the 
y’s, and the correfponding ordinates are 
the x°s. With vertex A, parameter = 7, 
and axis AV, if the parabola of the 
equation xx = ry be defcribed, it will 
meet the curve in five points, O, M, 
T, 7, Q which will determine the five 
roots, or, mn, TV, Si, and PQ; three 
pofitive, and two negative, of the equa- 
tion propofed. : 


—raifed ftill 219. So, to divide an arch or angle given into any greater odd number of 
higher, equal parts, other curves may be found, relative to the degree of the equatien. 
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en 


Se Col 


Of the Confiruction of Loct which exceed the Second Degree. 


220. The Geometrical Loci may be conftructed after two different manners ; Higher Jock 
that is to fay, by defcribing curves exprefling equations which exceed the fecond conftru@ed 
degree ; if we may call that defcribing, in each manner, which is rather tracing tW° WeYS 
them out, fo as to give fome notion of fuch curves. — 


The firft manner of tracing them is, by finding an infinite number of points, 
The fecond is, by means of other curves of an inferior degree, which are 
already defcribed. Thus, a /ocus or equation of the third degree may be con. 
{tracted by means of a'right line and a conic fection ; a Jocus or equation of the 
fourth, by means of two conic fe&ions; a /ocus or equation of the fifth, by 
‘means of a conic fection and a locus of the third degree. And fo on, as far as 
you pleafe. | 


221. Now, as to the firft manner, by an infinite number of points; firlt, —frf, by 
the equation muft be reduced in fuch manner, that one of the two unknown finding an. 
quantities, which fhall feem fittelt for the purpofe, muft be freed from fractions "agri 1 
or co-efficients, muft be of one dimenfion only, and placed alone on one fide soins ae 
of the fign of equality ; which may always be done by the methods explained 
in Sect. II. Then, in refpe& of fuch unknown quantity, (the other being. 
confidered as conftant,} the equation muft be of it’s own nature plane, that is, 


muft not exceed the fecond degree. As, for example, the equation xy + 2427 
‘=, that is, yy + = = xx, which, managed by the rules for affected qua» 


draticks; will give y = crate eit £ 

Equations being given or reduced in this manner, the way of conftructing 
the /ocus, or curve exprefled by it, confifts in giving an arbitrary value to that 
unknown quantity which is included in the homogeneum comparationis ; taking it 
from a fixed point on a right line, which ferves as an axis or diameter, according 
_ as the angle of the co-ordinates is to be a right or an oblique angle.. As in the 


—aat Vet + qa 


ve. da 


equation y = » if we fhould give to x a value at pleafure, by 


8 thas 
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that means we fhould have a congruous value of y alfo. Then, from the ex- 

tremity of the aflumed value of w having drawn the value of y, in the given 
angle of the co-ordinates, this would fupply us with a point.in the curve to be 
defcribed. Another value that we may give to the fame unknown quantity w 
will fupply us with another y, and that with another point in the curve; and 
thus, one after another, by affigning different values to x, we fhall have fo 
many y’s, or fo many points of the curve. Now, the greater the number be 
of thele points, fo much the more exact will be the defcription of the curve, 
and then only we can have it perfectly exact, when we take an infinite number 
of fuch points, at due diftances. | ay 


Theordinates 222. For the fake of greater fimplicity, I (hall at prefent fuppofe, that thefe 
to be at right curves are referred to their axis, or that the angle of the co-ordinates is a right 


pa po aa angle; for, in cafe the angle be oblique, no alteration will thence follow. 
abfcifs. | î 4 | 


An Example 223. For the more eafy underftanding the application of this method, I thall 


of defcribing take a fimple example of a curve already known, that is, of the equilateral 
the curve by al 3h 3 O, 
points. hyperbola yy = ax — da, or y = Vow — aa 


Let A be a fixed point, or the beginning 
of the «’s, to be taken on the indefinite line 
AE. Firft, then, I examine what ordinate 
correfponds to the point A, that is, what will 
y be when a = o. Therefore, fubftituting o 
inftead of x in the given equation, it will be 
found y = + No — aa, OF y is imaginary and 
Impoffible. Therefore, to the point A there 
belongs no point of the curve. By making 
x = ©; if y had not come out imaginary, but 
only o, the curve would have begun at the 
point A. It may be obferved, that as often as 


x is lefs than a, the radical xx — aa will always be negative, and therefore y 
an imaginary quantity. Therefore, making AB = a, to every x lefs than AB 
an imaginary y will always correfpond, fo that there will be no point in the 
curve. I take x = 4a = AB, then y = + Vaa—az = 03 and therefore B 
will be a point in the curve, or rather, the curve will have it’s Origin in the 
point B. I take x= 2¢ = AC, and it will be y =AWV ae — ae = VV 30’, 
pofitive and negative. Therefore make CD pofitive, and Cd negative, each 
equal to V 342, and D and d will be two points in the curve. I take « = 34 
= AF, and it will be y = + W8aa. Making therefore EM pofitive, and 
Em negative, = V 822, and M, m, will be two points in the curve. And 

thus going on continually, by giving other values to x, we fhall have the con- 

gruous values of y. And it is eafy to perceive, that, as the «’s increafe, fo the 
| | 7 3 quantities 
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quantities / xx = 4a will perpetually increafe, that is, the values of y, borh 
affirmative and negative. Thus, the curve will always proceed, enlarging and 
lengthening itfelf both above and below the axis; and, laftly, taking x infinite, 
becaufe, to fubtract a finite quantity from one that is infinite, is the fame thing 


. as to fubtra& nothing; therefore Wx — aa will become V xx, or x, and we fhall 
have y = + x, and y pofitive and negative will be infinite, and therefore the 
curve will go on ad infinitum. i | 


224. And becaufe, in the equation y = + Yaw — aa, the unknown quantity In even 
x is raifed to an even power, that is, to the {quare; if we take x negative, the powers, the 
equation itfelf receives no alteration. Hence it is, that, if we affign negative 18" e 
values to x, or if we take it on the fide of A towards F, the fame curve would biguous. 
be defcribed as before, but in a contrary pofition with it’s vertex H, it being 
AH = AB. And to no-abfcifs x, pofitive or negative, taken between B and 
H, any real ordinate, pofitive or negative, will correfpond ; that is, there will 


be no point of the curve. 


22-6 Now it is plainly feen, that the given curve cuts the axis in no point To find where | 
out of the vertices B, H; for, as x increafes, y always increafes. Neverthelefs, the curve cuis 
it very often happens, that, befides the vertex, they cut it in other points, in the axis. 
which cafe » muft neceffarily become nothing. Therefore, to have thefe points, 
in the given equation we muft fuppofe y = 0, and find the values of x on this 
fuppofition, which will give us the points required. Wherefore, in the equation: 
yy = xx — aa, fuppofing y = o, it will be xx = aa, that is, x = +a. 
Therefore, in the points B, H, only, the curve will cut the axis, and not in 
any other. i | : 


226. If, between the points B, C, other values of x be taken, we thal! alfoThe more 
have the correfponding values of y, that is, other points of the curve between points we 
B and D, as alfo, between B and 4; fo that the more points we have, the more tke, the 
exa& will be the defcription of the part BD, or Bd; but we can never have A gine 
perfect, unlefs the number of thofe points were infinite. And the fame may be 


{aid of any other portion. 


227. Now it is plain, that if either of the two indefinite quantities be madeTo find when 
infinite, and the other be neither infinite nor imaginary, but be either finite ora curve can 
equal to nothing, the firft indeterminate will be an afymptote to the curve, Bave an afym. 
which will correfpond to fome determinate point of the value of the fecond.? 
Therefore, to inquire if a curve have afymptotes, and where they are, it will 
fuffice to make y infinite, and to fee what value for + will then refult from the 
equation. Then, to make x infinite, and fee what value for y will thence refult. 


In the equation y = + xx — aa, making y infinite, it will be Wax — aa = &, 
and therefore xx — 44 = co, or xx = ce, and therefore x is infinite; for the 
root of an infinite fquare muft alfo be infinite. So that y cannot be infinite 

fs He . \ “CEE nE 


a by 
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except when w is infinite alfo ; and therefore the axis of the y’s cannot be an 


afymptote. Making w infinite, / xx — aa will be the fame; for a finite quan- 
tity, added to or taken from an infinite quantity, can make no alteration ; it 
will be now y = + #, or, if x be infinite, y will be fo alfo, and it’s axis 
cannot be an afymptote. 


228. But it is not fo in the equation ay + xy = 64, which we otherwife 


changing the | now to belong to the hyperbola between it’s afymptotes. For, taking y infi- 


equation. 


Cautions to 


be obferved 


nite, the two terms ay + ay will be infinite, and, in refpe& of them, the term 
bb will be nothing, and the equation will become ay + «y = o, and, dividing 
_by y, itis a = — 4; fo that, taking x = —a, the ordinate, which in this 
point is infinite, will be an afymptote to the curve. Then, taking « infinite, 
becaufe the two rectangles ay, xy, having the fame altitude y, are to each other 
as their bafes a, x, the fecond muft be infinitely greater than the firft, or ay will 
be nothing in refpect of xy. Therefore, expunging ay out of the equation, 


. ry bb . CD) e i . 
there will remain xy = 46, or y= —. But x is infinite by fuppofition, 
bb - : ; ; 
therefore y = — =o. So that when y = o, then x will be infinite, and 


therefore is an afymptote to the curve. 


229. But here it muft be obferved, that this way of arguing takes place only 
in the cafe of afymptotes parallel to the co-ordinates, and not otherwife. For | 


1 finding the truth is, the hyperbola yy = xx — aa has indeed it’s afymptotes, but which 

ae tie mor parallel to either of the co-ordinates ; therefore, in this cafe, the prefent 
way of arguing cannot be applied, but there is need of a further artifice; 
which, as it depends on the Method of Infinitefimals, I fhall referve for 
another place. 

To findifthe 230. It remains to inquire, whether the faid curve y = + Wix—aa be 


curve be con- concave or convex towards it’s axis; for which purpofe, we muft take from it’s 
caveorconve* origin any abfcifs AE of a determinate value, and, by means of the given 


towards it’s 
axis. 


equation, we muft find the value of the correfponding ordinate EM. Then, 
taking another abfcifs AC of a determinate value lefs than the former, we mutt 
find the value of the correfponding ordinate CD; and drawing the right line 
BM, which fhall cut CD (produced, if occafion) in I; and the lines AE, AC, 
being known, or BE, BC, and the ordinate EM, by the fimilar triangles BEM, 
BCI, we fhall find the value of CI; and if this be lefs than CD, the curve will 
be concave towards the axis AE, as is plain; but if it be greater, the curve 
will be convex. In the given Example, I take x = AE = 34; then y= 8a’. 
Again; Ftakela = AC ca ae; then. y= GD = 344. Now, becaule 
a/ 8aa 


BE, = 42, BC = e, it will be: CIS a 4/ 24a, that. is, CI lefs than 


CD, and therefore the curve is concave towards the axis AE, 
231; But 
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231. But thefe conclufions are valid only in fuch curves, which have no Further n° 
point of contrary flexure, or of regreffion. But, becaufe thefe have their O 
particular methods, of which, at prefent, this is not a place to treat, we cannot curves, with 
as yet form a juft and complete idea of fuch curves. examples, 


EXAMPLE. I. 


= 


Let the equation be y° = aax, or y = 
Yaax. Drawing the two indefinite lines 
BH, DC, making a given angle BAC equal 
to that of the co-ordinates; in AC, from 
the point A let the x’s be taken, and che. 
y’s upon AB, or a line parallel to AB. 

_Firft, I inquire if the curve paffes through 
the point A or not, that is, what will y be 
when a= 0. But, making x = o, we find 
I ya’ 0, that is, a 0 I herefore 
the curve paffes through the point A. Iin- 
quire further, if the curve cuts the axis AC 
in another point, that is to fay, what is x when y = o, and I find ¥aax = 0, 
that is, x = o. Therefore the curve cuts the axis in no other point but A. 
Make x = AM = 24a, and the given equation will be y = 4143. Therefore, 
drawing MP = 414, and parallel to AB, then P will be a point in the curve. 
.I make x = AC = a, and it will be y = #e.= a; then drawing CN = a, 
and parallel to AB, N will be another point in the curve. And doing this 
fuccefiively, we may find as many points as we pleafe, through which the curve 
of this equation will pafs.  Laftly, make x infinite, or x = co, and it will be 
Jy = Waa X , that is, y is infinite, and therefore our curve paffes on to infinity. 
And becaufe, taking x = o, it is allo y= o, and taking x = ce, it is alfo 
y = ow, the curve will have no afymptotes that are parallel to the co-ordinates. 


Let the line AN be drawn beneath, which cuts in I the line MP, produced 

if neceflary. Now, fince AM = 14, AC = a= CN, it will be MI = ta. 

| Bot MP = #443, therefore MI will be lefs than MP, and therefore the curve 
is concave to the axis AC, 


Fig. 128. 


Now, if we take the abfcifs negative, becaufe in the given equation 
3° = aax, the exponent of x is odd, when x is taken negative it’s fign fhould 
be changed, and the equation will then be y = #— aax; here it is evident, 
that, taking the values of x the negative way, that is, from A towards D, but 
equal to thofe already taken the pofitive way, it will give as many negative 
values of y, equal to the pofitive. Whence the branch AE will be juit the 
lame as the branch AN, but contrarily pofited. 


E 3 E Xe. 
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Fig. 129. Bos dra Let the equation be a? — zyy = o, that 
da : 3 
; | yo ae VE, and let us take the 


z’s from the point A on the axis AC. Firft, 
I inquire if the curve paffes through the 
poibt-As) making. therefore z = so, the 


° . 3 ° 
equation will be y — + v—> {hac 1s, y = 


+ co. Therefore BD, being infinite on 
both fides of A, will be an afymptote to the 
curve. Next, I inquire if in no point the 
curve cuts the axis; and therefore put yo, 


: i ' a3 a3 a3 are 
and the equation will be + V— =o, or —=o0,orz=—, that is, 
Pa 


zo, Therefore AC will be another afymptote. Taking 2 — << —- AE, 
it will be iy =e) sk Vv = +k a, Making therefore EF pofitive and EG nega- 
tive, and each = a, the points F, G, will be inthe curve, Taking 2 = 2¢ 
= AH, it will be yrs v = + V laa. Therefore, making HI pofitive, 


and HK negative, each equal to “taa, the points I, K, will be in the curve. 
Taking new values of z always greater and greater continually, there will refult 
new values of y always lefs and lefs, fo that the two branches, FI, GK, of the 
«curve being in every thing equal and fimilar, will ftretch out on each fide, 
approaching to the afymptotes BD, AC, yet without ever touching tnem, bur 
at an infinite diftance from the point A. . 


As to the negative abfcifs x; becaufe the exponent of z is an odd number, 
if it be taken negative it will be convenient to change the fign of the term 
set È . . a3 
— zyy, and then the equation will be a? + zyy = 0; thatis, y = + Vea 
That is to fay, the ordinate y is imaginary, and therefore on the negative part 
of the abicifs there will be no curve. 


To examine whether the curve be concave or convex towards it’s axis AC, 
I take AC = 34; then it will be CM = W144; and drawing FM, which cuts 
HI (produced, if occafion) in O, and MN parallel to AC, it will be NF = 
a-Ntaa, PI = Viaa — Vitaa. Then making the analogy, MN. NF:: 


' ; a— Jaa 
NEE RD, that 18; eda a ee Ra ille POs pr 


and 


4 
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and therefore, if PO be greater than PI, the curve will be convex towards the 
’ nda o i gi Jaa 
axis AC. This is to be examined thus. If it be PONTI > Vtaa— Vtaa, 


then multiplying by 2, it will be 4 — Wtaa > 2Vtaa — 2W4a4, and 
a + f/taa > 2v4aa, and fquaring, aa + 22V4aa + taa > 244, and mul- 
tiplying by 3, 344 + 6aW4aa + aa > 6aa, and reducing the terms, 6aW ta 
> 2404, and dividing by 24, 3V 442 > a, and, laftly, fquaring, 2aa > aa, or 
3 > I. Now, as this isa true refult, fo it is alfo true PO is greater than PI, 
and confequently the curve is convex towards the axis AT. 


EX AMPLE I 


Let the equation of the curve be y = 


40% + a® — 2x? + aNa3 + Sax sii 
fe On | 
the indefinite right line AB, taking the x°s 
from the fixed point A, and the y’s on 
AD, which makes the angle DAB of the 
co-ordinates ; if it be put x = o, it wilt 
AIA ARA dad 
Dex der 


244 O 
cafes ANTA r —— hi ny 
NT, andy => tW->3 ory = 


ch 


7 Lalas a 


+ 4, and y = o. Therefore, making 
AE pofitive and negative = a, the points 
BA, E, will ‘becin the curve, ; Lo 


find where the curve cuts the axis AB, I put y = o, and therefore 


2 2 2 
+ TE ill ie Bie DR = 0. Then, fquiring and tran{pofing, 
40x + aa — 2xx = + aV aa + 8ax, and fquaring again, 16aaxx + 8a%x 
+ at + 45° — 164° — 440xx = a* + 84x; then, reducing and dividing by 
4%%, it IS 344 —= 44% + xx = o, and refolving the equation, x = + 4 + 22, 
Matis v4, and x =.34. Therefore, taking a AE = 2, india 200 
= 34, the curve will cut the axis in the points F, B. Make x = t¢ = AH, 


È Pi pda 2 aa : 
it will be y= + y eee, therefore the four values of y are real, be. 


caufe 2a/ saa is lefs than saa; which roots are; Sah 24/504, pasa anne 
| i ce 


aa — 2afSaa aa + 2a d: ie 
— da and — Vin The two pofitive roots are 


+ ° 
relatively 


Examples to 
determine — 
when the or- 
dinates are 
real. 
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relatively equal to the two negative; therefore, taking HI = Hi = 


Jf ea eS and HG =He = Jf Sa, the four points, I, G 


g, i, will be in the curve. 


? 


232. As often as the quantity under the common radical vinculum is a 


negative quantity, (for that under the fecond vinculum, or 4/72 + 8ax, cannot 
be negative, the abfcifs being pofitive, as I now fuppofe it,) the ordinate y will 
be imaginary. Now, therefore, that there may be an ordinate, it will be 


4ax + aa — 2xx + av aa + 8ax 
2 


neceffary that it be 4/7 


PET 


In the firft place, I take the fign pofitive of the fecond radical, in which cafe 
the whole quantity will be certainly pofitive, if it be 4ax + aa — 2xx > 0, 
that 1s, 2Xx — 44% < aa, and therefore xx — 24x < taa, and xx — 2ax 
+ ca < jaa, and extracting the root, x — 4 < Waa, or a — x < Vian. 
From the firft root, in which x is fuppofed to be greater than a, 1 infer that it 
muft be x < 4 + aa, From the fecond, in which it is fuppofed that x <a, 
I conclude that it muft be x > a — daa. But, as a — Viaa is always a 
negative quantity, it will be always x > 4 — Via, when «x is taken lefs 
than a. Therefore, taking x lefs than a, the quantity 44% + 42 — 2xx will be 
pofitive, fo that much more the quantity 4ax + a® — 24° + a\/2 4 Ban will 
be pofitive. And therefore, in general, taking x lefs than AF, or a, it will be 


= NY ha + a® — ax% + aW a + 820 


Iii ; s a real ordinate. But, even though 


40% + aa — 2xx 4- av aa + Sax 
2 


40% + dd — 24% Were a Negative quantity, yet 47 


\ . ile ax +aa—2xx + aVaa+8 
may be a pofitive quantity; that 1s, whenever it is pf EAE ONS LY trae 


2 o 
it will be, by fquaring and tranfpofing, aaa + 8ax > 24" — 44 — 4ax, and 
by {quaring again, a* + 9a°x > 4x*— 16ax? + 164°x° — 44°x° + 82îx + a’, 
that is, 4x* — 16ax? + 1244x%x < o, and dividing by 4xx, it is xx — 4ax 
+ 30a < o, and therefore xx — 4ax + 444 < aa, and extracting the root, 
x —2a <a, asalfo 2a — x < a. From the firft root, which fuppofes x to be 
greater than 22, arifes x < 34. Therefore, taking x greater than 22, but lefs 
than AB, or 34, the radical will be pofitive, and therefore the ordinate y will be 
real, From the fecond root, which fuppofes x lefs than 24, I obtain x > 4; 
and therefore, whenever » is greater than 4, and lefs than 22, the radical will be 
pofitive, and therefore y real. But we have feen by the firft, that, taking x lefs 
than a, the ordinate y is real; therefore, in general, the ordinate y will be real, 
if we take x lefs than AB, or 34. 


Taking 
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Taking the fign negative of the fecond radical, it would be 


‘Vi + aa — 2rx — av aa 4- Sax 

2 
av aa + 8ax, and fquaring again and reducing, and dividing by 4xx, it will be 
XX — 440% > — 344, and thence allo xx —= 40x + one > aa, and extracting 
the root, x — 24 > 2, as alfo, 2a — x > a. From the firft root we obtain 
-* > 3a. But we have feen, that x > 34 gives the value of y i imaginary, when 
the fecond radical has a pofitive fign, and therefore much more when it has a 
negative fign. Wherefore, omitting this root, I make ufe of the other, 
24 = % > a, which gives me x < 4. Tecn: taking x lefs than AF, or a, 
the quantity under the common radical vinculum will be pofitive, as well if we 
take the fign of the fecond radical pofitive as negative, and therefore between 
A and F there will correfpond four real ordinates, that is, two pofitive and two 
negative, which are relatively equal to the pofitive. But when w is greater than 
AF, or a, the negative fign of the fecond radical gives an imaginary ordinate, 
and the pofitive fign gives it real; becaufe it is x lels than AB, or 34, and 
therefore between F and B will correfpond to the fame abfcifs only two real 
ordinates, one pofitive, the other negative and equal to the politive ; and beyond 
the point B they will be only 1 imaginary. 


> o, and fquaring, 44% hi GA dn 


Now let the abfciffes be taken negative, that is, from A towards K. In this 
cafe, changing in the equation the figns of all the terms in which the exponent | 


GA — 2XX — 40% + aV aa — Bax 


of x is odd, then y = + Y% ———-———_—_—.._I put x = 0, and 


2 
aa E av/aa 


it willbe y  +V 


» that is, y= +4, andy =o. ‘Fherefore the 

points E, A, E, will be in the curve, as in the firft cafe. To fee if the curve 

then 4/ dA — 2%% — 40% + av aa — 8ax 

fu SE SAE AME CS OEE è SPIE SPIN CTR I 
2. 

fquaring, and tranfpofing, 422 — 2xx — 40% = AV aa — 8ax, and {quaring 


again, and reducing, and ‘dividing by 4xx, it will be xx + 4ax + jaa = O35 
and refolving, a = — 24 +. 


cuts the axis, put y = 0; = 0, and 


Therefore the curve will cut the axis when it is x = o, a divifion being juft 
now made by 4%x; when it is x = — 3a, and when it isx = — 4; that Is, 
by being a negative quantity, on the fide oppofite to this, towards which we 
now take x ;-and therefore only in A, F, B, as has been already feen. Now I 
put x = co, to fee if the curve goes on to infinity, or to the afymptote AK, 
and itisy = + W=2 x oo + V= 8a x o, that is, y is imaginary. I inquire 
then what are the limits of the real ordinates. It is certain that then x Is greater 
than 44; the fecond radical will be a negative quantity, and therefore the 
ordinate y imaginary; fo that x muft not be Taken greater than 14; but in this 
hypothefis, becaufe the whole quantity under the common radical is pofitive, 
taking the pofitive fign of the fecond radical, it will be enough that 44 — 2ax. 
7 | f — 44K. 


6 > NDR ANA LVII CALVI NSTI TRE POs, BOOK I, 


— 4ax be pofitive, that 1s, aa — ax — 4ax > o, and therefore xx + 24x< ta, 
or x < Vi44 — a. But when « is not greater than 4a, and allo < Via4 — 2, 
making then x not greater than $a, the ordinate will be real, Taking the nega- 


4 ; ‘ pos dA — 2404 — ania aa Bax 
tive-fign of the fecond radical, it will be 4/ SB ini 


2 
2 L, 
that is, fquaring and tranfpofing, 44 — 24x — 4ax > aaa — 8ax, and fquaring + 
again and reducing, x + 24 >a. But x + 24 is always greater than a, and | 
therefore, fuppofing x to be taken not greater than +2, the ordinates will always | 


be real, Itake x = 14, and it will be com 4 Ve and therefore, making KM 


È È Jt faa 3 del | n 
pofitive, and KN negative and equal to x » the points M, N, will be in the 


; é | / aa + 128a,/iaa È 
cutvery abitare a ae it will be y= + st ae that is, the 


four values are real, two pofitive, which are relatively equal to the two negative. 


i I 1544. TRAdot 
And, becaufe the fourth proportional of ja, —2—, and 44, or = ao 
v 1284/44 Ngsaa — 128a\/taa 
I 


will have two branches above AK, one concave, and the other convex, and 
alfo two below, like and equal to thofe above, as in Fig. 130, 


EXAMPLE ‘Vv. 


Pigi 197. | Let it be the curve of this equation y = 
— bbax — x3 4 2ax? — aa: 
Ng eta ee in A Herc, “for one 
D * — 2a 
cafe, let 4 be greater than 4, and let the x’s 
Pie: be taken from the point A, upon the inde- 
all os A ye finite line AM, and the y’s upon AD in a 


given angle, or parallel to a given line. 
Making x = o, it will be y = o, and there- 
fore the point A is in the curve. Making 
yo, it will be et. Wat ario 
that'is, 0b” — x? + 2axx — aax = 0, and 
«. dividing by «x, it is bb — xx + 24x — aa 
= o, and therefore xx — 24x + aa = db, and extracting the root,,x — 4 = 
#25 therefore the values of x will be x "2 + dx = 2 — bandi — pi 


becaufe the equation was divided by x. Whence, making AB = BM = a, 
BN 


| 
Î 
G 
| 
da 

F 
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BN = BC = 4, the curve will cut the axis in the point A, as has been already 
feen, and alfo in the points N, C. Making « = AM = 2a, y will be pofitive 
and negative infinite, and therefore there will be an afymptote at M. Put 
x = co, it will bey = + V— «x, that is, imaginary. Therefore the curve 
is not continued to infinity. Now, that the ordinate y may be real, it follows 
that the quantity under the vinculum muft be pofitive ; it is therefore neceflary 
that, the numerator of the fraction being pofitive, the denominator muft be fo 
alfo; and the one being negative, the other muft be the fame. But, that the 
numerator may be pofitive, it muft be bn — #3 + 2axx — aax > 0, or, di- 
viding by x and tranfpofing, xv — 2ax < bb — aa, Therefore xx — 24x 
+ aa < bb, and extracting the root, x — 4 < 4, taking x greater than a; and 
a—x < 5, taking wlefs than 4. From the firft root, x-— 4 < d, we have 
x < a + b. From the fecond, 2 — x < 6, wehavex>a4— d. Therefore, 
taking x greater than 2, it muft be x < 4 +°4; and taking w lefs than a, it 
muft be x > a — d, fo that the numerator may be pofitive. Now, that the 
denominator may be pofitive, it muft be x > 24; and, as it cannot be greater 
than 22, and at the fame time lefs than @ + 4, and than a, the numerator and 
denominator cannot be both pofitive; and therefore between the points N and 
C there will be no real ordinates. If we take x > 4 + 8, the numerator will 
be negative; as alfo, if we take x << 4 — 4. And if we take « < 2a, the 
denominator will alfo be negative. ‘Therefore, between A and N, and between 
-C and M, there will be real ordinates, and the curve will be nearly as in 


Fip. 131. 


Take x negative; changing therefore the figns of thofe terms, in which the 
x3 bby + 20xx +aax 


exponent of x is an odd number, the equation will be y= +y > 


— 20 — x 


bbx — «3 — 2axx — aax 

2a +4 
tive; but, that the numerator may be pofitive, it will be neceffary that 2°x — a? 
— 20% — ax > 0; and, dividing by « and tranfpofing, xx + 24% + aa < 28, 
that is, x + 4<d, and therefore x <d— a. But, if we fuppofe db < a, 
then dò — 4 will be a negative quantity, and therefore it can never be x. <b —a, 
that is, the numerator can never be pofitive. So that the ordinates y will always 
be imaginary, and there can be. no part of the.curve on the fide of the negative 


abfciffes, 7 


that is, yo ty . The denominator will always be pofi- 


Ff ex. 
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BX AM: PAB Bove, 


Let the equation be y? — 247° —aay + 24° 
. 3 — 2 +e i 2 3 ; 
= ay, Chde 8," n° ot TOTTI, 
_ From the fixed point A, upon the indefi- 
nite line AQ, I take the y’s, and on the 
indefinite line AM, or it’s parallel, in the 
given angle of the co-ordinates, I take the 
Woon LIDO oe Os I WIN beat <=, 
that is, x = 00; fo that the curve will ap- 
proach to the afymptote AM. To fee if 
the curve cuts the axis, and where, I put 
x = o, and therefore y3 — 2ay* = aay 
+ 246 = 0; and, refolving this cubic equation, we fhall have three values of y, 
that is, y 0,9 = 2a, and'y = — 4, Therefore, making AB = AD = 
BC = a, the curve will cut the axis in the points B, C, on the fide of the 
pofitives, and in the point D on the negative fide. 


To determine 233. If the equation y? — 2ay* — aay + 24° = o had been irreducible, 
| thefamewhen fo that we could not have had the analytical values of y, we muft have con- 
a eqvations Arudted this equation, and by that means have found the values of y geometri- 
cible. —cally, that is, expreffed by lines, which would have given us the points required. 
And this is to be underftood of any other fuch cafe. Thus, I put y = 32, 
and it will be x = — -.2, that is, the ordinate is negative, and therefore the 


curve paffes below the axis AQ at B, and returns above at C. I put y = o, 


it will be x = 2 = co, and therefore the curve goes on to infinity. It is 


plain that the infinite branch BE will be convex towards the axis AM, the 

branch BC will be concave to the axis AQ, and CF convex, when the curve 

fhall have no contrary flexures. Let us now take the abfciffes y negative from 
— 33 — 2ay” + aay + 2a3 


i A towards D. Then the equation will be x = ee j.-/O8 
pe oe ee Luke yo; then ut will bex = — n dog 
1 


therefore MA, produced infinitely on the fide of the negatives, will be alfo 
an afymptote to the curve. I take y = Za, it will be x = — 254; I take 
y = a, then it will be x = o, and the curve will pafs through D. I take 


y = co, it will be x = => = eo, and the curve above AD will go on ad inf- 
nitum. 
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bilum. +) take y= 34 = AK, then oo aS KP.» ltakey='24— AN, 
then it will be x = 64 = NR. Now, becaufe, drawing the right line DP, it 
will be NT = 4°, and “22 > 64; therefore NT > NR, and the curve in R 
is convex to the axis AK, that is, concave to the axis AM. But, if it go on 
towards the afymptote AV, below AK, it muft therefore neceflarily be convex 
to it, and therefore will have a contrary flexure ; but, to determine this does 
not belong to this place. : 


234. But, if the propofed equation of the curve to be conftruéted {hall tt may be 


involve both the indeterminates raifed to a power higher than the fecond, fo 
| that it cannot generally be reduced in fuch manner, as that it may have one o 
the two indeterminates alone, on one fide of the equation, of one power only; 
then, indeed, the trouble of the operation may increafe, but not the difficulty 
of the method. For, fixing a known value upon one of the indeterminates, 
for example x, we fhall have a folid equation, given by y and conftant quantities, 
which is to be refolved or conftru&@ed ; from whence we fhall have the values 
of y, which will determine fo many points of the curve. Then, fixing upon 
another value for x, we fhall have another folid equation to be refolved or 
conftruîted, which will furnifh us with other points of the curve; and thus 
working from one to another fucceffively, we may find as many points as we 
pleafe of the curve to be defcribed. 


cing points. 


235. But, on this and fuch other occafions, as it is required to refolve and An obje&ior 
conftru& folid equations, as in the fixth Example, it may feem as if we fe]] obviated. 


into what logicians call Cyrculus Vitiofus, becaufe, in treating of Solid Problems, 
I have fuppofed the defcription of curves which are fuperior to conic fe&ions. 
But, upon further refle€tion, the matter will be found to be much otherwife, 
For, if the curve to be defcribed be of three or four dimenfions, the folid 
equation to be conftru&ed will be of the third or fourth order at moft, and be 
performed by means of the conic fe&tions. Therefore, without any circulus 
vitiofus, any curve of three or four dimenfions may be defcribed. If the equa- 
tion of the curve to be defcribed fhall be of five dimenfions, the folid equation 
to be conftructed will be, at moft, of five; and this is done by means of a 
curve of three, and one of two dimenfions. And fo, in like manner, of the 
higher orders ; whence it plainly appears, that there can be no objection of our 
falling into fuch a fallacy, | 


Ff 2 | PRO» 
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Ty ds. (Chg) Love 


Example, for FÎ£. 133» | 236. Having given the femicircle AEB, it is 


determining 

the forms of 
the loci from 
the equation. 


required to find the /ocus of the points M fuch,. 
that, if through every one of them a right line 
be drawn from the extremity of the diameter A, 
which fhall cut the periphery in D, and if the 
lines MP, DO, be let fall perpendicular to the 
diameter, the intercepted lines from the centre. 


CP, CO, may be always equal. 


Let M be one of thofe points, and make 
AB = a AP. = PM 960200, -becaufe at: 
. muft-be CP = CO, it will be OB = AP = x, 
and OD = Vax — ax. And, becaufe of fimilar 
triangles APM, AOD, it will be w. yt: @— x 


ne 
ma? 
db 
LIS 
a 
Pa 
P 

p 
p 
Li 
p 
fi 
yp: 
” 
» 


MAX = 

Seema a Max xx : ra 

+ Vax — xx, and therefore y = —— muciat Issa i ; 
pio Na—% 


» the equation of the curve to be defcribed, which is the Ci/foid of 


or: uni 


> xx 


N ax = xx 


Diocles. 


To defcribe it upon the given figure by various points, it may be obferved' 


that the right line AB is the axis of the w’s, and A is the given point from. 


whence they take their origin. And, becaufe the .y°s are perpendicular to this 


axis, from the point A drawing the tangent AQ; this will be the axis to which. 


the ordinates y are to be referred. Thefe things being premifed, if we make, 
firlt, # = o, to fee if the curve cuts the axis AQ; and, becaufe we find alfo 
y = o, therefore A will be a point in the curve to be defcribed. Make y = o, 
to fee if the curve cuts the axis in any other point. But, becaufe we find: 
x = o, the curve will not meet the two axes in any other point but A.. 


Make # = +2, it will be y.= TRA make x = ta,.it will bè y.=-+4,.and' 
therefore, from the centre drawing CE perpendicular to the diameter AB; the 
curve will pafs through the point E. Make «x = 2a, then y = i and, 


laftly, making x = a, we fhall find y = — = 0, and therefore the tangent 


BR to the circle will be the afymptote to the curve. Taking « greater than 4, 

the quantity under the radical fign in the denominator will be negative, and the 

curve Imaginary. Which being alfo imaginary, if we take # negative, it will 
| | be. 
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be wholly comprehended between the two tangents AQ, BR, produced ix infi- 
nitum, And, becaufe it approaches to the afymptote BR, having no contrary 
flexure, it will neceffarily be wholly convex to the axis AB, and will appear as 
in Fig. 133. ; 


PROBLEM II 


being given, the /oc4s is required. of 
the points M, fuch thar, drawing through. 
every one of them the right: lines AE, 
terminated at the fide BC in the point E, 
‘it may be always. EM.= EB.. 


Let any right line AE be drawn, and 
let M be one of the points required; 
from the point M let fall MP perpendi- 
cularto AB; and make AP= x, PM=y, 
and Abo a, ie will. bee RB a — 


| and AM = Wax + yy». Now, becaufe of. 
fimilar triangles APM, ABE, it will be x. y.:: 2. BE, and therefore BE = 
EM = =. But it is alfo AP. PB:: AM. ME; that is, « .@ — wi: 


WV xx + yy = .; Therefore; ‘ay. => an x V sa + yy, and fquaring, aayy = 


| i AAXX — 2ax3 +. x4 
3: 4: icon 
iS. i SSA x Of ite a 
GaKx 20x38 + x* + aayy aaxyy + xXKYY, nat yy 


And, laftly, fince the root of aaxvx — 2ax? + «4 is as well ax — xx as 
NI mm AY 


N 2ax — XX ; a u N 2ax— xx Do Baie J 


AX — HX 


XX — ax, it will be y = 


——--~- , the equation to the curve which is required. 


N 24% N 


The ordinates y will therefore be pofitive and negative, and equal to each 
other; and the pofitive and negative will correfpond. to the fame abfcifs; and | 
therefore the curve will be both above and below. the axis AB, and will be 
altogether fimilar and equal. | 


From the point A drawing AR perpendicular to AB, which fhall be the axis. 


to which the ordinates y are referred, as AB is the axis of the abicifs x; firft, I 
make 


237. The angle ABC being a. right Another ex»- 


angle, and the point A in the fide AB ample for the. 
) zi fame purpole. . 


‘Another exe 
ample of the 
curve called 
tthe Witch, 
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make x = o, to fee if the curve paffes through A ; ahd, becaufe I find alfo 


y = 0, the point A will be the vertex of the curve. Now make y = o, it 


will be av — «x = o, and therefore x = o, and «a = 4. Hence I find that 
the curve will pafs through the point B alfo. Make x = ta, and it will be 


24 


4 y= Marea it wi 7 cei = 3 
ate bisi ake x 24 and it will be + y TA Make x Ag. 
it will be +y = SR » Make x = 2a, andit will be ty = = =o oo and 


therefore, taking AD = 22, and drawing the indefinite right line SQ. parallel 
‘to PM, it will be an afymptote to the curve. If x be greater than 22, the 


quantity under the radical vinculum will be negative, and therefore the ordinate 


-y will be imaginary, fo that there is no part of the curve beyond the point D. 


It is plain that, between the points A and B, the curve will be concave towards 
the axis AB. And becaufe, beyond the point B, it applies itfelf to it’s afymptote 


Taking «negative, the quantity under the vinculum will be always negative, 
and therefore the ordinate y is imaginary; fo that, on the negative part of the 
abfcifs, there-will be no curve; whence it will be nearly as in Fig. 134. 


PROBLEM III 


LI 


238. The femicircle ADC, on the 

Fig. 135. diameter AC, being given; out of it a 
© point M is required, fuch that, drawing 

MB perpendicular to the diameter AC, 
which fhali cut the circle in D, it may be 
AB. BD :: AC. BM. And, becaufe 


there will be an infinite number ot points 


thofe points is required. 


Let M be one fuch point, and making AC = a4, AB = «x, and BM = gy, 
by the property of the circle, it will be BD = Wax — xx; and, by the con- 
dition of the Problem, it is AB. BD :: AC. BM; that ts, x. “ae — aa 


aw i ax i fn i 
0.9, and therefofe:9.—= arr is Ot So SP db will be the equation of 


the curve to be defcribed, which is vulgarly called the Wizcd, 


8 Becaufe 


~ 


SQ» it will be convex to the axis BD between B and D, provided it has no 
contrary flexure. 3 


that will fatisfy the Problem, the /ecus of 
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Becaufe AB = x, BM = y, the axis of the x’s will be AC; and AQ; pa- 
rallel to BM, will be the axis of the ordinates y. Firft, make a = 0, it will 
be y =, and therefore AQ is the afymptote of the curve. Make y = o, it 


will be 4/74 — x = 0, and therefore x = 4. So that, when it is x = a, the 
curve will cut the axis AC, and confequently will pafs through the point C,. 


_ which will be it’s vertex. Make x = AR = 42, it will be y = 4. Make 


SA = ia, it will be y = gee. Make 2: AW = 42, it will bey 
aN 7 = 1a. Putting « greater than 4, the quantity under the vinculum will: 


be negative, and the curve imaginary. To fee whether the curve be concave: 


or convex towards the axis AC, make this proportion. As CP = 14 (which 
correfponds to x = 34,) isto y = 4V1, fo is CF = 4a, (which correfponds. 
to x = $4,) to a fourth, which will be a x 472. But x = ta gives y = 
av, and 4 x 47+ is lefsthan 2Vt. Therefore the curve will be concave: 
towards the axis AC. But, becaufe of the afymptote AQ; it ought alfo to be 


convex ; therefore it will be partly concave and partly convex, and therefore it. 


will have a contrary flexure, which will be found by the method to be given in. 


it’s proper place. And taking x negative, becaufe the quantity under the 
vinculum will be negative in the denominator, y will be imaginary. Wherefore: 
the curve will be as may be feen in Fig. 138, obferving that this curve has a. 


branch fimilar and equal to the branch CLM, on the other fide of AC, corre-. 


{ponding to y negative. 


PROBLEM Hh. > 


239. The indefinite right line NN being 
given in pofition, and a point P out of 
the fame, the point M is required, fuch 
that, drawing from it to the point P the 
right line MP, the line NM, intercepted 
between the indefinite line NN and the 
point M, may be equal to a given right 
line. And, becaufe there are infinite 
points that fatisfy this demand, the /ocus 
of thefe points is required. . 


From the point P draw the right line PA perpendicular to NN, and the 
right line PM to any point M, which is one of thofe required; and drawing 
the right line ME parallel to NN, make PS = 4, SE = x, EM = y, and let 
SA = 4 be the given line, to which the right line NM is to be equal by the 
condition of the Problem. From the point N draw the right line NO. perpen- 
dicular to EM, and it will be MO = Va And, becaufe of the- 

| | fimilar. 


Another ex». 
ample, being. 
the Conchoid' 
of Nicamedess. 
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fimilar triangles PEM, NOM, it will be PE.EM » NO. OM, that ts 
DAN JAD A ga wn 3 and: theréfore Giang te Ga aw ey, an 
fquaring, xxyy = dex — a4 + 24abx — 2bx? + aabb — bbxx ; and laftly, 
ie aan — KA + 2aaby = 2x8 + a dh aabb > bbax 


-:T e k1 , the equation of the curve to 


be defcribed, which is the Concboid of Nicomedes. 


ae 


Three different cafes may be diftinguifhed in this Problem. That is, it may 
bed = a; it may be 4 lefs than a; “and lalll ly, it may be d A than 4. 
Firft, let it be 2 == a, and the equation will be changed into this following : 
N — 94 + 2a3x — 2ax3 + as 
ea ee eg 
Since it is SE = x, and EM = y, the axis will be NN, to which the y’s 
are referred, and PA that of the’ x’s, the origin of which is at S. Firft, I 
make x = o, to fee if the curve paffes through the point S; and becaufe there 


: a . . . elia . e 
arifes y = + Se, that is, y pofitive and negative is infinite, NN will be the 


afymptote of the curve. I make > = 0, to fee where the curve cuts the axis 
PA, and it will be — x4 + 208% — 24x3 + 44 = o. Now, this equation 
being refolved by the rules before taught, it’s roots will determine the points 
in which the curve meets the aforefaid axis PA. Now the roots of this equa- 
‘tion are four, that is, x = 2. pofitive, and three negative roots equal toi oF 
= — a. Therefore the curve will meet the axis.in two points, diftant from 
the point S by the quantity a. But, becaufe, at prefent, we are concerned only 
with the pofitive #’s, it will be fufficient to confider the pofitive root ; and 
‘therefore the curve will pafs through the point A, it being SA = a, as is fup- 


+ II 


pofed. Make x = ta, it will bey = + ——. Make w = 4a, then y = 
a/ 12544 ì : 
E Sa Let x be greater than a, and the quantity under the vinculum. 


will be dA the firft term, on this fuppofition, being greater than the 
fourth, and the third than «the fecond. Wherefore, taking «x greater than a, 
the curve will be imaginary. It remains to examine whether the curve be 
always convex towards the axis PA ; for it muft be fo in part, becaufe of the 
aly mptote NN. Make :then this proportion: As AE = {a, (which corre- 


f27aa 
2 


{ponds to # = 14,) isto y = , fois Al = 14 to a fourth, which will 


4h 
Ube SEE pv Bat. Alb = 14. correfponds'to saga 4a, randpthérefore to: 9 = 


of 2748 
3 


3 
4/12taa 12644 |: 
ARS Eda Now ve is greater than - 


Oka. | 6 
partly concave towards the axis PA. Confequently it will have a contrary 
flexure, 


s and therefore the curve will be 
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fiexure, as fhali be feen in it’s due place. And, becaufe two equal values of y, 
one pofitive, the other negative, correfpond to the fame value of x, the curve 
will have another branch on the negative fide of y, fimilar and equal to that on 
the pofitive fide; and it will appear as is defcribed in Fig, 136. 


«To defcribe the curve on the negative part of x, it will be neceflary to 
change the figns of thofe terms in which the indeterminate is raifed to an odd 
| N — xt — 208% + 2443 + at 


power; fo that the equation will then bey = & —————__—-____. 


Now, firft, let it be x = o, then y = + =, and therefore NN is full the 


afymptote to the curve on the negative part. Make y = o, and it will be 
— XS — 20% + 20x13 + at = ©, whence we obtain four roots, as above: 
three are equal and pofitive, x = a, and one negative, x = — 4. The nega- 
tive root, which was pofitive in the foregoing cafe, is already fixed in the 
fuperior conchoid, ‘Then the three equal values fignify, that, in the pole, which 
is diftant from the beginning of the x’s by the quantity a, the curve will have 
a regreffion, of which we {hall treat in the Method for Contrary Flexures. 


a = 
Make « = ia; bei y = + vee Make x = 3a, then y = + 


N 5aa 
> iy 


we take x greater than 4, the curve will be imaginary ; becaufe, as the quantity 
under the vinculum is the product of xx — 24x + aa (a quantity always po- 
fitive,) into 44 — xx, which, in this fuppofition, is negative, the whole 
quantity under the radical will be negative, and therefore the ordinate y is 
Imaginary. Now, make this proportion: As PR = #4 (making SR = +4a,) 


is to vee fo is PQ = 3a (making SQ = 2a,) to a fourth, which will be 


sf 308 saa 
6 


Ra 1 o correfponds to SQ = 24a, or to boia; and vie 


/ 3aa 


is lefs than ; fo that the curve will be always convex towards the axis NN, 


fuppofing it not to have a contrary flexure; and it will have two equal and 

fimilar branches; for two equal values of y correfpond to the fame x, one of i 
which is pofitive, the other negative. So that the curve will appear as defcribed - 
in Fig. 136. 


240. Now let > be lefs than 2; the equation therefore will be 5 = ilar cafe 


N gave — x4.+ 2aabe = 2bxi + aabb — bbew 4 i of the fame. 
"O GS es Pe Ceo Ma o, it will be y = 

ab i i i 
E = o. Therefore, in this cafe allo, NN (Fig. 1 37.) will be the 


Gg afymptote 


uh 
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Fig. 137. of. the curve. Make y = o, then a°x* 
— 04 4 20°5x — 26% + aD? — b?x* 
= 0; the four roots of which (that is; 
x = + e, and two equal to each other, 
x = = d,) will determine the points in 
which the curve cuts the axis PA. But, 
at prefent, it will be enough. to confider 
the pofitive value x = @; and, becaufe: 
SA = a, A will be the vertex of the: 
curve. Makex = iz = SE, then:it will: 
N 34a + 12a0 401200 “cir 

PAT seni iS DE 
Make #2 2a°—' SL then'it'willbe y=: 


Vaoda + 6005 + 4506 | 
appt OA AS], Makesthe proportion, AE = te to EM = 


be y = + 


a/ 3aa + 12ab + 1265 zag + 12ab-+12bb 


; fois AI = 12, to a fourth, which will be 


2 3» 
in order to fee if the curve be concave or convex to the axis SA. But, taking; 
| : | VA + 60ab + asbb 
AI = ia, we have SI = 2a, to which correfponds IK = y= a 
A ig Mg Rear ‘  Micsar60ab 44505 
and it is found'to be IV = —— lefs than IK, or aa è 


Therefore the curve will be concave towards the axis SA. But, as it applies: 


itfelf continually to the afymptote NN, it will be alfo convex, and therefore it. — 
will have a contrary flexure.. : | 


It is plain, that, taking the abfcifs beyond the point A, that is, x greater: 
than 4, there will be no curve; for the fecond term of the radical will be 
greater than the firft, the fourth greater than the third, and the fixth greater: 
than the fifth ; and therefore the quantity under the vinculum.will be negative,. 
that is, y will be imaginary.. 


And, becaufe to the fame abfcifs x two equal ordinates y correfpond, one of 
which is pofitive, the other negative, the curve on the fide of the negative 
ordinates will alfo be the fame, and nearly as in Fig. 137. 


To defcribe the curve on the fide of the abfcifs x negative, in the equation: 
I change the fign in thofe terms wherein the power of x is odd, and it is y = 


ie 4 ee b 2b 3 bb _— bb 4 n 
o ci i ML - POR th i cn ii TA ie ans Os. REN a ae cee 


that is, infinite, and therefore NN. fhall be an afymptote. I make y = o,: 
and it will be aaxn — xt — 24400% + 2043 +4 aabb mm bbux = 0; the four 
| roots- 
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roots of this equation, which are thefe two, a = + a, and two equal ones, 
«x = 6, will determine the points where the curve cuts the axis AP. The ne- 
gative root X = — @ gives me the point A, the pofitive root x = @ the point 
m, and the two equal roots w = è give the point P, fo that there will be a 

: . ; : su vr 
node in the curve. Taking PR = SR = 14 = x, it will be y = + T—- 


RI. “Lakme: Toce ie SO e 3 WT Dey 


N gaa — ‘RETI 
+ aan = QH. I make the analogy, PR (34) . RT o 
(21.00 = (Ae si in order to fee whether the curve be concave or 


“a : Naga — bh. 

convex towards the axis PS. But QO (n) is greater than QH 
Mosa = 403 

6 


{ 


follows alfo from it’s approaching to it as an afymptote. 


); fo that the curve is convex towards the axis PS. And this 


Taking the.abfcifs beyond the point m, that is, x greater than a, there will 
be no curve, becaufe the radical aforegoing is the fame as Waa Tax x 
Sx? — 26x +. But, fuppofing x greater than a, the quantity aa — xx will 
be negative, and xx — 22x + 45 is pofitive; therefore the produ& is nepa- 
tive, and the ordinate y is imaginary. Taking the abfcifs beyond the point P, 
that is, x greater than 4, but lels than 2, it will be aa — xx, a pofitive quane 
tity, as alfo, xx — 2bx + bb; therefore the product is pofitive, and the ordinate 
y is real; fo that between Prand m the curve will correfpond, and will form a 
foliate Pxmy, having a node at P; and the curve will have the appearance nearly 


as in Fig. 137. 


241. Laftly, let è be greater than 4; the equation will be the fame as in the A third cafe 
former cafe, and, taking the abfcifs # pofitive, the curve will be alfo fimilar, of the fame, 
Then taking « negative, and fuppofing 


Fig. 138. i y = o, the four roots of the ‘equation, 
that Is, * = + a, and the two equal roots 

NOR x = è, will give, indeed, the fame points, 

os I ren M . AA, m, P, in the axis PA: but the point m 


will be above the point P. And, affuming 
the abfcifs greater than Sm, that is, x greater 
than 4, the quantity aa — xx will be nega» 
tive; and becaufe xx — 28x + BD is po- 
fitive, their produ& will be negative, and 
therefore the ordinate y will be imaginary. 
Therefore the curve will not have the 


Gg2 3 foliate 


The method 
improved of 
defcribing 
curves by 
points. 
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foliate of the former cafe, but will have it’s vertex in m. And, becaufe the 
curve is firft concave, and then convex towards it’s axis PS, as is eafily feen, 
and approaches to the afymptote NN, it will be nearly as in Fig. 138. 


242. This method of defcribing curves by an infinite number of points, 
may perhaps be reduced to a greater perfection, by making ufe alfo of geome- 
trical conftructions. I fhall give fome Examples of it, which may ferve to put 
the matter in a proper light. 


EA ADE Ph Bod, 


Fig. 23%. Let us conftru&, by various points, the curve 


of Prob. I. § 236, which is the Ciffcid of Dim 
ocles, the equation of which was found to be- 


——— , With radius AC = 44 let the 


ae when n a 
= E <- 


Rie Vax — xx 
circle AEBe be defcribed ; and, taking at plea- 
fure AP = x, I obferve that the correfponding 

B ordinate Pf is = Wie — xx Through the 
: point f I draw the diameter fCD, and joining 
the points A, D, with the line AD, the point m, 
in which it cuts the upper ordinate PF, conti- 
nued if need be, will be in the ci//0:4. For, the 
angle in the femicircle AD being a right angle, 
as alfo the angle APM of the co-ordinates, the 
triangles AfP, APM, will be fimilar, and therefore we fhall have the analogy 


fP.AP i: AP. PM; that is, Wax ar & six. Whence it is y = 


NA 
e Q. Ee I. 


PRUTBvvvwvyyy 
o* 


(BLA Ri 


1a 
=» 


2s? 


A ax — XX 


After another manner. Becaufe the triangles PCf, CDO, are fimilar, the 
angles P, O, being right, dnd the angles at the vertex PCf, DCO, are equal, 
and alfo Cf = CD, it will be alfo CP = CO, a property of this curve. 


E X- 
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Oo 


EXAMPLE II. 


Fig. 134. | _ Let the curve be that of Prob. ly. 
§ 237, the equation of whichis + y = 
— 22-22, With radius AB = a let 

N 20% _ NI 
the circle AFD be drawn. Taking any 
boe AP osx, trom the point P draw 
the ordinate PE Ran N 20% — XH 3 and - 
drawing the radius BF, let AHE be 
drawn perpendicular to it. This will 
| cut the ordinate PF, continued if need 
be, in the poini M, which will be in the 
curve AMB required. For, the triangles 
AMP, FMH, being fimilar, and likewife 
the triangles FMH, FBP, the triangle 
AMP will be fimilar to the triangle BFP, and therefore we fhall have PF . PR 


:: AP. PM, that is, Via — x .@—x it, y. Whence we have the 


AX — XB 


‘ propoled equation y = 7= + Oo. Te 

After another manner. Becaufe the triangle AMP is fimilar to the triangle 
AHB; and it has been feen above, that the triangle AMP is alfo fimilar to the 
triangle FPB. Burt the fide AB = BF; therefore it will be alfo BH = BP, 
‘Lert the right line MI be drawn parallel to AB, and then the triangles BHE, 
MIE, will be fimilar. But they will be alfo equilateral to each other, it being 
BH = BP = MI. Therefore it will be EB = EM, which is the fundamental, 
property of the curve propofed. ; 


EX AMP ie IM 


Let the curve to be defcribed be that of 
Prob. III. $ 238, called the Witch, the 


equation of which is y = on an — ae 


» the 
diameter of the circle, being AC = a. 
Take any line at pleafure, AB = x, and . 
draw 
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draw the indefinite lines BM, CE, perpendicular to AC. Then through the 
point D, in which BM cuts the circle, let AD be drawn, which, produced, 
{hall cut CE in E, Through the point E draw a parallel to AC; it fhall meet 
BM in the point M, which will belong to the curve. For, by the property of 


the circle, it is BD = “Za — we, and, by fimilar triangles ABD, ACE, it is 


. PCE MRE es a a/ 40 — A A 
AB 3BD tC MOBS) Bhatds, ae ac tte. CR ai 4 
& 
the equation to the given curve. 


EXAMPLE IV. 


Let the Conchoid of Nicomedes of Prob, 
IV. § 239, be to be defcribed by va- 
rious points. It’s equation is + y = 
b+ x x Vaa — xe } 
5 Pre Poa Make SA = Sa =, 
SP d. With radius SA = a, let there 
be defcribed the circle ABCa, and taking 
at pleafure two abfciffes SE, Se, equal to 
each other, which may be called « pofitive 
and negative, draw the ordinates EB, eC, 


| each of which fhall be = “2a — &x, and 
let them be produced indefinitely beyond the points B, C. Through the points 
S, B, let the right line SB be drawn, and through the point P a parallel to it, 
PM. The two points M, m, in which PM cuts the two right lines EB, eC, 
fhall belong to the curve required; that is to fay, the point M to the {uperior 
‘branch, and m to the inferior branch of the conchoid. 


And as to the point M; becaufe the two triangles SEB, PEM, are fimilar, 
it will be SE. EB :: PE. EM; that is, x. Vag — an 32 OL x +5. And 
b+a x Waa — xx 
—___* 


confequently the equation will be y = » In refpect of the 


upper branch of the conchoid. 


Then, as to the point m; drawing the line SC, the triangle SeC will be 
fimilar and equal to the triangle SEB. For the triangle Pem is fimilar to the 
triangle SEB; therefore alfo it will be fimilar to SeC, and therefore we fhall 
have the analogy Pe. em i: Se. eC; that is, PX. Waa — sad KI 

f box X Vaa > xx x : 
“Whence we have the equation y = ————-—————— 5 which is the very fame 


pero 


as fhould belong to the lower branch of the curves 
Through 
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Through the point S drawing the indefinite line SN parallel to the ordinares 
EM, em, from the conftruction above we fhall eafily obtain the principal pro- 
perty of the conchoid ; which is, that, from the point or pole P, if we draw PM 
cutting the curve in the points M, m, and the line SN in the point N, the 
intercepted lines 72N, NM, between the curve and the indefinite line SN, will 
‘always be of a conftant length, and equal. to SA = SB = 4. For, by the 
contruction, SBMN will be a parallelogram, and therefore NM. = SB. But,. 
drawing NO parallel to Se, the triangles SBE, mNQ, will be fimilar; and 
befides, NO = Se. SE. Therefore it will be mN = SB,.and.confequently 
mN = NM. Ot BE Ds 


243. The conftructions of the three firft Examples come out’ pretty fimple, Improved’ 
there being nothing required to be done, but to draw a circle with a given DE 
diameter, and fome right lines. On other occafions the Conic SeGtions mult be 192% 
admitted, which are fometimes to be defcribed with variable diameters, para- 
meters, and rectangles. But thefe may be taken as conftant, in determining 
one or more points of the curve.. | 


Fig, 140. To give an example of it! Let us con- 

a st ftruct, by points, the curve belonging to this. 
equation xY22x — xx = yy- Draw the circle: 
AHBA, whofe diameter is AB = 24. Take 
at pleafure AD = KB = x; it will be DE = 
KG = V3ax — ze. With parameter DE, to- 
the axis AB, defcribe the 4pollonian parabola 
GFAfeg, and DF, Df, will give the pofitive 
and negative values of y,. making x = ADs. 
And KG, Kg, the pofitive ‘and negative va- 

tues of y, making x = AK. Wherefore 
the four points F, fi G; g, will be in the - 
curve required. By a like method, and by 
varying the value of y, we may determine 
other points. of: the curve.. 7 


244. A fecond manner of conftructing curves beyond the: fecond' degree} ioe 
* will be that mentioned at $ 220, by means of other lines of a lower degree. bolas of 
And, to begin with parabolas of any degree, it may be firft obferved, that the ae ue 
Apollonian parabola is the only one of it’s kind, and is exprefled by the equa- ; 

tion ax = yy. The cubic parabolas are two, that is, aax = 93, and axx = 93; 
Thofe of the fourth degree are three, eÎx = y*, cer = y*, and ax? = y*, 
And, in general, thofe of the degree exprefied by m are in number 2 — 1, 


n —_ nt 77 cono n N, 
and are ax. E ai” YI, vx : = J, an oa Pose and fo on: 
fucceffively, till the exponent of.» is unity, 


Cd 
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The firt cu- 246, All thofe which have x, with unity, for it’s exponent, are called firft. 
bical parabola 


conftruéted. parabolas, Thus, aaxv = y3, av = yi, a wy’, areall firt parabolas. 


To conftru& any parabola of any degree whatever, the beginning muft be 
from the firft cubic parabola aax = 4, | 


Bags Ag Wt , It is plain that this muft have two branches, 
/ one pofitive, the other negative ; for, taking 
x pofitive, y will alfo be pofitive, that is, 
y = Waax, and this will be it’s pofitive 
branch. But, taking « negative, y will alfo 
be negative, or y = Y— aax, (which is no 
Imaginary quantity,) and this will be the 
negative branch, It is evident that thefe 
two branches go on ad infinitum, and are 
concave to the axis AB. 


To proceed to the conftruction. Make 
YY = az; and, fubfticuting in the equation 
aax = y* this value of yy, the equation to 

: the cubic parabola will be changed into 
this, 4x = 2y, which may be refolved into the following analogy, a.zi:y.x. 


This fuppofed, let the parabola of the equation yy = az be defcribed to the 
axis «AD, and let ube DAL -Make “AB i 2, BE = 9,| BD = —ny, 
AC =a. Draw CB, and through the point A draw the line KAF parallel to 
CB; and making AG = BE, draw GE. It will be CA. AB :: AG. GF, 
that is, @. 233 y.«. Whence taking AB at pleafure, the correfponding lines 
BE, or AG, and GF, will be the co-ordinates of our cubic parabola, and F will 
be a point of it. For, in the analogy 4.2 :: y.a, reftoring the value of z, 
or 2. , it will be 4. a $2 9 w, oF the equation y* =- 40%, 

Now, becaufe, when x is taken negative, y will be negative alfo, the analogy 
a.32::y. x will be changed into this following, a.z:: —y.—#; whence, 
Ce a tow be CAL AB ot AV.oVK sthat is sary oe 
and the point K will be in the cubical parabola. The branch AMF will be 
pofitive, and ANIC the negative branch. 


The firft pa 246, Let it be propofed to conftru& the firft parabola of the fourth degree 
rabola of the g3y — y*, This will have alfo two branches, one above the axis, the other 
a below it, becaufe to x pofitive correfponds both y and — y, for the index of 
i the power of 4 is an even number, Thefe two branches will be concave 
towards the axis, and will proceed ir infinitum. To go on to the conftruction. 

I make y° = 442, and, inftead of }, fubitituting this value in the equation 

propofed, we fhall have ay = ax, or a. Bit y.% È 
o 
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Pig. 1425 © | To axis KC let the parabola of the 
G Fe equation y? = 242 be defcribed, which, 

a ie becaufe it is the firft cubic, we know 

teat already how to conftrnét; and let this 

4A: ber OAT Fo walt be AC Se GP x, 

: AR e Sg, and= CD AG (=, 


tet 


KQ = — y. Take AB = a, and draw 
the right lines BC, BK, and through the 
point A draw AF parallel to BC, and AP 
parallel to KB. This fuppofed, it will be 
(Bee AC AG Gba 8,2 1 
y . «3 and the point F will be in the- 
curve-line propofed to be conftructed. 
Fof;-4Lbelng 4. Zulli dad) and 2. — 


BRO TR Li] Yost y ws thatis, da =y° 
=>» it wi be a. =—iiy.w«; that 1s, ye 


But, becaufe when x is pofitive we may take y negative, which in this cafe 
will be KQ, and AK. will be —z, we fhould have alfo BA. AK :: KO 
(= AR). RP; or a. —2:: —y.a Therefore the point P wil allo be in 
the curve 00% =.9%. 


247. Let it be propofed to confrué the firft parabola of the fifth degree, The firt pa- 
a*x = y°. This will alfo have two branches, one pofitive, the other negative, rabola of the 
For, taking x pofitive, y will be pofitive, that is, y = </a*x. Bur, taking ACL 
negative, y will be negative, that is, y = 7/— atx. Thefe two branches go oe eu 
on infinitely, and are concave to the axis AB. ‘To proceed to the conftruction, 
Make »* = az, and fubftituting this value in the propofed equation, it will be 
I Oli: Bayt LNs Ke ae baer oak 


To the axis AB (Fig. 141.) defcribe the parabola of the equation y* = 432, 
and let it be DAE. It being AB = gz, it willbe BE = y, and BD=—¥y, 
Make AC = a, and draw CB, and KAF parallel to it. Then draw the right 
line EFG, and the parallel DVK. This fuppofed, it will be CA . AB: “a 
ie sl, OF Bees” Di ua 4 and the point F will be in the curve to be 


conftracted, . For, itbriap a Bult goagiss allo, ez ov Tt ie 
DA DO Birra IV ni ; E pi n } 
a." 117. a, or g°î = atx, the equation to the curve propofed. 


Now, becaufe, « being negative, y will aifo be negative, the analogy 
@.% 3. y.« will be changed into this, a. 2 1: —y.— x. Wherefore, taking 
AV0= DB, it willbe CA. AB AVE VR Conia Oe ee ee 
Whence the point K will be in the curve propofed to be conftru&ed. The 
branch AMF will be-pofitive, and ANK will be the negative branch. 


H h 248. And, 
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ee pa- 248. And, in general, let it be propofed to conftru& the parabola whofe: 
rabola of any 

a ; 7 so 7 n agi Nom J — 2 : i Eb 
degree con- equation 13 @ x =. .Make-y = a2, and fubftituting this value 
{tructed,. È : 
in the prepofed equation, we fhall ftill have zy = ax. Whence it may be 
perceived, that we may always conftru& any firft- parabola. by means of a. 


triangle, and of the firft parabola of the next inferior degree. 


Confiru@ion 249. Now it will be eafy to go on to the conftruction of the other fucceeding: 
of other fue- parabolas, or thofe of the fecond, third, fourth, &c. of any degree; for thefe 
cecding para= * 1 . i 
ea alfo may be conftructed by the conftruGion of their firft parabolas. 
Let it be propofed to conftrué the fecond cubic parabola, whofe equation is: 
axx = 9. 1 make y* = aaz, and, by fubftituting, inftead of y5, it’s value in; 
the propofed equation, it will be xx = az.. 


To the axis AB let there be defcribed the 
Apollonian parabola AC, whofe equation is xx = az; 
then to the fame axis defcribe the firft cubic para= 
bola of the equation y? = aaz; and it being 
AB 2, i will be BE = ya But, in. the pale 
lonian parabola AC, becaufe AB = 2, it will be 
BC = x. Therefore we fhall always have the 
two co-ordinates x, y, of the fecond cubic para» 
bola. 


dig. 143. 


Let it be propofed to conftru& the third parabola of the fourth degree, whofe. 
equation is ax* = y*. I make #3 = y4 and, by fubftitution, it will be 
x? = aaz. Let this firft cubical parabola x* = aaz be conftructed, and to the 
fame axis let there alfo be conftruéted the firft of the fourth degree, y* = a%z. 
‘he two ordinates of thefe curves, correfponding to the fame abfcifs 2, will. 
give the co-ordinates x, y, of the propofed curve. : 


In the conftruction of all others, of any fuperior degree, we may proceed in: 
the fame method; thefe examples are fufficient, the thing itfelf being very. 
plain. 


Squaring the 960, It only remains to be obferved, that the fecond parabola of the fourth: 
o degree, aaxx = y*, is no other than the Apo/lonian parabola, but redoubled the 
ù Cc vi - è . ° . = . 
plication of Contrary way. For, firft, if it be gar = y*, it will be alfo, by extracting the 
the curve. fourth root, 4/ 44axx = XMax = +y. But Wax = +7; or av = yy, is no. 
other than the equation to the 4pollonicn parabola. Our curve is therefore a. 
common parabola, but redoubled; becaufe the term aaxw is alike generated, 
as well from + ax x «- ax, as from — ax x —- ax; which may be equally 
VETO VIS A-UGAN = A/ Le ag XL Bee As Hus da MANI). 
| Wherefore,. 
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Fig. 144. Wherefore, to negative # will correfpond 

N B real y, and the branch MAN on the negative 
a fide will be perfeAly like the branch BAC on 
the pofitive fide, having refpe& to both the 
exprefions {/aaxxe = Vaw = + yy. But 
the Jpoilonian parabola has no branch ‘on the 
negative fide ; for, putting « negative, it will 
be V— ax = +7; fo that the curve will 
be imaginary. | 


If we raife the equation av = yy to the third power, the curve correfponding 
to the equation a°x? = y® will be no other than the pollonian parabola only. 
Raifing the equation av = yy to the fourth power, the curve correfponding to 
‘the formula a*x* = 3° becomes the common parabola redoubled the contrary 
way. And, in general, if the power to which the formula ax = yy is raifed 
fhall be even, the 4pollonian parabola redoubled will exhibit the curve; if the 
power be odd, the common parabola will be fufficient. 


The fame do&rine may be applied to all firlt parabolas and hyperbolas, 


2 : > Ere Re AI Me z= : 
whofe canonical equations are @ ‘x = y, taking for # any integer number, 
affirmative or negative. This being raifed to an even power, the proper curve 


of the new equation will be the parabola or hyperbola aT'x = y” redoubled 
the contrary way. If the power be odd, the reduplication vanifhes, and there 


4 . . : NI 2 
- will remain the fimple genuine curve of the equation @ «x =y. 


251. From the conftru&tion of parabolas of any degree, we may go on to Conftrugion 
the conftru&ion of hyperbolas alfo of any degree, ui e: 
1010Se i 
_ The hyperboloids of the third degree are two; that is, a? = xxy, and 
43 = xy. Let it be propofed to conftru& the hyperboloid ef the equation 
a? = x%y. ‘This curve will have two branches which approach to afymptotes ; 
both of them will have their ordinates pofitive, but the abfciffes in one will be 
pofitive, in the other negative. 


To conftru& it, make xx = az, and, by fubftitution, it will be aa = 2y. 
Between the afymptotes AM, AG, (Fig. 145.) deferibe the hyperbola FQ of 
the equation aa = zy. Then taking AG = 2, it will be GF = y; then from 
the point G, at half a right angle, let be drawn GB, and it will Be AB = 
AG = 2. To the axis AB let there be defcribed the parabola CAE of the. 

: A i ! . equation 
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equation 42 = wx, and drawing the ordi- 
nates BC, BE, and the indefinite lines CK, 
EP, parallel to BA, it will be AH — BE 
= x. And drawing FK parallel to GD, it 
will; be. HP. = GF .= y; In the fame 
manner, ut will be AD seBCe=: — y. 
DK =; and the points P, K, will be in. 
the curve propofed, È : 


Fig, 145. 


I forbear to give the confiru&ion of the 
equation 4° = xyy, becaufe it is the very fame 
curve, only the co-ordinates have changed 
thietn places, 22: . 


—af higher 252. Let there be propofed an hyperboloid of the fourth degree, and let it’s 

hyperboloids. equation be «* = xy. This curve will have two branches, which apply to 
afymptotes, in one of which x will be pofitive, and y pofitive, and in the other 
x will be negative, and y negative. 


Fig, 146. Put x? = 442, and, by fubftitution, 
we fhall have zy = aa. Between the 
\ afymptotes MF, TG, produced indefi-- 
nitely, let the hyperbola of the equation 
zy = aa, or ER, KO, be defcribed.. 
ven wii wil be AT) 2 Pree 
AM =— 3, MK = —~y. From the 
point F, at half a right angle, draw FG, 
to which let MT be parallel, and it will 
be AG 2° AP i= z, and’ AT = AM 
2 — 2. To the axis TG let be de- 
fcribed the cubic parabola SAH of the 
equation «* = aaz, and it will be AI = 
di a ONG AD SES AT 
Whence, drawing the right lines EC. KV, parallel togAT, it wall be IC soy. 
and PV = —y, and the points C, V, will be in the propofed curve. 


Here, alfo, I omit the conftruction of the equation a* = xy?; becaufe, only 
changing the places of the co-ordinates, it is the fame as before. Alfo, I omit 
the conftruction of the equation 44 = xxyy, becaufe it is reduced to the Apol= 
lonian hyperbola. | 


253. Let the hyperboloid of the fifth degree be propofed, and, firft, let the 
Other Pe equation be a = xy. ‘This will have two branches, which approach to 
firu@ed.  afymptotes; in one of which, taking x pofitive, y will alfo be pofitive.. In the 
| other, taking x negative, yet, however, y will be pofitive. ti dle 
SVIAKG: 
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ya Wiake dn -a'z; then, fubfliturme, sit will be ice = ey, Between the 
afymptotes AG, AM, (Fig. 145.) defcribe the /polloman hy perbola FQ of the 
equation 44 == zy; LI taking AG = Z; it willkibe GE =». From the p Ro OInE 
G, at half a right angle, draw the right line GB, and it will be AB = AG = 2. 
ae the axis AB defcribe the parabola CAE of the ad ae Wes Al. and | 
Wee bea Bhs JAR. se ay BC = AD. =); and, drawing FK parale lel to 
GD, and Oki EP, perpendicular to the fame, it will be HP = DK = GF 
= y, and the points P, K, will be in the curve propofed. 


Let 45 = x*y° be another equation of the hyperboloid of the: fame Ca 
this will have two branches, becaufe to the fame pofitive a. will correfpond two 
ordinates y, one pofitive, the other negative... Gentes: 


Make «? = aaz; then, fubftituting, it 
will be a3 = ud Between the pu: np! totes. 
DM, CN, let there be defcribed the hy per- 
boloid te FV, of the equation a = 2y’, 
and making AH Be AR li will 
be Fis PR AB ov the agis 
PH let there be defcribed the cubic para- 
bola AS of the equation «* = 442, and. 
from the point B draw BQ at half a right 
angle, and raife the perpendicular QS: 
then it wiki per AQ z QS =e 
Through the point Sk draw the right line 
OT parallel to the afymptote NC, which 
may meet the produced lises HI, PK, in the points T, O. Then, it being 
AH = y, it willbe HT = x, AP = =—y), Pie di land the points Dang Oss 
will be in the curve propofed. . 


The conftruétions of the other two equations, 4° = x%?, and 45 = xy*, will 
be after the fame manner, only making the co-ordinates to change places.. 
And by the fame artifice may all the hyperboloids of any degree be eafily. 
conftructed. 


254. It may be obferved, that all the firft parabolas, which are | defcribed Obfervation 
about one and the fame axis, will cut one another in the fame point. For, A DE forms» 
taking for every one of them the fame abfcifs x = a, they will all have Ch parable 
fame correfponding ordinate y = 4; which could not be, except they all cut pi 
in the fame point. 


255. Alfo, the parabolas of higher dimenfions (meaning higher than the firft, ) —of higher: 
tend firft to arrive at the point of fection, above thofe of an inferior deoree, I 
approaching nearer to the tangent of the vertex, and after the fection ‘they a 
approach to the axis, thefe more than thofe. For, in the Apollonian Avene 
it being y = Zax, in the firft cubic, y = “aax, in the firft. of the fourth 

degree. 
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degree, y = &/a*x, and fo of; if we take x lefs than a, then Wax will be lefs 
than #aax, and this will be lefs than {/a5x, and fo on. But, on the contrary, 
taking w greater than a, it will be #/4x greater than #zax, this greater than 
% @x 3; and fo on. 


After the fame manner, and for a like reafon, the hyperboloids (meaning alfo 
the firft,) all cut one another at the vertex, and thofe of higher dimenfions tend 
after the point of fection between thofe of lower dimenfions and the afymptote 
in which the x°s are taken.. And on the part of the afymptote, parallel to y, 
the inferior tend within, between thofe of higher dimenfions and the afymptote. 


‘Curves of 256. There remains now to conftru& fuch equations as have feveral terms, 
‘feveral terms in which I fhall diftinguith three cafes. Thofe of the firft cafe I call fuch, which 
ree have one term only, in which the indeterminate y is found, and that of one 
Ahree cafes dimenfion alone. Of the fecond cafe are thofe, which have one term only in 

which y is found, but that raifed to any power. Thofe are of the third cafe 


which have many terms in which y is found; and that raifed to any power. 


CAS Eh APRA M PLE. I 


An example Pig, 148. C 257. Let it be propofed to conftru& the 
‘of the firlt | ETRO ‘curve of this equation a* — x* = a*y, 
«cale. Make y = ¢ — g, by which the given 
equation may be refolved into thefe two, 
it = aR Fo the'axi AB let 
the parabola MAC of the equation x*= 489 
be defcribed ; and it being AD = g, it 
will be DH = «x, DF = —x. But, by 
the afnattonadi ogni its 5 45 and 
7 therefore, taking AB = 2 = 7, it will be 
| N f = q =. Whence, taking at pleafure 
any abicifs BSy= DH «== «,.and BO. = 
DF = — «, the lines SH, OF, parallel to BA, will be the correfponding 
ordinates of the curve propofed, which is one portion of the fame parabola of 
the fourth degree. | 


EX. 
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EXAMPLE I. 


258. Let it be propofed to conftrué& the curve of the equation xt + ax ay, Another’ 
By the rules already known, we may perceive this-curve to have three branches, example» | 
two infinite and pofitive, and one negative, together with a maximum, which at 
prefent we can take no notice of; and the axis will be cut in two points. 

ARRE, Make y = 3 + ¢, whence we may have 

evo equations, a* s'e”; and ix? = aat.. 
To the axis AB let the parabola MAD of. 
the equation x* = 45 be defcribed; and 
tocco AP = aye willebe ED: AF. 
—w. Through the fame point A let the 
cubic parabola CAP of the equation x° =aat 
be deferibed, and PE = # will correfpond 
to the fame x. Whence, it being AE = a, 
it will be PE + ED=23+4#2= y, mak- 
ing PD parallel to AF. Whence it may. 
be feen, that, taking « pofitive, the ordi- 
nate y increafes in infinitum.. 


Fig. 1496. 


Fig. 150 Then, taking x negative, ¢ will be nega. 

é | ‘| tive, and confequently y= 2 — 4 Let 
AG se negative, dbewili De GMs =" 2, 
Gi = 2, whence.) = MEL negative x and 
among all the values of MT, there will be 
a greateft. Taking ax = — a, it will be 
GM =.GT, whence 9; ae..0... Taking: « 
negative, and greater than a, it will be 
GM — GT, a pofitive quantity ; whence 
y will be pofitive, and will increale ad infi-. 
nitum. The curve will be nearly of the. 
form of Fig. 150, taking x from the point Ay. 


dr 


ESA Mib bi Bw. 


2:59.. Let it be propofed to conftruct the- curve of the equation x* + ax? Another ex. 
— aax° = a*y, This curve will have four branches, two pofitive and infinite, ample to the 
two-negative and finite. It will cut the axis in two points, and will touch it in fr cale. 

> One. : 
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one, Tr will have two negative mawima, &c. as will be known by the rules to 


è 
he co-ordi- 


nates may 
make any 
ang lee 


‘pe delivered in their due place. 


Me TRL Put y = — g, and make the two 
Nico , equations x* + .ax* = 4°, and — xx = 

: — 49. The curve of the equation xt + 

ax* = a'z we know already how to con- 
ftru& by help of this method, and let it be 
CBADG (Fig. 151.) 5 A dich taking 


Vo AK Sy pofitive, it will be sie uo 
NT Taking x negative = AP, it will be 2 


negative = PB; taking x negative and 
greater than AO, it will be 2 pofitive. 
To the axis AN let the parabola TAH of 
the equation xx = aq be defcribed. Ic 

B being then AK = «x pofitive, it will be 
® 3 KH = g, and GH = z—gq = y, which 


«will increafe in infinitum as x increafes in infinitum, In the point F it will be 


z = q, and y == 0. Between the points F and A, g will be greater than zi 
whence x —q will be a negative quantity, and y negative, and there will be a 
vegative maximum, In the point A, it will be z=o,g=0; oe =o. Taking 
x negative equal to AP, it will be z = BP, and negative; whence y is always 
egative. Between the points A and O there will be a meximum BQ; whence 
there will be a greateft g negative. Lane x negative and greater than AO, 
z will be politive, but lefs than qs whence y is negative. Taking x negative 
and equal to AM, it will be z = 9g, and y = o. Taking x negative and 
greater than AM, it will be always z greater than g; whence it will be ds 
y pofitive 27 infinitum.. 


If the equation fhould more abound in terms, the fame ines might be 
ufed; and, though the conftruction in this cate. might become more com- 
pounded and perplexed, yet, however, the method would ftill obtain. 


We might conftru& the laft equation in a different manner, by making 
yz +2 — 9, and thence deriving three equations, xt = a*z, #° = dat, 

— XX = + ag, and, by means of thefe three auxiliary curves, we ‘might pro- 
ceed to the conftr udion of the principal curve; but I omit this for brevity. 


260. Perhaps, in thefe confructions, and in the few that follow, it may feem 
neceffary that the angle of the co-ordinates fhould be a right angle, it being © 
always fuppofed to be fuch, But it will appear, after a little reflection, that 
this angle may be as we pleafe ; ; efpecially if we give a little attention to the 
angle of the co-ordinates of the fubfidiary curves introduced, relatively to the 


angle of the co-ordinates of the curve of the given equation. 


CASE 
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CASE IL EXAMPLE IV. 


Bs i x F fl sent DI tm The fecond 
261. Let it be propofed to conftru& this equation, « J ax ha PE eR 


| t | t f= I Poa x ; i; t conftrufted. 
&c. =>. Make y =@a 2, and fubfticuting this value inftead of y, the 


, ; : dk, Cn SMS M 1— tA i—1 : 
©Cofiation will be « dina bene. ae 2. By the method: of 


the firft cafe, this curve may be conftru&ed ; then defcribe the parabola of the 
| 9 SA id È 


‘ e z {om J . 4 i ys z 
equation y = 4 2, and we fhall have the relation between w and yin the 


propoled equation, 


CASE ll. EXAMPLE V. 


262. Let it be propofed to conftruct the equation x oO ee bx: , 8c. = The third 
RES cafe con- 
y? +; &c. Make y? + 35, &c. = 2; then, by fubftitution, the equation ftruéted, with 


a general 


will be x° + ax° + bx’, &c. = x. By the method of the firft cafe, each of “@™P'* 


thefe two auxiliary curves may be conftructed to the fame axis, in which z is 
to be taken; and we (hall have the relation of the two co-ordinates x and y of 
the curve propofed. | 


263. Hitherto I have confidered only thofe equations which have their"ro feparate 
indeterminates feparate ; fo that, when the indeterminates are involved withthe indeter- 


each other, the rules hitherto given cannot take place. RR tia aa when 
INvoivede 


In thefe cafes there is need, either by the common divifion, or by the ex- 
traction of roots, or by a congruous fubftitution, or by other expedients, to 
contrive a feparation of the faid indeterminates. As, if we had the equation 
daxa + x* 

i a3 + axx * 
And, if the equation were aaxy + xxyy = x* + at, making the fubftitution of 


i x . o o ; 
z= 1 we fhould have the equation az + aazz = x* + 24, in which the 


ay + ax’y = a°x° + x*, dividing by a3 + ax’, it would be y = 
x 5 vy di 


indeterminates or unknown quantities are feparate, 


The propofed. equations being thus prepared, we may proceed to their - 
conftruction in the following manner. | | 


Li ST E X. 
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Example of 264. Let the equation to be conftruéted be yo CE TE» Make atx® + af 


the conftruc- as + ax? 
‘ee ma. 3 s e ° 3 
3 ofthefe = 2°). Make alfo a? + ax? = a*t; and fubftituting thefe values in the equa» 


‘ tion propofed, it will be y = a , thatis, ¢.p ira. 


The propofed curve will have two branches, which ftretch out ad infinitum. 
Pofitive y will correfpond to x either pofitive or negative. 


Fig. 152. > _ To axis HD let the curve LAC of the 
| equation azxx + x* = a*p be defcribed 5 
and, taking AD=%, it will be DC =p 
= AB. Take AF = a= AM, then with 
vertex F to the axis HD, let the curve 
PFE. of the equation 4* + ax* = a’t be 
defcribed ; and, taking AD = x, it will 
be DE ==7. Whence, it’ being DC’ p;. 
and DE = #, draw EG parallel to AD, 
and from the point G draw GH at half 
a right angle, and it will be AH = 4 
From the point C draw CB parallel to DA, 
and draw the line BH, to which let MK be 
| parallel, It being AD = x, it will be 
AK = y; for, becaufe of fimilar triangles AMK, AHB, it will be AH. AB 


7: AM. AK; that is, ft, pira AK = sae — y, Whence, drawing KQ _pa- 


rallel to the axis, the lines AD, DQ. will be the two co-ordinates of the curve 
propofed. To obtain the other branch of our curve, it will fuffice to take x on. 
the negative fide, and to repeat the fame conflruction on the contrary part.. 


EOC AMER TL, Evil. 


Anotherlocus 265. Now let it be propofed to conftru& the other equation: a°xy +. x’y? = 
conftruéted. 44 + g*, which, being managed by the rules for affected quadratick equations, 
| . . i : : XY? 
may have the indeterminates feparated. Or, by the fubftitution of z = —, 


it will be reduced to a?z + aazz = a* + a°% This equation may De da 
. Itructe 


SECTiNe — ANALY TRUCAE ENS TUT U Troe. 243 


ftru&ted by the method of the third cafe, and we {hall have the two co-ordinates 

wand z. Then make the analogy, #x.3:: @.y, which will be the ordinate - 
required. If one fubftitution be not enough, to free the indeterminates from 

being involved together, we muft try more than one; and when none will 

fucceed, the equations elude this method, and we muft have recourfe to other 

artifices. I | da 


266. A convenient fubftitution may alfo be of ufe in other cafes, in which An obfervas 
the indeterminates are already feparate ; and may often fugge a conftruction tion. 


4 LI e, . 
which is more eafy and elegant. Wherefore it may not be amifs to try feveral 


ways, that we may choofe that which will prove to belt advantage. 


EXAMPLE VIIL 


and therefore it will be y* — 4ay? + 400yy = 3*, that is, yy — 2ay = 22, or 
20) — yy = 22, ra a | 


_ Therefore I conftru& this locus, which in the fir cafe will be, by two oppofite 
- equilateral hyperbolas, with tranfverfe axis equal to 24; and in the fecond cafe, 
by a circle with diameter = 24: and, in general, by this and that together. 


With tranfverfe diameter AB = 2a, 
(Fig. 153.) let there be defcribed the 
two equilateral hyperbolas AMH, BMH, 
and the circle AMB. Then with vertex 
A, let the parabola of the equation 2a3v 
= 24 be defcribed, and raifing the inde- 
finite perpendicular AQ; and taking any 
line AD = 2; then drawing MM parallel 
to AB, it will be. DS = «, and DM=y, 
pofitive in the circle and in the hyperbola 
from A towards B, and negative in the 
hyperbola on the oppofite part; and 
the curve will be nearly as KAGBF 
(Fig. 154.) ; in which the two branches, 
BF pofitive and AK negative, will go on 
ad infinitum ; and there will be no branch 
under the axis AB, becaufe it can never 
be x negative, 


é 
: 
hy i 
AI E 
i 
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REP Ti e AI pv ee 


S ECT. VI age a 


Of toe Method De Maximis et Minimis, of the Tangents of Curves, of Contrary 
Flexure and Regreffion ; making ufe only of the Common Algebra. 


- 


To find the 268. Although the Calculus of Infinitefimals be the fimpleft and the fhorteft 
maxima and method, and alfo the moft univerfal, for managing fuch fpeculations ; yet I was 
ac o willing, before I finifhed this Tra& of Analyticks, or of what is called the 
ATA Cartefian or Common Algebra, to {how very briefly, and by way of introduction, 
with an equa- how the folution of fuch queftions may be performed, in geometrical curves, 
tion 3 two or fuch as are exprefled by finite algebraical equations, without the afliftance of 
equal roots. the Differential Calculus, or what is allo called The Method of Fluxions. 


And to begin by the Maxima and Minima; 
that is to fay, to find in geometrical curves the 
greateft or the leaft ordinates. : Let the curve be 
AGB (Fig. 155, 156.), and taking any ordinate 
DM, draw MF parallel to the axis of the abfciffes 
AB, the two ordinates DM, EF, will be equal, 
to which two different abfciffes AD, AE, will 
correfpond. But the more the ordinates DM, 
EF, fhall move approaching nearer to each other, 
the difference of the abfciffes AD, AE, thall be 
fo much the lefs; till at laft the two ordinates 
DM, EF, coinciding with the greateft ordinate 
CG, or the two LM, NF, with the leaft IG, the. 
abfciffles AD, AE, or HL, HN, fhall become 
equal in refpe& of the axis HK. Therefore, . 
when the ordinate is the greateft or the leaft, the 
equation of the curve, difpofed according to the. 
letter which expreffes the abfcifs, ought to have 
two equal roots. To determine which, there is 
to be formed an equation of two equal roots, for 
example, xx — 2ev + ee = ©, which is the 
produ& of x — e into x — e; and let the curve 
9 | whofe 
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2ary 
p 

= o, for example, the abfciffes being taken from the vertex. Let this equation 
be compared, term by term, with the equation formed from two equal roots, in 


. : 24 
the following manner: we — 24% + ca o, 


whofe greateft or leaft ordinates are required, be the ellipfis wr — 2ax + 


NR mo 20H + 08 2 0. 


From the comparifon of the fecond terms, we find a = e; but e is the root 
of the equation ax — 26% + ee = 0, and therefore e = x, andalfo a=x; 
and becaufe « is already determined, the comparifon of the lait terms will be 
fuperfluous. Wherefore, taking x = a, the correfponding ordinate in the 
ellipfis will be the greateft, as is already known, it being then half the conju- 
gate axis. 


But if the equation of the curve had been of the third, fourth, or higher 
degree, that we might make the comparifon, it would be neceffary that the 
equation of two equal roots, xx — 26X + ee = 0, fhould be reduced to the 
fame degree as is the equation propofed, by multiplying it by fo many roots, 
whatever they may be, as there may be occafion for. Let the curve belong to 
this equation of the third degree, x° * — axy + y3 = o, (the afterifk * is put 
in the place of the fecond term which is wanting, and which fhould always be 
done, as often as any term is abfent,) of which we require the greateft ordinate. 
Therefore I multiply the equation xx — 2ex + ee = 0 by a — f= 0, and 
Compare the product with the equation propofed, x « — ax +9} =o, 

| i — 20%° + 00% —tef = ©. 
— fi + 2efe 

From the comparifon of the fecond terms, I find — 2¢ — f= 0, and 
therefore f = — ze. From: the comparifon of the third, I find 2ef + ce = 
— ay, and fubftituting the value of f} it is — ge = — ay. Bute=x, 
2, Inftead of y, if we fubftitute this value in the equation 


3/ 243 
3 


_ therefore y = 


of the curve, it will give us x = s to which correfponds the greatelt or- 


. i ‘ 4 237 3 3 
dinate y, which will be = or a en 


3 


269. But, without comparing the given equation with another, which con- To find the 
tains two equal roots, to fatisfy the condition of the Problem, it will be fame by mul. 
fufficient to multiply it, term by term, by any arithmetical progreffion. For, tiplying By 
if the equation has two equal roots, as it ought to have in the cafe of a maximum ANIA 
or minimum, one of thofe roots will alfo, of neceffity, be included in the produét greffion. 
of that equation multiplied by the arithmetical progreflion. Whence, by thus 
multiplying the equation, the condition will be included, under which the value 

mi | of 
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of the abfcifs will be found, to which the greateft or leaft ordinate correfponds. 
Now, to demonftrate this, let the equation of the two equal roots be in general 
this, «x — 2bx + bb = o, which let be multiplied by the arithmetical pro- 
greffion a, a + db, a + 26, and the produc will be axxv — 2abx + abb = o. 
: , | , LA — 2bbx + 26bb 
In this fubftitute the quantity 4 inftead of x, and all the terms will deftroy one 
another. Or elle, dividing it by x — 4, the divifion will fucceed. Therefore 
x — b will be one root of that produ&, as it is of xx — 26% + bb =o. 


The fame will obtain if the arithmetical progreffion be decreafing, ‘as a, a — 8, 
a— 2b, a — 32, &c. def | 


Now, becaufe the equation of the two equal roots is general, and the arith- 
metical progreffion 2, 4 + 2, a + 2b, &c. is general alfo, it will always be 
true, that when an equation of two equal roots is multiplied, term by term, by 
any arithmetical progreffion, the produ& will be divifible by one of thofe roots. 
For the fame reafon, if an equation fhall have three equal roots, and be multi- 
plied by an arithmetical progreffion, the produ@ will have two of thofe equal’ 

roots. And if this product be multiplied again by an arithmetical progreffion, 
the new product will have one of thofe roots. And fo we may go on to 
iuperior equations, te 


I refume the equation to the ellipfis na — 2ax + o = o, which I multiply 
by the progreflion 2, 1, o. 


2 ay" 
NN - 20K +4 wiz = Os 


2; I, 3 È O. 


The product is 2xx — 24x = o, which gives x = a, as is found above. I 
multiply the fame equation by another arithmetical progreffion, 3, 2, 1, 


|’ 24 
XX — 20% + Jy = 
A è 2 
3» 2, i, 


The produ& is 3xx — 44% + a = ©, in which, inftead of yy, I fubRitute 


it’s value, 2ar — ax X —_ given from the equation of the curve, and find 


x = a, as before. | 
I take the fecond equation above, x3 # — axy + y? = 0, and multiply it by 
the progreflion 3, 2, 1, 0, 
we ce GX) oe? = O; 
33 25 I, i O; 


The product is 3x3 = axy = 0, or 34° = ay, as before. AEF 
. 250. By 
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240, By a like method may be found the tangents and perpendiculars to Tangents 


curves in any given points. | and perpen- 
bt x P diculars, how. 


found. 


The queftion is reduced to this; to find a circle that fhall touch the curve 
in this point. For, in this cafe, the tangent of the circle in this point, as alfo 
the perpendicular or radius, will be in common to the curve alfo in the fame 
point. — 


Let the curve be ACM, of which we 
defire the tangent at the point L; and let 
the circle be GMH, which cuts it in the 
two points M, C. Drawing the two ordi- 
nates CE, MP, and the right line MCT, 
through the points M, C, it will cut the 
curve alfo in the points M, C. But the 
nearer thefe points fhall approach to each 
other, the lefs always will be the dif. 
ie es ae ference of the ordinates CE, MP, and 
alfo of the abfciffes AE, AP; fo that when the two points coincide, for ex- 
ample at L, they will make the values equal of thefe ordinates, or of thefe | 
abfciffes + and then the circle will touch the curve in the point E. (Except 
when the curve and the circle are of equal curvature; for, in this cafe, the 
circle will both cut and touch the curve in the fame point, as will be feen in the 
Differential Calculus.) The right line MT fhall be a tangent both to the curve 
and the circle in the fame point L; as alfo, FL will be a common perpen= . 
dicular. | | 


Therefore, in the curve ALM, make 
AQ = «x, QL = y, and from the given point 
L drawing the night line LN, which we fup- 
pofe to be perpendicular to the curve, and 
confequently to the tangent at L; make 

! LN ='5s, AN = % and it will be QN =z 
SE REA OS, — x. Then the right-angled. triangle QLN 
| | | © will give the canonical equation ss = uu — 24x 
eb xx «+ yy, from which we are to have the value of y, or of x, and to fubfti- 
tute it in the equation of the given curve; by means of which we mu Have — 
the value of s, or of %, confidering x or y as given, becaufe we affume the 
point L as given. © 


M 


Hig. 156, 


= 


Let the curve ALM, for example, be the Apollonian parabola of the equatian 
ax = yy. Inftead of yy, make a fubflitution of it’s value given by the canonical 
equation, and we fhall have ax = ss— 44 + 2ux — xx; which being ordered 


| according to the letter x, will be xx — 24x + 44 = o. This equation, there- 
i | + 0X — SS 


fore, ought to have two equal roots when the right line LN = s is perpendicular 
2 | to: 


Example. 


; : CI 
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to the para abot’ in the point L, that is, in the cafe of a tdagent, Therefore, the 
value of the indeterminate AN =a being found, on the hypothefis of two 
equal roots, we fhall have the point N, from whence drawing NL to the 
given pe ha and LT Pot to NL, DIS fhall be the tangent re- 
quired. 


Now, to determine the unknown quantity 4 on the fuppofition of two equal 


roots; I compare the equation, term by term, with one of two equal roots, 
that is, with HH —= 20% + ce = O, after the following manner: 


KK — 24% + un \ i oi 


+ AN — SS 
xx — 20% fae? =O, 


Now, from the ‘comparifon of the fecond terms, we (hall have — 24 + a 


= — 20, 0ru= ate. But e = x, by the equation wv — 2ex + ee = 0. 


tici u= ita + x. Wherefore, from the point Q faking ON =cta a 


NL will be the perpendicular, and LT, perpendicular to it, will be the tangent: È 
to the curve in the point tir 


Inftead of comparing the faid equation with one of two equal roots, it may , 
be multiplied by this arithmetical progreffion 3, 2, I, thus: | 


E a el UA ge o wi” ia 

Pa en + dr — ss ae, 

3a 25 I, 

The product is gxx — 400 +4 1 
+ 20% —— SS 


+ yy; and, i the parabola, it is yy = ax; whence ss = uw — 2ux + xx + ax. 
Sublticuting, therefore, this value inftead si ss, it will be 2xx —.24x + ax = o. 
That isa = 14 + #, as before... 


= o. But ss = we — 24 + ax 


We might have had our defire more eric oy eathiplyies the | 


equation by this arithmetical progreflion, 2, I, O. 


271. Let the curve be the fecond cubical parabola 4° = ayy. Making the 
fubftitution of the value of yy, derived from the canonical equation, there arifes 


the equation A + ax? — 200% + auu = o, which, becaufe it Is of the third 
— ASS 


degree, muft be compared with the product of the equation XX — 26% + e=0 


into st Seo Rata x + ax — 244% me dr 


— ass 
x3 = 205° + cex ef = 
— fa + ar 
By 


Le 
Ra ghi i. 


flexures and regreflions. 
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By comparing the fecond terms, we-have — 2¢ — f= a, that is, f= — 4 


— 26, From the comparifon of the third, it is ce + 2ef = — 24; and 


int sit. 2 e + 2 
putting the value of 7 now found, it is 4 = zee + 2ae » that is, 4 = OTO na =; 


becaufe e = x. 


Now! thal multiply the equation by the arithmetical progreffion 3, 2, 1, 0, 


i reni ree, aS 
| — OSS 3 ) 
< © LEE | 85 25 t, O) i 
The produ& is 3x? + 2ax* — 244% = o, and therefore, in like manner, 
: : Xx 24% 
A, aa. 


* 272. Concerning the choice of a proper arithmetical progreffion, it may be Howto. 
be obferved, that, generally, that will be the moft convenient, which forms the choofe a 
_- exponents, beginning with the greateft index of that letter according to which 

| the equation is ordered. | | 


a 273. Another manner of folving this Problem may be this, which is fome- ThisProblen: 
|. thing different, but perhaps more fimple, and which will be of ufe in contrary 


Let the curve AEMD be cat by the 
right line HED in the points E, D; and 
make the abfciffes AB or AC = «x, the. 
ordinates BE or CD = y. Itis plain that 
the right line HD going on to be the tangent 
FM of the curve in the point M, the two 
points E, D, will coincide in M, and con- 
fequently will make the two lines AB, AC, 

| > equal to each other, as alfo the two lines 
BE, CD. Draw AN parallel to the ordinates, and make AF = 4, AN = 5. 
By the fimilar triangles FAN, FKM, it will be 4.5 t: + x. -y 5 that’ 4s, 


US |< se 


uy o US 


y= ——, and x = —— + In the equation of the given curve, fubftitute 
% 5 è o 


thefe values inftead of y or x, and another equation will arife from hence, which 
will have two equal roots, fince AF, AN, are fuch, as that the right line FNM ~ 
touches the curve. ‘Therefore, making a comparifon with another of two equal 


|. roots, or multiplying it by an arithmetical progreffion, we {hall have the value 
of AF or AN required; and one being given, the other will alfo be given. I 
_. forbear Examples, becaufe the manner of operation is the fame as that ufed before. 


274, As the nature of maxima and minima, and likewife of tangents, necef- Pointsof con 
| farily requires equations of two equal roots, fo, in contrary flexures and re- 
k 


greflions, what, and 
how found. 


progreffione 


other way. 


trary flexure 
and regreflion: 
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greffions, three equal roots are required. By contrae flexure is meant that 


point, in which from concave the curve becomes convex, or the contrary; and 


by regreffion is meant that point in which the curve turns dire&ly back again, 
whether concave or convex. 


Fig. 160. Zi Let the curve be ACFM, which has a 
| sia contrary flexure in the point F, and let be 
co drawn the right line GCM, which touches 
| it in the point C, and cuts it in the point 
My; from which draw the ordinates CH, 
MP. Itis eafy to perceive, that the more 
the point C of the tangent fhall approach 
to the point F of contrary flexure, fo much 
the more alfo the point M Mall vari 
to the point F ; fo that when the point C falls in with F, the point M will alfo 
fall in with it; and confequently AH, AP, will become equal, as alfo CH, MP, 
and the right line GCM will both touch and cut the curve in the point F. But 
the nature of the tangent already requires two equal roots, and now they are 
joined by a third ; fo that the property of contrary flexure is fuch, that three 
equal roots are correfponding to it. 


From the point A drawing AN parallel to the orate: and making AN =s, 
AT = «, and drawing TNF’; becaufe of fimilar triangles TAN, TVF, it will 


be y= —-——, anda = dissi making VA = a, and VF = y. Wherefore, 


fubftituting thefe values: of # or y in the equation of the given curve, the 
equation that arifes ought to have three equal roots, when AT or AN are fuch 
that TNF, drawn from the point T through the point N, may meet the curve 
in F, the point of contrary flexure required, 


In like manner we may reafon about the 
curve ACM, which has a regreffion in the 
point C. For the tangent TC of the curve 
in the point C, will alfo cut it in the fame 
point; and thence the three equal roots will 
arife after the fame manner. 


VA N oi 


Fig.162. Let AFS be the curve of the equation 
ca | ayy — xyy — 44% = o, in which are AQ = x, 

and QF = y; and let the point F of contrar y 

| flexure be required. Make AT =%, AV=s, 

A and QI’ parallel to the ordinates. Now, in- 


ae ee 


ftead of x, fubftituting it’s value =, in the 


equation of the curve, it will be 
sa 3° 


è » 


ite n ae dr 


e‘ 


POE II E O RD EIA REI MITE II RETTO ROSATI STA ge 


min ct ee ee Mo pe e a inn n in a 
aa eni Ti dr n e haan die a La 


arnie 
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Se A) 
J Mi, - Re = 0 


mani), 


This equation ought to have three equal roots, and therefore we mu& com- 
pare it with an equation of three equal roots; or elte multiply it by two 
arithmetical progreffions. 


Let us a it; theretore, by th the progreflion 1, 0, — 1, — 2, and the 
product will be y? * — aay + 2a°s = o. Multiply it again by the progreffion 
3, 2, 1, ©, which will give us 3)? — aay = o, and therefore yy = taa. This 
value, being LI: in the equation of i given curve, will laftly produce 
x = 44, 

275. The manner is the fame for finding the regreffions of curves, and this To diftin- 
method is applicable to both. So that, to diftinguifh them, there is no other guifh con- 

trary flexures 

way, but to find, by means of a coRRIAiOn, the figure and proceeding Offom regref- 


the curve. fions, and. 
maxima from 


The fame ambiguity arifes in queftions de maximis et minimis, which only can ™énima. 
be removed by acquiring fome knowledge of the difpofition of the curve. By. 
the fame condition of three equal roots we may find the Radii of Curvature ; 
but as I fhall further treat of fuch things in the following Volume, not to be 
too tedious, I fhall here put an end to this. 


/ 


END OF THE FIRST VOLUME, 
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